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e Page 4, Prob. 1.15 (b): last expression should read y + 2z + 3z.

e Page 4, Prob.1.16: at the beginning, insert the following figure

T

N

\

e Page 8, Prob. 1.26: last line should read
From Prob. 1.18: V xv, = —6zz2X+ 22y + 3222 =
V (VX va) = $=(—62z) + %(2:) + 2 (32%) = =62 +62 =0. v

! 2

X 4

e Page 8, Prob. 1.27, in the determinant for V x (V f), 3rd row, 2nd column:
change 3* to y>.

e Page 8, Prob. 1.29, line 2: the number in the box should be -12 (insert
minus sign ).

e Page 9, Prob. 1.31, line 2: change 22® to 22%; first line of part (c): insert
comma between dr and dz.

e Page 12, Probl 1.39, line 5: remove comma after cos 6.
e Page 13, Prob. 1.42(c), last line: insert z after ).
e Page 14, Prob. 1.46(b): change 1’ to a.

e Page 14, Prob. 1.48, second line of .J: change the upper limit on the r
integral from oo to R. Fix the last line to read:

= 4m (—-c“")|(l: +dme P =dn (e B+ e ) +dne R =dn. v

e Page 15, Prob. 1.49(a), line 3: in the box, change 22 to a®.



Page 15, Prob. 1.49(b), last integration “constant” should be Iz, z), not
. y).

Page 17, Prob. 1.53, first expression in (4): insert 6, so da = rsin @ dr d¢ 8.

Page 17, Prob. 1.55: Solution should read as follows:
Problem 1.55

Ver=z2=0de=dz=0;y:0—1 v-d=(yz2)dy=0;[v-dl=0.
(2)z=0; 2=2-2y; dz=-2dy; y:1—0.
v-dl = (y2?)dy + (3y + z) dz = y(2 — 2y)* dy — (3y + 2 — 2y)2dy;
5 4 4o 2 0 4
/v'dl=2/(2y3—4y2+y—2)dy:2[%—-—3—-+%——2y] l:-g-.
1

T()lul:fv-dl=0+-13—'l—2=

Meanwhile, Stokes’ thereom says §v - dl = [(VXv)-da. Here da =
dy dz X, so all we need is
(Vxv), = £@By+2) - %£(yz") =3 - 2yz.  Therefore
JUxv)-da = [[G-2yz)dyds= [y {36~ 22)d:} dy

= Jo [32~2y) 2932~ 29)?] dy = [ (~4y° + 8y — 10y +6)dy
= [-4'+8’ -5 +6y]|,=-1+§-5+6=4. v

Page 18, Prob. 1.56: change (3) and (4) to read as follows:

(3o =35 rsinf =y =1.s0r ==z dr =5 cosdf. 0:5 — 0,

tan~!(4).

0s2 6 cosf cosfsinf
dl = (rcos?) (dr) — (rcos@sinf)(rdf) = == (—— g - 2220 g
v (rcos™ 0) (dr) — (rcos@sinf)(rdf) ey o g
cos® 0 cos@ cosf [cos?f +sin’ @ cosf
(si1130 sinG) £ sinf ( sin® 6 ) sin® 9
Therefore
y 9 0, .
/v.dl=-/‘m,; do = 12 g T g T gy DB g
sin” @ 2sin°0|,. . 2-(1/5) 2-(1) 2 2
/2



4 =0, p=5;r: V55— 0. v-dl=(rcos* dr) = =rdr.
=6 Zr:V5 il 29) (dr) = ird

0 0 . o

4 472 5
V‘dl:T rdr = e = - -—=-2
5 5 2 /3 5 2
Ve

Total:

37
fv-dl=0+?7+2—2= |

Page 21, Probl 1.61(e), line 2: change = zZ to +z 2.

Page 25, Prob. 2.12: last line should read
Since Quo, = 37Rp, E = ﬁ%r (as in Prob. 2.8).

Page 26, Prob. 2.15: last expression in first line of (ii) should be d¢. not
d phi.

Page 28, Prob. 2.21, at the end, insert the following figure

V(r)

0.5 4 1.5 2 2.5 3

1T P, ZirYic i it g9
In the figure, r is in units of R, and V/(r) is in units of =
Page 30, Prob. 2.28: remove right angle sign in the figure.
Page 42, Prob. 3.5: subscript on V in last integral should be 3. not 2.
Page 45, Prob. 3.10: after the first box, add:
1 1

_end : & o ! s e 4 sin 0T
F= 47“0{ @a)? X 202 y+ VTR [cm()x+smf)y]},

where cosf = a/v/a® + b2, sinf =b/\/a? + b2

F— q° a asapd %+ b 17,
" 16meq (a2 + b2)3/2 a2 * (a2 + b2)372 b2 ¥'fa




Va2 + b2 “a b

A3 ==, @ ] I8 1 1 1
327!‘6()

1Tme |2a) T @) @var )]

Page 45, Prob. 3.10: in the second box, change “and” to “an”

Page 46, Probl 3.13. at the end, insert the following: “[Comment: Tech-
nically, the series solution for ¢ is defective, since term-by-term differen-
tiation has produced a (naively) non-convergent sum. More sophisticated
definitions of convergence permit one to work with series of this form,
but it is better to sum the series first and then differentiate (the second
method).]”

Page 51, Prob. 3.18, midpage: the reference to Eq. 3.71 should be 3.72.

Page 53, Prob. 3.21(b), line 5: A3 should be 1= next line, insert r 2 after
1

2R

R

Page 55, Prob. 3.23, third displayed equation: remove the first &.
Page 58, Prob. 3.28(a), second line, first integral: R* should read R2.
Page 59, Prob. 3.31(c¢): change first V to W.

Page 64, Prob. 3.41(a). lines 2 and 3: remove ¢p in the ﬁr.st factor in the
expressions for E,..; in the second expression change “p” to “g¢”.

Page 69, Prob. 3.47, at the end add the following;:

Alternatively, start with the separable solution
V(z.y) = (Csinkz + D cos kx) (Ae" + Be ™).

Note that the configuration is symmetric in x, so C' = 0, and V(z.0) =
0= B = —A, so (combining the constants)

V(x,y) = Acoska sinh ky.

But V(b,y) =0, so cos kb = 0, which means that kb= +7/2, £37/2.---,
ork=(2n—-1)7/2b = qa,, with n =1,2.3.... (negative k does not yield
a different solution—the sign can be absorbed into A). The general linear
combination is

(z.y) = E A, cosa,wsinha,,y.

n=1

and it remains to fit the final boundary condition:

A
V(z,a) =V = E A,, cos a,,x sinh o, a.
n=1

1



Use Fourier’s trick, multiplying by cos a,x and integrating:

b o b
Vo / cos e de = _;_ A, sinha,a / COS Q& Cos Qy,a dr
~b —b

n=I1

" 2sin oy, b

a6
Vo = E A, sinhaya (b0,,0,) = bA, sinh a,a;

o
n! n=1
2V sinagb

b «,sinha,a

2n—1
So A, = . But sin b = sin ( "2 Tr) = —(-1)", s0

V) =|[-22 3 -y

n=1

sinh o,y
———————— oS QnZ.
a,sinhay,a

Page 74, Prob. 4.4: exponent on r in boxed equation should be 5, not 3.

Page 75, Prob. 4.7: replace the (defective) solution with the following;:

If the potential is zero at infinity, the energy of a point charge @ is
(Eq. 2.39) W = QV(r). For a physical dipole, with —¢ at r and +¢q
at r+d,

r4d
U=qV(r+d) —qV(r)=q[V(r+d) - V()] =g [-/ E-d

For an ideal dipole the integral reduces to E - d, and
U=—gE-d =—-p-E, since p = qd.

If you do not (or cannot) use infinity as the reference point, the result still
holds, as long as you bring the two charges in from the same point, ry (or
two points at the same potential). In that case W = Q [V(r) — V(rp)],
and

U = q[V(r+d) — V(o) - g[V() - Vixo)] =g V(e +d) - V()]
as before.
Page 75, Prob. 4.10(a): = should be <.

Page 79, Prob. 4.19: in the upper right box of the Table (o for air) there
is a missing factor of ¢.

Page 91, Problem 5.10(b): in the first line po/%/27 should read pgI2%a/27s;
in the final boxed equation the first “1” should be %.

Page 92, Prob. 5.15: the signs are all wrong. The end of line 1 should
read “right (Z),” the middle of the next line should read “left (—z).” In
the first box it should be “(ny — ny)”, and in the second box the minus

sign does not belong,.



5 OBx

Page 114, Prob. 6.4: last term in second expression for F should be +2 <57

(plus, not minus).

Page 119, Prob. 6.21(a): replace with the following;:

The magnetic force on the dipole is given by Eq. 6.3; to move the dipole
in from infinity we must exert an opposite force, so the work done is

=—/rF-dl=—/rV(m-B)-cﬂ=—m-B(r)+m-B(oc)

(Iused the gradient theorem, Eq. 1.55). As long as the magnetic field goes
to zero at infinity, then, U = —m - B. If the magnetic field does not go
to zero at infinity, one must stipulate that the dipole starts out oriented
perpendicular to the field.

Page 125, Prob. 7.2(b): in the box, ¢ should be C.

Page 129, Prob. 7.18: change first two lines to read:

I Ia 2% ds! ol
@:/Bda B=I‘L¢ _oa/ _s=;10aln $+a ;
27 J, s’ 2w s
8 Iboplf‘— lQIi)_"'(fl—(rb: #Oall(l +a’/5)_
1
7 (- ""” Sln(l+a/s)dl = Q= 2"” In(1 + a/s).

Page 131, Prob. 7.27: in the second integral, r should be s.

Page 132, Prob. 7.32(c), last line: in the final two equations, insert an I
immediately after pg.

Page 140. Prob. 7.47: in the box, the top equation should have a minus
sign in front, and in the bottom equation the plus sign should be minus.

Page 141, Prob. 7.50. final answer: R? should read Rs.
Page 143, Prob. 7.55, penultimate displayed equation: tp should be -.

Page 147, Prob. 8.2, top line, penultimate expression: change a? to al; in
(¢), in the first box, change 16 to 8.

Page 149. Prob. 8.5(c): there should be a minus sign in front of ¢ in the
box.

Page 149, Prob. 8.7: almost all the »’s here should be s’s. In line 1 change
“a < r < R’ to “s < R”; in the same line change dr to ds; in the next
line change dr to ds (t\\ ice), and change ¥ to §; in the last line change »
to s, dr to ds, and ¥ to § (but leave r as is).



e Page 153, Prob. 8.11, last line of equations: in the numerator of the ex-
pression for R change 2.01 to 2.10.

e Page 175, Prob. 9.34, penultimate line: o = ng/n2 (not ng/ng).

e Page 177, Prob. 9.38: half-way down, remove minus sign in k2 + k;'; +k2 =
—(w/c)>

e Page 181, Prob. 10.8: first line: remove ;.

e Page 184, Prob. 10.14: in the first line, change (9.98) to (10.42).

e Page 203, Prob. 11.14: at beginning of second paragraph, remove ;.

e Page 222, Prob. 12.15, end of first sentence: change comma to period.

e Page 225, Prob. 12.23. The figure contains two errors: the slopes are for
v/e =1/2 (not 3/2), and the intervals are incorrect. The correct solution
is as follows:

Prablem 12.23.

b
B L :j(

//Or":{/
A A
] ﬁf
W.71% 29, 7% R
A A '
] AT AT | o
A A
A ANV
A A7

e Page 227, Prob. 12.33: first expression in third line, change ¢? to c.
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Chapter 1

Vector Analysis

Pfoblem 1.1

(a) From the diagram, |B + C|cos@; = |B|cosé; + |C| cosf,. Multiply by |A|.
A||B + C|cos0y = |A||B|costh + |A||C! cos ;.
So: A«(B+ C) = A-B + A-C. (Dot product is distributive.)

Similarly: |B + C|sinfl; = |B|sin#, + C|sinf;. Mulitply by |A|f.
A||B t C|sinégz i = |A||B|siné, it + |A||C|siné; fi. '}|B|smo,
If & is the unit vector pointing out of the page, it follows that & - S
Ax(B 1+ C)=(AxB)+ (AxC). (Cross product is distributive.)’ IBlcosd: | C|costy

}lcl ein 02

(b) For the general case, see G. E. Ilay’s Vector and Tensor Analysis, Chapter 1, Section 7 (dot product) and
Section 8 (cross product).

Problem 1.2

The triple cross-product is not in general associative. For example,
suppose A = B and C is perpendicular to A, as in the diagram.
Then (BxC) pointa out-of-the-page, and A x (B x C) points dowm,
and has magnitude ABC. But (AxB) =10, so (AXB)xC =0 # :

Ax(BxC). BxC jAx(BxQ)

A=B

Problem 1.3 AT = z
A=+1%+17-1%A=vV3B=1x+19+1% B =3 =
AB=+1+1-1=1= ABcosf = v/3/3cosf = cosf = }. A

v
|6 = cos? (1) ~ 70.5288°
5 A

z

Problem 1.4

The cross-product of any two vectors in the plane will give a vector perpendicular to the plane. For example,
we miglt pick the base (A) and the left side (B):

A=—-1%-27y+0%B=-1%2+0§y +3%2.



2 CHAPTER 1. VECTOR ANALYSIS

£ 9 &
AxB=|-1 2 0 |=6%+3§+22
-1 0 3

This has the right direction, bul the wrong magnitude. To make a unit vectar out of it, simply divide by its
length:

|AXB|=v36+0+4="T. i= ASh =%+ 39+ 23]
Problem 1.5 s
X y z
Ax(BXC) = A, A, A,
(ByC; = B:C;) (B.Ci-B:C.) (B.C,~B;0.)

=x[4,(B.C, - B,C;) - A,(B.C, - B,C.)] + §() + Z()
(I'll just check the x-component; the others go the same way.)
=%x(A,B:C, — A,B,C, — A.B,C. + A,B.C.) + () + £().
B(A:C) - C(A-B) = [B:(A:C: + A4,Cy + A:C:) — Co(Ay By + AyBy + A:B) %+ 09 - (2
=X(AyB.Cy + A.B.C,; - A, B,C — A:B:C:) + §() + 2(). They agree.
Problem 1.8
Ax(BXC)+BXx(CxA)+Cx(AXB) = B(A:C)-C(A:-B)+C(A-B)-A(C-B)+A(B-C)-B(C-A) = 0.
So: AX(BXC) - (AxXDB)xC = -BX(CxA)=A(B-C)—-C(A-B).
If this is zero, then either A is parallel to C (including the case in which they point in oppesite directions, or
one is zero), or else B-C = B-A = 0, in which case B is perpendicular to A and C (including the case B = 0).

Conclusion: | Ax(BxC) = (AxB)xC += either A is parallel to C, or B is perpendicular to A and C.

Problem 1.7

2=(4% 1 6§ 1+ 88) — (2% + 89 +78) =[2%— 29 + 2

Problem 18 e

(a) 4y By + 4 2B, = (cos pAy + 5in 64, )(cos B, +°.m¢B )+ (- cmqu + cos A, )(— sin By, + cos pB.)
= cos® gA, B, + sinpcos ¢(AyB; + A;By) + sin® 9A; B, + sin? A, B, — =m¢5c0adb(4 B. + A.B,) +
cos® 0A, B;
= (cos® ¢ + sin’ @) A, By + (sin’ ¢ + cos? @) A, B, = Ay By + A B;. ¥

(b) (42)% + (4,)* + (4,)% = B, Aidi = T, (B3, RyA;)) (E1_, RaAr) = ;4 (Z:Rij Ri) A; As.

2 2 X 1 if j=Fk
his equals A2 + 42 + A2 wvtuded'E,_leR{k—{ 0 if jLk }

Moreover, if R is to preserve lengths for all vectors A, then this condition is not only sufficient but also
necessary. For suppose A = (1,0,0). Then Xjx (X, BijRi) A;Ap = Z; Ry By, and this must equal 1 (since we
want A, +4, + A, = 1). Likewise, 3, RiyRiy = £3_, RigRys = 1. To check the case j # k, choose A = (1, 1,0).
Then we want 2 = ;2 (X3 Ry Rag) A3Ax = L3RRy + Z3 RioRis + Z; RiyRia + 5; RiaR;,. But we already
know that the tirst two sums are both 1; the third and fourth are equal so ¥; Ry R,a = 5 R R,y =0, and 30
ou for ot.her unequal combinations of j, k. v In matrix notation: RR = 1, where R is the transpose of R.




Problem 1.9 v

- Looking down the axis:

1

A 120° rotation carries the z axis into the y (= z) axis, y into = (= ¥), and z into 2 (= 7). So Az = A;.
],, = A;, Ay = Ay.

0 0 1
R=1190 0
010

Problem 1.10

(a) |No change. | (T = Ay lly = Ay s = As)
(b) in the sense (A; = —A,, Ay = —4,, 4: = —4)

(c) (AXB) — (—A)x(-B) = (AxB). That is, if C = AxB, |C — C|. Nv minus sign, in contrast to
behavior of an “ordinary” vector, as given by (b). Tf A and B are pseudovectors, then (AXB) — (A} X(B) =
(AxB). So the cross-product of two pseudovectors is again a pseudovector. In the cross-product of a vector
and a pseudovector. one changes sign, the other doesn’t, and therefore the cross-product is itself a vector.
Angular momentum (L = rxp) and torque (N = rxF) arc pseudovectors.

(d) A(BXC) — (—A)-((-B)x(=C)) = —A+(BXC). So. ifa = A-(BxC), then n psendoscalar

changes sign under inversion of coordinates.
Problem 1.11

(a)Vf =2z%+3y°y + 4232

(D)W f = 2zyP2 & + 322y § + dx?y32° 2

()Vf =e®sinylnzk +e®cosylnzy + € siny(1/2) 2

Problem 1.12
(a) Vh = 10[(2y — 6z — 18) & + (2z — By + 28) ¥]. V/ =0 at summit, so
2y —6r—18=0 s
22 -8y 1+ 28=0= 62— 24y +84 =0 }2y— L
My =66=—y=3-—>20-24+28=0=>z=-2.
Top is | 3 miles north, 2 miles west, of South Hadley. |

(b) Putting in z = =2,y = 3:
h = 10(—12 — 12 — 36 + 36 + 84 + 12) = [720 fe.

(¢) Puttinginz=1,y=1: VA=10[(2—-6 - 18)x + (2 -8 + 28)§] = 10(- 22% +22¥) = 220(= X + ¥).
|Wh| = 220v/2 = | 311 fi/mile ; direction:
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Problem 1.13

r=(e-2)R+@Y-9)F+(z =208 2=(z-2)+@w-y)7 +(-2).
(2) V02 = £z -2V + -y +-2P1%+ Z0F+ £02 =2z -2V %+ 2y —y) ¥ +2(2—
B V) =Zlz-aV+@-v)+ (-2 x+ 20 iy + £0 12

=-30782e-a)x - 307 20v ~9) 9 - 50732z - 22
-0 Hz-a)V%+ (y-y)F + (2 - N3] = =(1/° = —(1/s*)h.

=24

(c) £(") = na" ' 2 = nan=1(L124) = na™ 4, 50| V(2") = na™! A

Problem 1.14

y = +y cos¢ + z sin@; multiply by sin¢: Jsin¢g = +y singceosd + 2 sm2¢
= —y sin ¢ + z cos ¢; multiply by cosé: Zcos¢ = —y sinpcosd + z cos? @.
Add. ysin @ + Zcos ¢ = z(sin? ¢ + cos® ¢) = 2. Likewise, fcosd — Zsing = y.

So %% = cos ¢; & = —sing; = =sind; 5% = cos¢. Therefore

(Vh), = §_§ ooy * ig; = +c0s6(V f), + sin p(V 1),
(Vf),=2= 25;25‘—4 + bi = —buup(Vf),, +cos (V)
Problem 1.15 L
(a)Vov, = 2 (%) + & (31:.,2) + £ (-2z2) =22+0-2z = 0.

} So V[ transforms as a vector.  qed

(B)V v, = (:m,o) o (Zyz) + 35 (3mz) ¥+ 22 + 3z.

(©)V-ve = £ W°) + 5y 2oy + 2°) + 57(2z) = 0+ (22) + (2y) = 2(c +p).

Problem 1.16
Vv = HEN I EG) = & [ 1+ )8+ [ue® + v + )|+ &[22 + 42 + 20 B
=03 +2(-3/2)0 f2r + 0 Ty y(-3/20 $2y + 0% + 2(-3/2)() £2-
=3r 3 =3r %zl +92+2%)=3r2-3r =0
This conclusion is surprising, because, from the diagram, this vector field is obviously diverging away from the
origin. How, then, can V.v = 07 The answer is that V.v = 0 everywhere ezcept at the origin, but at the

origin our calculation is no good, since r = 0, and the expression for v blows up. In fact, Vv is infinite at
that one point, and zero elsewhere, as we shall see in Sect. 1.5.

Problem 1.17
vy =cosdv, +sinpv,; T, = —sindv, +cospv,.
P =S cosp+ G sing = (G2 + 92 82) cosd + (382 + 4 %) sing. Use result in Prob. 1.14:

<

- (%"J- cosd+ 5 —"- sm¢) cos¢ + (-Q‘-‘ cos ¢ + L4 sind>) sin ¢.

v
gv, _ By dus = Ovy 8y 4 Ouy 93 g Juy By | Gu; 92
W= smé+ G cosg=— ('5}"6:'*‘6: oe) Sind+ | 5 5 + 57 oz ) cos@
:—( %l’yl-smzﬁ cos¢) smd&-v-(—%‘;&smqs+-——lcos¢ os¢. So-

%”ux.,.ﬁ; 76.»cog‘g‘:-ylilsnw/&cm«,‘z+ 3‘—; qm¢ms¢+gl'¢sm ¢+@lsm o — 8—"lsin¢cos¢



ﬁ’*smqﬁcos«b% s cos? ¢

=a°y( 2¢+sul q‘;) %‘(snn‘¢+cos2¢) —'-+2- v

n

Problem 1.18

X y Z
(8) Vv, = z,‘l % 3 |=%0-0622)+§(0+22) +5(3:" —0) = | —6zz% + 227 + 372
24 3zz® —Qxz
x § 2
WVxv=|& & & =5%(0—2y) + $(0 - 32) +8(0 —z) =| -2y X - 35§ — 5 &.
zy 2yz 3Jzxz2
x 5: Z —
(€) Vxve=| £ £ 2 | =%(2:-22)+5(0-0)+3(2y — 2y) =[0.]
¥ (Qoy+2%) 2z

Problem 1.19
veyk+zryiorv=yzR+ 229 +aydorv= (3022 —2) R+ 3§ + (2 - 3z2%) ;
or v = (sin z)(cosh y) X — (cosz)(sinhy) §; etc.

Problemn 1.20
() V(fg) = —‘MX+M3"+9%’392=(J§§+9%£)*+( 5§+93§)y+(f +gaz)
=f(Ra+By+20)ro(Ex+Ey+5a) = (Vo) +9(VS). aed

(iv) V-(AXB) = & (AyB. — A.B,) + & (A:B; — 4:B:) + £ (A:B, — AyBy)
88 -
= A28 1B, %r A% B+ A+ B - A% - DY

+A,2§1+B,, 4: _ 4,88 B %%
= B, (% - % )+B(%‘—7;)+B( - %) -4 (% - 5)

A, (%8s -9y -4, (% - 25-;;)= (VXA)-A-(VXB). qed

(v) ¥x (fA) = ('Av __!{}&l) (J&J J.M_-_l)y+(0(/A.) om.))
= (%t A - % - A 3+ (P2 A - 1% - A8
+(r% + 4,8 - £2e - AL )2
—f[(i’-’l‘-‘l"‘)”%‘ )9+ (% - 24)1]
A - A x4 (A% -4 H) 5+ + (48 - 4,%) 2]
=j(V><A)—Ax(Vf). qed

Problem 1.21

© (AD)B = (A + 4,8 + A) 2+ (4550 + A+ ASR2) 5

+(4_.,8z + 4,9+ A8 .

b)f=F= 22 22  Let’s just do the z component.
i’ z2 1 y=+

I

(F-V)F], = ( Tgy HU5y +zb‘) By e e



(c)

CHAPTER 1. VECTOR ANALYSIS

Sl e

oA rat )} = HE - E () = (5 8) =0

Same goes for the other components. Hence: [ (FV)F = L

- el et s k]« ke
{
t

(Va-V) vy = (:r’ 2+ a2 . - 2:1'283) (zy R+ 2yz9 + 372%)
=22 (YR + 0?1 ’izi) +322% (2R | 229 1+ 02) 27z (0% 4+ 29§ + 3z 3)
= (2%y +32%2%) x + (622 — 4zy2) ¥ + (32%2 — 62%2) 2

= |22 (3 + 32%) % + 20z (322 - 2) § - 3223

(ii)

(vi)

Problem 1.22
[V(A-B)], = £:(AaBy + AyBy + A,B;) = %= B, + A, %8 + 2B, + A, % + %B, + 4,2

[AX(VXB)], = 4,(VxB); — A,(VxB),:Ay(El—D:;’) A (8= - 85
(Bx(VxA)], = By (%= - %) - B, (3= - 5&)
(A-V)B], = (A, +Aya-—+A,z§‘—)B,=A,-3—i+4,,—5=+A,Q£l
[(B-V)A], = B,Bg;- + By + B, o2
So [Ax(VxB)+B><(V><A}+(A .V)B + (B- V}A]

= A% _ 4 28 _ A%+A,%’§;+B, o, -B,%: B %= + B, %

v z
+A GB_, a%B A%B, B ,, B ‘ * B %A
LT Ay ?y ¥ #

- B,%+4, s 4 B, ( ——wa-—,’r’- +A ﬁ-#lj;)
+B,(—7"n it +7§¥= ) + A -51‘ 3"+—§-’&

= [V(A-B)], (sa.meforya.nd z)

[VX(AxB), = Oy(AxB), -@-(AXB)V 3—(48 - AyB:) — £(A.B; - A.B.)

= aA DB BA 83 8A a8 84 a4

[(B-W)A — (A-V)B + A(V B) - B(V- A)]x

- B3+ uy%e&w%& AcOf — A, — A, St Ao (B + S+ 8) — B (B + Gt + )

DS s (e e 38 ) 4 (e e % 3
+ Ay~ ”')+A (—&)*3 ("54:)
= [V)((A)(B)]I (same for y and z)

Problem 1.23

Vifle) = &(f/x+EZ(fly+E(fl9)2
S 2k 4 x+—L,—&”Ly’”’y+-ﬁ—,-ﬂy"° z
b [o(Sn+ G a) - £ (Gex+ e 983)] = B e
V-(Af9) = £(A:/9)+ £(Aylg) : a,(A /9)

_ 9"5‘: As 32 yim A 26'1" Ay + 988s-A. %
APl ) (s e agea) - maan

‘DJ e



Vx(A/g), = (A,/g) 3 (Au/g)

; ga [9(8—'4‘—%“)—(/1 N = '2-"1)]

= SYXA)L+HAXT), ¥
= Pt (same for y and z). qed

Problem 1.24

£ 9 2
(a) AxB=| z 2y 3z |=x(6zz)+y(%2y)+ 2(—2z* — 6y?)
3y -2z 0

V-(AXB) = £ (Bzz) + 5 (92y) + 5(—22> — 6y*) =62+ 9z + 0 =152
UxA =%(2(32) - g;(zy)) +3(L(z) - £(32) +2 (gz(2y) = %(z)) =0; B(VxA)=0
VxB=%(4(0) - %(—2:)) +37(LGBy) - £(0) +2 (2%(—2:5) = %(3;,)) =-5% A(VxB)=—

V.(AXB) £ B.(VxA) - A(VxB) =0 (~15z) = 15z2. v

(b) AB = 3zy — 4zy = —zy ; V(AB) = V(-zy) = X2 (-zy) + Vi (—zy) =—yx—zy
x 9y 2
Ax(VxB)=|z 2y 3z [=%(-10y) + §{5z); BX(VxA) =
0. ' 0. =5

(A-V)B = (:1:5% +oyd + 32-50;) 3y % — 229) = R(6y) + $(—27)
(B-V)A = (33,58; ~ 2%%) (z%k+2y9 + 322) = X(3y) + (- 4=2)
AX(VxB)+Bx(VxA)+(A:V)B +(B-V)A
— —10yX + 52y +6yk —2z§ + Jyk—dzy — —yX—z§y = V-(AB). v
(¢) VX(AxB) =% (l(—2z"’ - 6y?) — 38-(92:11)) +¥ (50;(63:2) - 58;(—21:" - 6y%)) + & (%(sz) - -%(GJ:z))
= X(—12y - 9y) + ¥(6z + 4z) +Z(0) = —2lyx + 10z ¥
VA=2@)+ &) +£B2)=1+2+3=6; V-B=£(3y) + &(-2z) =0

(B-V)A - (A-V)B+A(V-B)-B(V-A)=3yx—4z§ —6yx+ 229 — 18y x + 1229y = 21y + 10z §
=Vx(AxB). ¥

Problem 1.25

2 V) 2
(b) &2 = o = £ = -T, =|V*T, = -3T, = —3sinzsinysinz.

(c)Ef=25T:;a—y,==—16Tc;7g- —9T, = |V?*T, =0.
(d) é};;;z;%’f,az% 0 = Vi, =2

g,
I
°:L
o
%i=
I
>
)
: U
<
..N
E~
Il
=3
~
<
<
I
X
b
+
<
&
«
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Problem 1.26
v = (3 -3)+ & -8+ & (% - %)
(Ba?a_;'u g;:;;) t (g—;—(;g %‘i) + (%’; = gT:',’z—) = (, by equality of cross-derivatives.
From Prob, 1.18: VXvy = -2yX =329 — 22 = V-(VxXv;) = #=(-2y) + 3‘;—’;(-—32) + & (~=z) =
Problem 1.27

£ % 2 |
v _ | e o8 8 | _ <rs% 3%t o[ 8%t L 5 9%t el
Vx(Vt) 9z b5y 0z | = X\gy9: — aza'y) e E S b":d:) +z(5xay' T 536';')
ar By a9z |

= (), by equality bof cross-derivatives,
In Prob. 1.11(h), Vf = 2zy®2* & + 3?2?24 § + 42293233, s0
X y Z
KX o K}
oz 8z
2yt 3z y" 4 4z%y3y8
= %(3-4x?y?2® — 43229228 + y(4 - 22y%2% - 2 . 43P23) + 2(2 - 33?2t -3 2p®2) = 0. v
Problem 1.28
(a) (0,0,0) — (1,0,0). 2:0 > Ly =z=0;dl =dz&;v - dl = 2° dz; [ v-dl = [, 2 dz = (2%/3)} = 1/3.
(1,0,0) > (1, 1,0).z=1Ly:023 L, z=0;dl=dy§;v-dl =2yzdy =0; [v-dl =0,
(,L1,0) - (1,1, ). z=y=1,z2:0= L;dl=dzZ;v - dl=y 2dz =dz; fv dl = fodz-z|0=l
Total: [v-dl=(1/3)+0+1=|4/3.
(b) (0,0,0) — (0,0,1). z=y=0,2: 0> L;dl=dz#;v-dl=3*dz=0; [v-dl = 0.
(0,0,1) — (0,1,1). 2=0,y: 0> 1,z=1;dl =dy §;v-dl = 2yzdy = 2ydy; [v-dl =f0l 2ydy =%} = 1.
(0,1,1) = (1,1,1). z: 0=+ 1,y=2z=1;dl = dz R;v-dl =:r2d:z:;fv'dl=folz’dm=(:z:3/3)|{,= 1/3.
Total: [v-dl=0+1+(1/3)=[4/3.]
(@x=y=2:0- l;de =dy =dz;v - dl = z* dz + 2yz dy + y* dz = & dz + 2z° dz + z® dz = 1z? dg;
fv-dl= [ dx?dz = (423/3)[} = |4/3.

(d) $v-dl = (4/3) — (4/3) =

Problem 1.29

z,y : 0 = 1,z = 0;da = dzdyz;v-da = y(z% — 3)dzdy = —3ydzdy; [v-da = -SJ:dzf:ydy =
—3(3]0)(”—| = -3(2)(2) = @ In Ex. 1.7 we got 20, [or the same boundary line (the square in the zy-
plane), so the answer is IW] the surface integral does not depend only on the boundary line. The lolal flux

for the cube is 20 + 12 =
Problem 1.30
[T dr = [ 2% dxdydz. You can do the integrals in any order —here it is simplest to save z for last:

JE e

'I'he sloping surface is 2 +y+2z — 1, so the z integral is fo“"'_‘) dz = 1 —y—z. For a given z, y ranges from 0 to
1- 2z, so the y intcgral is fou—‘)(l —y-2)dy=[(1-2)y— {y"’/2)]|((,l_” =(1-2z2-[(1-2)*/2]=(1-2)%/2=

Vx(Vf)=




(1/2) - z+ (z2/2) Finally, the z integral is fol 2L —z+ %)dz = fol("' 24+ 2 )dz = (-'-— - -:- + l(,)13
4 b o 10 = l/bU

0w

Problem 1.31
T(b)=1+4+2=7; T(a)=0. =>[£(b) -T(a)=T.

VT = (22 + 4y)% + (42 + 223)9 + (6yz?)2; VTdl = (22 + 4y)dz + (42 + 223 )dy + (6y2*)dz

(a) Segment 1: z:0 21, y=2=dy=dz=0. [VT.dl = fo(Zr)dr—r2| = 1.
Segment 2: y:0- 1, z=1 2=0,dr=dz=0. [VT-dl= f0{4)dy—4y]0—4. f:VT-dl=7./
Segment 3: z:0—=1, x=y=1, de=dy=0. [VIdl= fo (6z%)dz = 2z3|0—2.

L

(b) Segment 1: 2:03 1, z=y=dr=dy=0. [VTdl= fo(O)dz_ A
Segment 2: y:0—21,z=0,z=1,dc=dz=0.[VTdl= fo (2)dy = 2y|3 = 2. fbVT-dl—7 v
Segment 3: z:0 = 1, y—z—l dy =dz =0. [VT.dl = fo(2:z:+4)dz = -

= (z* —4:)]0— 1+4=35.
(©z:0231, y==z, z=1%, dy =dzdz =2zdzr.
VT.dl = (22 + 4z)dz + (4z + 22%)dz + (6z2%)22dx = (102 + 142%)dz.
[2VT-dl = [}(10z + 142%)dz = (52° + 227)|; =5+ 2=7. /

Problem 1.32

Vv=y+22+3z

Il

J(Vv)dr Jly + 22+ 3z)dz dydz = ff{fo (y + 22+ 32) dz} dydz

"—')[y+2z)x+ 2]0 =2(y+22)+6

f{f:@y +dz+ 6de} dz
> [1P + (42 +6)y]) =4+ 2(42 + 6) = 8z + 16

= [3(82 +16)dz = (427 + 162)| = 16 + 32 =48]
Numbering the surfaces as in Fig. 1.29:

(i) da = dydz %,z = 2. v-da = 2ydydz. [v-da= [[2ydydz = 2y2|z =8.
(ii) da = —dydz %,z = 0. v.da = 0. [v.da = 0.

(iii) da = dzdz §,y = 2. v-da = 42 dz dz. [v-da = [[4zdzdz = 16.

(iv) da = —dzdz§,y = 0. v-da = 0. [v-da = 0.

(v)da = drdyé,z =2. v.da = 6xdxdy. [v-da =24,

(vi) da = —drdyz,2=0. v.da=0. [v-da = 0.

= [vida=8+16+24 =48 v

Problem 1.33

VUxv=x(0-2y)+y(0-32)+2(0—2)= -2yx - 32y —z2.
da = dy dz X, if we agree that the path integral shall run counterclockwise. So
(VXv)da=—2ydydz.
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f(Uxv)-da = H{e " (~2pay} az ;

Sairea N
’ N
= —13(4—424'22)(12:—(43_212_'_;?) \\9

N

= (-84 =[] : =

.

Meanwhile, v+dl = (zy)dz + (2yz)dy + (3zz)dz. There are three segments. v
8
z
%)
(s)\
- Y

Maz=2z2=0;dze=dz=0.y:0-=2. [vedl =0,
@2)z=0; 2=2-y; de =0, dz = —=dy, y:2— 0. v.dl = 2yzdy.

Jvedl = [ (2 - y)dy = = fy(dy - 27y = - (20 - §°) g = - (8- -8) = -}
m.(3)m=y=0; de=dy=0; z:2- 0. v.dl=0. fv-dl=0. Sofvdl:—-a-. v
Problem 1.34
By Corollary 1, [(V X v)-da should equal 3. VXv = (427 — 2)% + 22 2.
i)da=dydz%, t=1; y,2:0 > 1. (Vxv)-da= (422 — 2)dydz; [(Vxv)da= [, {dz? —2)dz
Y Y 0
= (37 -22)|, =§-2=—4.
(ii) da = —da dy 2, z=0; z,y:0= 1. (Vxv)da=0; [(VXv)da=0.
(iii) da =dxdz¥, y=1; z,2:0—= 1. (VXv)da=0; J(VXv)da=0.
(iv) da= —dzdzy, y=0; z,2: 0= 1. (VXv).da=0; [(VXv)da=0.
(v) da=dzdyZ, z=1; z,y:0— 1. (VXV)da =2dzdy; [(VXV)da=2.

= (VXv)da=-3+2=%.V
Problem 1.35
(a) Use the product rule VX (fA) = f(VXA) - A x(Vf):

Lf(VxA)-da:/SVx(fA)-da ;L[Ax(v,f)].dzmﬁmm | fs[Ax(Vf)Lda. qed.

(I used Stokes’ theorem in the last step.)
(b) Use the product rule V(A xB) =B (VxA)- A -(VxB):

LB-(VxA)&:LV-(AxB)dr+va-(VxB)dr=i(AxB)-dvaA-(VxB)dr. gad:

(T used the divergence theorem in the last step.)
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Problem 1.36 |7 = /2% + 3% ~ z%;, #=cos™! (——i——) ; ¢ =tan"' (%),

Sl 2422
\ V& +yt+z

Problem 1.37

There are many ways to do this one—probably the most iluminating way 1s to work it out by trigonometry
from Fig. 1.36. The most systematic approach is to study the expressicn:

r=uX+yy+zZ—rsinfcospX+rsinfsingy + rcosfz.

If I only vary r slightly, then dr — £-(r)dr is a short vector pointing in the direction of increase in ». To make
it a unit vector, 1 must divide by its length. Thus:

Dr 0 = g_;
L 8 Q’ Br -
la_| I 8¢

. -~ . . 2 . 2 .
=sin%cosdX + cinfsing$ + cosd 2: |g§ = sin” @ cos? @ + sin® B sin® ¢ + cu:2 6 = 1.
a2 “ - L .
r ° — 120052 @c0s? ¢ + r2cos? Gsin’ ¢+ risin? @ = 73,

=rcosfcosdx +rcos@singv —rsinfz;
e ;i g g o ey . .
= —rsin@singx + rsin@cosp¥; [LE|° = r2sin® fsin® ¢ + rsin’ G cos’ ¢ = rsin? 4.

RS e

i:=sin0cos¢i+sinb’siu;’:57+cosﬂi.
= q:cosﬂcos¢i+coc05’.ud)9—-siu02.
&= —-slndK+cospy.
Cheek: £ = sin® #(cos? ¢ +sin” @) + cos? 6 = sin” # +cos?6 =1, v
0+ = — cos@sin pcosd + ccsfsinpeosd =0, v ete.

sinf i = sin®  cos ¢ %+ sin® dsin d § + sin f cosf 2.
cos00 = cos?fcospx + cos’ fsing§ — sinPeesfé.

Add these: .
(1) sin6F+cosfd@ — —cospX+siney;
(2) & =-singX+cospy.

Multiply (1) hy cos¢, (2) by sin ¢, and subtract:

o sinﬂcos¢i'+oosﬂ~cos¢8‘ —sing .

Multiply (1) by sin ¢, (2) by cos ¢, and add:

I)"r = sinfsin ¢ F + cosBsin ¢ 6 + cos & .

resff = cinfeosfAeosg X — sind cosdsin & § + cos® 0 2.
sinff =sinfcosBcosg R + sinfeosfsineg y —sin’ 0 z.
Subtract thesc:

i= cos@f —sind b
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Problem 1.38

(a) Vovy = B 0%7) = odr’ = 4r
SOV )dr = [(4r)s* sin0dr o dg) = (4) J;' ridr [y sin0d8 [Frde = (4) (§) 2)(2m) [4rr']
[vasda = [(25)-r* sin0d0dE) = r* [ sin@df [3¥ dp = me ¢ (Note: at surface of sphece r = )

(b) Vova = S & (r2 %) =0 = | [(V-va)dr =0
Jva-da = [(L%)(r?sinddfde?) = [sinfdfde = [dm.

They don't agree! The point is that this divergence is zcro ezxeept at the origin, where it blows up, so our

calenlation of [(V-vs) is incorrect. The right answer is 4.

Problem 1.39
Vv

Z(r’rcos) + g a(sinbrsing) + o & (rsinf cos p)
! 3r?cos@ + rsi'no1‘2sin90089+ r—,;';-b-rsine(—smcb)

3cosf + 2cosf —sind = Hcosb — sing

U=

(1]l

J(V-v)dr = (5030 — sin ¢) r? sin 6 dr d6 dp = [ r? dr [f [f:'(smsa % sin¢)d¢] 8 sin 4
~—>2r(5cosh)
- (4£) (107) [;f sin0cosd ,do

sin? g —
;> e a —

0

(5 L

5m Rl
= | 3R

Two surfaces—one the hemisphere: da = R?sin@dfd¢i; r = R; ¢:0—= 21, 8:0 = 5.
[v-da= [(rcosf)R?sin6d do = R® fni sin 6 cos 6 d6 f:' d¢ = R® (}) (2m) = 7R,

other the flat bottom: da = (dr)(r sin @ d$)(+8) = rdr de € (here 8 = Z£).7:0=R, ¢:0—2m.
[v-da = [(rsiné)(rdrdp) = OR re drfoh do = 21.'3;-.

Total: [v-da =nR®+ 2xR3 = 3rR® v

Problem 1.40 | Vit = (cos @ + sinf cos $)F + (- sin 8 + cosfcos ¢)@ + .T,h(‘ sif Osin ¢)

Vit = WV.(Vi)
= 25 (r’(cos8 +sinfcos ¢)) + =g 57 (sin 6(—sin @ + cos 6 cos ) + iz 75 (— 8in §)
= % 2r(cosb +sinfcos¢) + 5 (—2sinfcos + cos? 6 cos p — sin® § cos ¢) — L cos ¢
= m‘m[2siuefoso+2siu?8cos¢ - 2sin0/080+cos28cos¢— sin” 8 cos ¢ — cos ¢]

=  —— [(sin® @ + cos® @) cos ¢ — cos¢] = 0.

=

Check: rcos® = z, rsinfcos¢ = = in Cartesian coordinates ¢ = z + z. Cbviously, Laplacian is zero.

Gradient Theoremn: f: Vi-dl = t(b) - l(a)

Segmenl 1: 6 = %, =10, r:0—= 2, dl =dr¥; Virdl = (cos@ +sinfcos ¢)dr = (0 + 1)dr = dr.
[Vidl = |7 dr = 2.

Segment 2: 6 =%, r=2, $:0—= . dl=rsintdp =2dé .
Ut.dl = (—sin¢)(2dg) = —2sinpdgp. [Vi-dl = — [F 2sin pdp = 2cosgld = —2.




Segment 2:r =2, ¢=%;0: % =+ 0.
dl=rddf=2d00; Vi.dl = (—sinf ~ cosfcosd)(2d9) = —2sinf db.
— 0 o ) ST |
[Vi-dl= —fi_Zsdeb' = 2cosffy = 2.
Total: f: Vitdl=2-2+2= @ Meanwthile, ¢(b) —t(a) = [2(1 +0)] — [0( )] = 2. Vv

Problem 1.41 From Fig. 1.42,|8 = cosp® | sinp$; ¢ = sindR + cosdy; 2 =2

Multiply hrbt, by cus g, aewud by sin ¢, and bubt,rd,t,t
Beosg — d>bm¢ = cos? ¢ X + cos psin g § + sin 2o% — singcos @y = x(sm'2 ¢ + cos? 9) =X.

So|% = cos¢s — sin ¢ .

Multiply first by sin @, second by cos¢, and add:
$sing + dcosd =sindcospx +sin® ¢y —sindcosdx +cos? ¢y = y(sin® p+ cos?* ) = ¥

So|§ =singa+ cospe. 2=4]

Problem 1.42
(a) Vv

LA (552 +sin’ ¢)) l%(8b1n¢(.0b¢)+ 2 (32)

12.<;(2+sm2 ¢)+ s(cos? ¢ —sin® ¢) + 3
4+251n @ + cos® ¢—sm‘¢+3

44sin*dpteostpt3=
(b) J(Vv)dr = [(8)sdsdpdz = 8 [sds [;f do [ dz = 8(2) (3) (5) =

Meanwhile, the surface integral has five parts:
top: z =5, da = sdsdpz; veda = 3zsdsdp = 15sds dp. fvda—l.Sj;, sdsj;, dé = 157.
bottom: z =0, da = —sdsdéz; v-da = —3zsdsdp=0. [v.da=0.
back: ¢ = 7 da—dsdzq&, v-da = ssindcospdsdz = 0. [v.da=0.
left: ¢ =0, da——dsdzd), vda——ssma‘vcosd)dsdz—o [v-da=0.
front: s = 2, da—sdcbdzs, vda—a[.H-sm ¢)sdddz = 4(2 + sin® ¢)d¢ dz.
Jv-da= 4fu (2 + sin? q))dq;f:f(J dz = (4)(x + £)(5) = 25m.

So fv.da = 15m + 257 = 407. V'
(€) Vxv = (l 2 (32) - l(ssin¢cos¢)) s+ (2 (s(2+sin?¢)) — £(32) b
( (82 sin ¢ cos ¢) — (s(2+sm ¢)))
2 %(Zssm«ﬁcos«b— s2sm¢cos¢)

([ |

Problem 1.43
(2) 3(3%) —2(3) - 1 =27 -6 — 1 =[20.]
(b) cosm =[-1.]

(c) ' zerv.
(d) In(-24+3)=In1=

Problem 1.44
(a) [2,(2 + 3)}6(z)dz = 1 (0 + 3) =
(b) By Eq. 1.94,6(1 —z) = 8(z — 1),s0 1 + 3+ 2 =
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(c) f__ 9.02;45!.1:—5)&‘ 9 (—1 ) 1=

'd)[l (1fa>b) 0 (ifa <b).

Problem 1.45

(a) J2 f(=) [z £8(z)] dz = = f(2)8(2)|Z,, ffooo £ (= f(T‘)f?(m) dz.
The first term is zero, since 8(z) =0 at +00; £ (2 f(z)) =z L + L7 =24 4 f.
So the integral is — [ (zf}.g + j) 6(z)dz = 0 - f(0) = —f(O) =i f(.z:)é(z) dz.
So, 2 £d(z) = —d6(z). qed

(b) [0 Flz)8dz = f(2)0(x)|7 = [ oo $0(2)dx = floc) = J§7 Edz = f(o0) — (f(o0) - £(0))
=f(0) = J~,, f(:c)&(:c) dz. So % =4(z). qed

Problem 1.46

(a) | p(r) = @6”(r — r’). | Check: [p(r)dr = q [ (r —r')dr=q. v

(b) [ a(r) = ¢&°%(r — ¥') — gd°%(r).
(¢) Evidently p(r) = A§(r — R). To determine the constant A, we require
Q = [pdr = [Ab(r — R)nar®dr = A4rR?. So A= . | p(r) = ab(r — R).
Problem 1.47
(n) 2 + a-a + a® = |3a>.
(b) fir — by &e*(r)dr = get? = (£ +3) =1
(c) e =25+ 9+4 = 38> 36 =62, so c is outside V, so the integral is

(d) (e—(2x + 2)"+22)) =(1x+0y+ (--1)2}2 =141=2¢«(1.5)2 = 2.25, 50 e is inside V,
and hence the integral is e-(d — e) = (3,2,1)-(-2,0,2)= -6 +0 2 =

Problem 1.48 :

First method: use Eq. 1.99 to write J = [e™" (4n0°(r)) dr = 4ne™® =

Second method: integrating by parts (use Eq. 1.39).

g = —/riz -V(e™) dr-i-fe"';r; ‘da. But V(e ") = (%e"") I=-—e "F.
v s
1 P 7
= f;z-e"'dvrr"‘dra}-/ ) i sinfdd dpi = 17.'/6 'dr+e“Rfsin8d0d¢
0
= 4u (—e7)|; +dne M =dn (" +e7") =da.v (Here R=0, soe F=0)
Problem 1.49 (a) V-F1 = £(0)+ 2(0)+ £ (2*) =[0} VFa=L+%+%Z=1+1+1=[3]
; x ¥ & 5 X. . ¥aum
z ® “yrE




F2 is a gradient; Fq is a cmﬂ =+ + z")
54, : | BA , : :
For A;. we want (%}-—%) = (24= — 24:) _ ;5 #—%‘-:z‘. Ay=%, A, = A, =0 would do it.

would do (Fz = VIL).

Ay =322 $'| (F; = VXA;1). (But these are not unique.)

x v %
(b)V-F3=3sz(yz)+;%(zz)+;%(wy)=0; VxF3 = 'a% ;% % =k(z-2)+yy—-y)+z(2—2)=0
Yz Tz Y

So Fa can be written as the gradient of a scalar (F3 = VUs) and as the curl of a vector (Fg = VX Aj). In
fact, | Uz = zyz I daes the job. For the vector potential, we have

8. _ v = yz, which suggests A. = ¥’z + f(z.2); A, = —ju2® +9(z.y)
37;;—.‘ = %A;‘ =z, suggesting A= §z2g- + h(z,y); A, = —%zz’ + §ly, 2)
ke %‘ =y, SO Ay =32y + k(y,2); Az = —32° +i(z,y)

Putting this all together: | Az = & {71: (22 T v?) % +y (2% — 2%) ¥ + 2 (¥® — 2?) 2} | (again, ot unique).

Problem 1.50
) = (a): VXF = VX(-VU) =0 (Eq. 1.44 - curl of gradient is always zero).
i) = (¢): $F-dl= [(VXF)-da =0 (Eq. 1.57-5tokes’ theorem).

()= (h): [PF-dl— [0, F-di= [ F-di+ [ F.dl=§F-dl=0,s0

b L
[ F-dl= F dL
a [ a Ir

(b) = (c): same as (c) = (b), only in reverse; (c) = (a); same as (a)=> (c).
Problem 1.51

(d) = (a) V-F=V(VXW) =0 (Eq L46—divergence of curl is always zero).
(a) = (¢): § F da= [(V-F)d7r =0 (Eq. 1.56—divergence theorem).

()= (b): [,F-da - [, F-da=§F da=0,s0

/F-da: F -da.
I r

(Note: sign change because for § F - da, da is outward, whereas for surface II it is inward.)
(b) = (c): same as (¢) = (b), in reverse; (c)=> (a): same as (a)=> (c) .

Problem 1.52

In Prob. 1.15 we found that V-v, = 0; in Prob. 1.18 we found that VXv. =0. So

(a) To find ¢:

(1) & =y’=t=y’z 1 f(y,2)
(2) 5 = (2uy ~ =)

(3) & =2yz
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From (1) & (3) weget 3L =2yz = f=y2* +9(y) = t = y’z +yz* + g(y), s0 o o=2ay+2+ gg =
2zy + 22 (from (2)) = gﬁ = 0. We may as well pick g = 0; then |t = zy? +yz’.|

(b) Tofind W: & — Z0r = o2; OPe — O =323; S50 Gfa = 222

3 Dz Bz
Pick W, = 0; then

a“’; v, e ot 3 2.2
= Izt > W, = 5% % + f(y,2)
oW, :
aIII = =22z=> WU = —222 + g(yo 2)-
%_%l=%£+zz_g§=ng%_g§=o. May as well pick f =g = 0.
W= 2229 — 373228
% ¥ z
Check: VxW=| & 3@; - =% (22) + 7 (322?) + & (—2z2).v
0 22z —%:z:’z2

You can add any gradient (V) to W without changing its curl, so this answer is far from unique. Some
other solulions:

W =z28% - 222y,
W = (2zyz + z23) X + 2%y %;

W =zyzk— 12’23 + 32° (y - 32%) 2.

Probelm 1.53

_ 190 .22 8 ooy L ol S :
Viv = e Sl San s WiE ) = o Csbiing)
B . 2 1 . 2
= 7',24r cos8+rsmac038r c°s¢+rsin0( 7% cosf cos ¢)
= = 9[4sin0+cos¢-cos¢]=4rcosa.
sinf

/2 x/2

H
/(V-v)dr = /(4rcosﬂ)rgsin0drdﬂd¢=4/r3drfcosvainada/d¢
° ° 0

- @ 3)(

Surlace consists of [our parts:
(1) Curved: da = R?sin6dfd¢i; r = R. v-da= (R?cosd) (R?sin@dfdg).

/v-da =R :fn«masmodo ;rfd(a = R (%) (g) = %.

5[




(2) Left: da= —rdrdf; ¢ =0. v-da=(r’cosfsing) (rdrdd)=0. [v da=0.
(3) Back: da = rdrdf ¢p; ¢ =m/2. v-da=(—r?cosfsind) (rdrdf) = —rcos@drdb.

R w/2
1 1
/v-da = /rs dr f cosfdf = — (ZR‘) (+1) = —ZR".
0 0

(4) Dottom: da = rsin drd¢8; 0 = /2. v-da= (rcosg) (rdrdgp).

/

R 712
/v-da:fradr/cosdxrl.ﬁ:}lli“.
0 0
Total:fv-da=x34/4+0_%R4+%R4=$. /
Problem 1.54
X ¥y Z
Uxv=|f % & |=%(b-0). So [(Vxv)-da=(b-a)aF.
ay bz 0

vodl=(ayx + bz ¥)-(dzX +dy ¥ +dz2) = aydr + brdy; 2° + y* = R® = 2zdz + 2ydy =0,
sody = —(z/y)dz. So v -dl=aydz + bz(-z/y)dz = ; (ay® — bz?) dx.

n2 2 2
: - . a{R*=z2°)=bz
For the “upper” semicircle, y = VR? — 22,50 v-dl = »L;ﬁ-p:)? der.

= - o 2 e . ey 2 -R
/v-dl - / at Rga_-:;}x dr = {aR’sin‘1 (%) — (a + b) [—E\/R’*’ — 22 I;-sin‘1 (;)]}
R

—R
B -1 ~lpa, s =16 1) —gin—L _ 1o (T _T
= SR*(a-b)sin}(2/R) |~ 3R b) (sin }(-1) = sin"'(+1)) = 3 R*(a b)( : _2)
= %rR’(b—a),

And the same for the lower semicirele (y changes sign, hut the limits on the integral are reversed) so
$v-dl=nR:(b—a). v

Problem 1.55
WNz=z2=0de=dz=0;3:0=1 v.dl=[(y+3z)dy =ydy.

1 1
fv-dl:/ydy:
0 0

(2z=0,2=2-2y; dz=-2dy; y:120. v -dl=(y+3z)dy+6dz=ydy —12dy = (y — 12) dy.

o
/v-dlz/(y—l?)dyz-(%—l?);—%+l2.
1

Bz=y=0,dz=dy=0; 2:2=0. v-dl=6dz

0
[V-dl:/ﬁd::—l?.
2

B | b
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Total: §v-dl=1-14+12-12=
Meanwhile, St.okes thereom says § v-dl = [(Vxv) - da. Here da = dy dz X, so all we need is
(VXv)y = By 9.(6) — y +3z) =0. Therefore [(Vxv)-da=0.v

Problem 1.56
Start at the origin.

(1)6=%,06=07r:01. v-dl=(rcos’d)(dr)=0. [v-dl=0.

w /2

(@) r=1,6=%; ¢:0=a/2. v-dl=(3r)(rsinfdp) =3dp. fv-dl=3_!dd>=§21.

I

(3) ¢=%; rsind =y =1,s0r = gty, dr = 745 cos0df, 6: 5 — F.

2 ,
vedl = (reos?6)(dr) - (reosfsinf)(rdf) = :::( :;si)dzheta-%’ido
cos?’@  cosf cos@ (cos® B +sin” 9 cos 6
3 _(sin39 sine) dg—_sine( sin® @ )do"sin3od9'
Therefore
"t cond S 1 1
cos
f"'d" B / in°8 %L = 2n?0 oz @D 30 1-2=3
m/2
4)0=3% ¢=% r:vV2=20. v-dl= (rcos’d) (dr) = }rdr.
g 0
f‘l dl:l/rd']':_i _1.2=._1
2 22|y 4 2
vz
Total:
x or. 1. A e
fv dl=0+ 5 +§-§ 5
Stokes’ theorem says this should equal [(V xv)da
1 a 1 8
VRV = i [68(5111931') w(—-rbmﬂcosﬂ)] F+ - [—G%(rcoq 8) - *-(7‘31‘)] a

+ % [;lr(-rrcososine) ~ % (r cos® 9)] ¢

PR TR T T
= -rs'TG[‘h 0030]r+r[ br]8+r[ 2rcos@sing ~ 2r cosfsiné] ¢
= 3cotff—66.
(1) Back face: da = —rdrdf ¢; (Vxv) da = 0. J(VXv) -da=0
(2) Botlom: da = —rsinfdrdp6; (VXv) da=Grsin@drdg. § = %80 (VXv)-da = 6rdrd¢

w2

(Vxv)-da= [ 6rdr | do = e---1=—". v
/ / / :
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Problem 1.57
v-dl = ydz.

(1) Left side: z=a—z; dz= —dx; y=0. Therefore [v-dl=0.
(2) Bottom: dz=0. Therefore [v-dl=0.

0
=4 =[]
4 =

2a

0
(3) Backi 2 =a—jy; dz==1/2dy; y :2a > 0. [v-dl =2fy(—]§dy) = —%";—
a

Meanwhile, VXv = &, s0 [(V X V) - da is the projection of this surface on the =y plane = j-a-20=a v
Problem 1,58 o

L 18 19 10 B o
iy (r*r?sind) + eag(smeflr cosf) + i (r* tan9)
1 . . Gt i
= ——4r Qin8+ 947' (coszﬁ—-sm2 9) = ;i-n—g(sm'“'8+cos 6 — sin” 0)
B 'cosz9
i sing@

R m/6 2m
cos? 9\ , , 3 2 — . [8
(Vv)dr = 4r e (r*sinfdrdfdg) = [ 4r*dr | cos®@dd [ d¢ = (R') (2r) st
- 0 0

o 4
o 2::12’(1"2 s“‘fO ):"? (w 3"25) —| =2 (2 + 3v3).

Surface consists of two parts:

(1) Theace cream: v = R; ¢:0— 27; 0: 0 — 7/6; da = R?sin6df dpt; v-da = (R?sinf) (R*sinfdAdp) =
R*sin® A df de.

1r/5

/6
/vda R*/sm‘ﬂcw/dda '2 ) 3—-—511128] =27 H‘(T—lb1160°) 015 —3£
/ . 12 1 6 2

(2) The cone: 8 =%; ¢:0- 27 r:0-5 R; da =rsin@dédré = %grdrdqié; v-da =+3rldrd¢p

fvda \/3[ dr/dd) \/'—27—-"-/_334

Therefore [v-da= ’—’2‘: (% - %3 + \/5) = "1};4 (27 +3V3). ¢

Problem 1.59
(a) Corollary 2 says §(WT) dl = 0. Stokes’ theorem says §(VT)-dl = [[VXx(VT)]-da So [[Vx(VT)]-da=0,
and since this is true for any surface, the integrand musr, vanish: Vx(VT) = 0, confirming Eq 1.44.
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(b) Corollary 2 says $(V x v)-da = 0. Divergence theorem says §(V xv)-da = [ V+«(VxXv)dr. So [ V+«(VXV)dr
= (0, and since this is true for any volume, the integrand must vanish: V(V xv) = 0, confirming Eq. 1.46.
Problem 1.60

(a) Divergence theorem: §v -da = [(V-v)dr. Let v = cT', where c is a constant vector. Using product
rule #5 in front cover: V.v = V+(c¢T') = T(V-c) - c-(VT). But ¢ is constant so V-c = (. Therefore we have:
[c-(VT)dr = [Tc- da. Since ¢ is coustant, Lake it outside the integrals: ¢- [ VI'dr = ¢- [T'da. But ¢
is any constant vector—in particular, it could be be X, or ¥, or Z—so each component of the integral on left
equals corresponding component on the right, and hence

/VTd-r = /Tda. qed

(b) Let v = (v X ¢) in divergence theorem. Then [ V.(v x ¢)dr = [(v X ¢) - da. Product rule #6 =
Viivxe)=c (Vxv)—v- -(Vxe)=c-(Vxv) (Note: Vxe = 0, since ¢ is constant.) Meanwhile vector
identity (1) saysda- (v xc) =c-(daxv) = —c-(v x da). Thus [c-(Vxv)dr = — [c- (v x da). Take ¢
outside, and again let ¢ be X, ¥, Z then:

/(va)d'r=—fvxda. ged

(¢) Let. v = TV in divergence theorem: [ V-(TVU)dr = [TVU -da. Product rule #(5) = V-(TVU) =
TV-(VU)+ (VU) - (VT) =TV?U +(VU) - (VT). Therefore

/ (TV2U + (VU) - (V1)) dr = f (I'VU)-da. qed

(d) Rewrite (¢) with T «» U : [ (UV3T + (VT)-(VU)) dr = [(UVT)-da. Subtract this from (), noting
that the (VU) - (VT) terms cancel:

f (TV?U — UVT) dr = f (TVU - UVT) -da. qed

(e¢) Stoke’s theorem: [(Vxv)-da = §v-dl Let v =cT. By Product Rule #(7): Vx(eT) = T(V xe) -
e x (VT) = e x (VT) (since c is constant). Therefore, — [(¢ x (VT))-da = § Te-dl. Use vector indentity
#1 to rewrite the first term (e x (V7)) -da=c-(VT xda). So — [¢- (VT xda) = ¢ ¢-Tdl Pull e outside,

and let ¢ — X, ¥, and Z to prove:
/V'I' x da = —f’l'dl. ged
Problem 1.61 B, ' : 7

(a) da = R?sind df dg F. Lel the surface be the northern hemisphere. The X and § components clearly integrate
to zero, and the Z component of ¥ is cos8, so

:/2=|RR22.!

B - 3 - 7r/'2 - zASinza
a:/R sinfcos@dfdepz =2rR°z sinfcos@df = 27 R I——
0

(b) Let 7" =1 in Prob. 1.60(a). Then VT =0, so §da = 0. ged.

(¢) This follows from (b). For suppose a; # ag; then if you put them together to make a closed surface,
fda=a; —a; #0.

(d) For one such triangle, da = %(r x dl) (since r x dl is the area of the parallelogram, and the direction is
perpendicular to the surface), so for the entire conical surface,a =  §r x dl.



21

(¢) Let T = e - r, and use product rule #4: VT = V(c-r) = ¢ x (VXr) + (¢c- V)r. But VXr = 0, and
(¢ Vr=(cags +oyps +Cags)(@R+y9 =28)=c %+, § +c; % = c. So Prob. 1.60(e) says

frm:f(c.r)fﬂ:—j(vr)xda=-/cxda=-cxfda=—cxa=axc. qed

Problem 1.62
(1)

-v:r—2

18 1 18
v E(rz-—)=—g(r)= 5.
For a sphere of radius R:
Jv-da = [(}%)-(R?sin0dfdpt) = R [sin6dédy = 4rR.
R So divergence
[(Vv)dr = [(%)(r*sin@drdfds) = (fdr) ([sin8dfd¢) = 4nR. theorem checks.
0

Evidently there is no delta function at the origin.

Vx(r'f) = ;_175‘?; (r’r") = ;15-501_; (r**?) = ;15(92 + 2)r"H = (n+ 2)r" !

(except for n = —2, for which we already know (Eq. 1.99) that the divergence is 478%(r)).

(2) Geometrically, it should be zero. Likewise, the curl in the spherical coordinates obviously gives
To be certain there is no lurking delta function here, we integrate over a sphere of radius R, using
Prob. 1.60(b): If Vx(r"#) = 0, then [(VXV)dr = 0 = —fv xda. But v = 7"f and da =
R*sinf dd d¢+ are both in the f directions, so v x da = 0. v




Chapter 2

Electrostatics

Problem 2.1

(2 [Zorc)

() |# =

1 99
dmeg 12’
Ezplanation: by superpaosition, this is equivalent to (a), with an extra —¢ at 6 o’clock—since the force of all
twelve is zero, the net foree is that of —g only.

©

N1 Q@
(d) dmeg 12’
a cancellation in pairs of oppaosite charges (1 o'clock against 7 o’clock; 2 against 8, ete.), with one unpaired g
doing the job, then you'll need a different cxplanation for (d).

where 7 is the distance [rom center to each numeral. F points towasrd the missing g.

pointing toward the missing g. Same reason as (b). Note, however, that if you explained (b) as

Problem 2.2 E

() “Horizontal” components cancel. Net vertical field is: E; = ;7274 cosf.

1 29z
lIere42=z2+(§)2;cosG=§,so E= =575 2- 2
3 e
)
<+ -~ T
When 2 3 d you're so far away it just looks like a. single charge 2q; the field 7 g | g4
should reduce to E = 4:(0 %ﬁ 2. And it does (just set d — 0 in the formula).
(b) This time the “vertical” components cancel, leaving / E
E= "1602,“',sin02, or /8
1 gd . i
— X. \
o (22 4 (§)) VA W

From far away, (z > d), the field goes like E =~ hlec 3’} Z, which, as we shall see, is the field of a dipole. (If we
set d — 0, we get E = 0, as is appropriate; to the extent that this configuration looks like a single point charge

from far away, the net charge is zero, so E = 0.)

22
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Probhlem 2.3
o ., . »
\IZ E. = =), &8 cost; (22 = 2% + 2% cosl = £)
£
A e 1
va\ = maM fo 224z a;.iﬂd:"'
: 31t
i\ da = M\ - 13z |3 z;___l__gz.
N g = A0S T T T 2T ter | |g  dreo 2 VRl LT
\ 2% = .\dz 1 xdE. ..
: \ L Eg 5 dﬂéc 0 2T Q]nﬁ = 4"!01\ f ‘1?_‘,22!3/2
\ == ¢
r s L=
T il [ vﬁFff]I = 4mo*[. ;37:2!]

= s [ ) *+ ()Y
" dmeg 2 V22 22+ L .
Forz»Lthu expect it to look like a point charge g = AL: E — —

1 ANEa
ferm - 0, and the 2 term — masck -

Problem 2.4 B
From Ex. 2.1, with L —+ % and z — /22 + (g—)2 (distance from center of edge to P), field of une edye is:

ALz Tt checks, for with z 3> L Lhe %

" Aa
» = /. :
4meg \/z~+ 'f: \/zz A1 a; ; 9;

There are 4 sides, and we want vertical components only, so multiply by 4cos 6 = 4——=— :
a2+ 8

1 4)az .
Z:

< R
R (24 g) Y2+

Problemn 2.5

" . ) - 3 DO el A A
\ Horizontal” components cancel, leaving: E = = {J3# cosO} 2.
[\ Here, 22 = r? 4 22 cos8 = £ (both constants), while [dl = 27r. So
9

5 \ 1 A2z
E= - ===,
1150 4mey (72 4 22

Problem 2.6 e
Break it into rings of radius r, and thickness dr, and use Prob. 2.5 to express the field of each ring. 'Tolal

charge of a ring 1s o« 27r - dr = A« 277, 80 A = odr is the “line charge” of each ring.

E. 1 (odr)2rrz A _— & r
ring = Areo (re + 23)3/3’ disk = Hrreg 0 (r?+z2)¥?

1 1 1
0z | = - ——| 2
dreg e [z VvV R? z2] -

Edisk =
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&
For R > z the second term — 0, so Eplam = 4"32”0& = Ea
; 1 1 1 R? f 1 1 LRSS R
Forz>>R,vn_:— (1&.9) w;(l—g;g),solng—;ng;r—m,
~» _ _1 2rR? R -
and £ = ;=552 = h(c & where Q = :rR J

Problem 2.7

E is clearly in the z direction. From the diagram,

dq = oda = oR? sin 6 df dg,
22 = R% 4 22 — 2Rz cosH,
COS¢' o z—!tcosa_

So

1 cl?sin8df do(z — Rcosé)

= ; = 2.
4meq (R? + 2% — 2Rz cos )%/ Japi=2x
: T
R b (2 — Reos#)sind . ) J 8=0=2u=+1
- 4m_n(hrhf o) R e -—2chosﬂ)3/2da Let u = cos6; du = —sinf@df; R R A

= —(27; R%0) / T zz_—?}‘%zu)” /2du' Integral can be done by partial fractions—or look it up.

[L__zu-n ]’ g ZWRza{(z—R)_(—z-R)}
32\/R2+z'°’—2Rzu .1 dreg 22 |z — R| lz+R| |~

2
4ﬂ_ = —(27R°c

xo"Q

1 x
For z > R (outside the sphere), B, = 73— 5—”—%—1 o=, 50|E= ey £ |

For z < R (inside), F, = (), so

Problem 2.8
According to Prob. 2.7, all shells interior to the point (i.e. at smaller r) contribute as though their charge
were concentrated at the center, while all exterior shells contribute nothing. Therefore:

1 anl ..

daeg 12

E(r) =

where ;. is the total charge interior to the point. QOutside the sphere, all the charge is interior, so

e Ly

dmeo T2

Inside the sphere, only that fraction of the total which is interior Lo Lhe poinl counts:

iard r G o | 1 -Q
o | SV [P = Q= | —— =
Cint §7r123Q R? Quie B drey Rf’Qr2 = 4meg R
Problem 2.9

(a) p=ea V-E=eoro- (r? - k1) = eoHk(5r%) = | Seakr®.
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(b) By Gauss’s law: Qenc = €0 § E + da = eo(kR*)(47R?) = m
By direet integration: Qene = fp . - j;)"(s eokr?)(dnridr) = 20menk foR e e

Problem 2.10
Think of this cube as one of 8 surrounding the charge. Each of the 24 squares which make up the surface
of this larger cube gets the same flux as every other one, so:

1

f°“e whole
ace lerge
cube

The latter is L¢, by Gauss's law. Therefore / Pida= T
o 2460

one
face

Prohlem 2.11

/A Ganssian surface: Inside: § E-da= E(4rr?) = £Qunc =0 = [E = 0.

= } (As in Prob. 2.7.)

cor?

—= Gaussian surface: Outside: E(4nr?) = -(747R*) = |E= — f.

Prohlem 2.12

. =F. S [ —14..3
/Gaussian surface fE da =L 4xr ¢._,Q»nc w3 p So

1
E = —prf.
3€oprr

Since Q. = %wR"p, E= —L-ﬁ-f (as in Prob. 2.8).

dmeg

Problem 2.13
Gaussian surface

/ K\ .s “,l/ fE-da:E-Qx_q-lz :;Qenc= elo’\’ So

I r [
\zl_/ E= %:osg (same as Ex. 2.1).

Problem 2.14

- Gaussian surface §E.da=F 4’ = LQen. =
=L kar [ rédr = 4Zke
€0 0 <n

i B O e Thr? .
Ameq




26 CHAPTER 2. ELECTROSTATICS

Problem 2.15

(1) Qenc =0, s0

(i) § B+ da = E(4nr?) = LQenc = L [pdr = L [ 57%sinfdF df d phi

e wk kE fr—a)\ .
=i"%_cdr=%(r—u).'. E=a’-( = )r. [E|

(iii) E(4nr?) = 42& (¥ gF = 42k (h _q) 50
E fb-a\ .
E = g ( T2 ) r.

Problem 2.16

[ S ———

X
(i) () ) Oﬁ‘— Gaussian surface fE vda=F 2xs3:1 = %'Qenc = %P"rslzli
4 : My

\ TN+ Gaussian surface
(ii) ()) :_) ) fE-dazE-ha-l:%Qen‘-:%[mazl;
/ ‘\/,T,_/
mEE——

\ 3 \ \<— Gaussian surface
fiii) ()) _J... ) ) §E-da=E-2m§-!= iQen«.‘:O;
7 [e=0]

A SR S
I |E}

[op == =—

Problem 2.17
On the z z plane £ = 0 by symmetry. Set up a Gaussian “pillbox” with one face in this plane and the

other at vy,

Gaussian pillbox JE-da=E-A=2Qen = +Ayp;

E=Ly3|(for |y < a).
€0

—.yo—
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Qene = 2 Adp = |E = (ﬁody (for y > d).

Probhlem 2.18
From Prob. 2.12, the ficld inside the positive sphercis E, = 5’:—1:,_, where r. is the veetor from the positive

eenter to the point in question. Likewise, the field of the negative sphere is —{—r_ So the total field is

0 ;
E= g(r+ =) r ”
r
: ; P = / : d
But (see diagram) ry —r_=d. So|E = —d. !

360

Problem 2.19
VXE = ——Vx/—pdr— T /[ (%)J dr (since p depends ou r', not r)
TED

=0 (since Vx (%) =0, from Prob. 1.62).
2

Problem 2.20

X ¥y i
(1) OxE =k |& & = |=Fk[X0-2y)+§(0-32)+8(0—z)] #£0,
Ty 2yz 32z

so E, is an impossible electrostatic field.

% y Z
(2) VXE; = k g’; 5 2 | = k[R(22 - 22) + §(0 - 0) + 2(2y - 2y)) = 0,
y* 2xy+ 22 2yz
so Es is a possible electrostatic field. %
Let’s go by the indicated path:
E-dl = (y¥dzx + (2zy + 2°)dy + 2yz d2)k 1{('_J:O,yo,zg)
Stepl:y=z=0;dy=dz=0. E-dl = ky’dx = 0. I
Step Il z=25,9:0 Yo, 2=0.dz=dz=0. 1 v
E-dl = k(2xy + 2°)dy = 2kzoy dy.
[ E-dl=2kzo [ ydy = kzoyd. =

Step Il x =2,y =0, 2:0 > 2g; dx = dy = 0. x
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E.dl = 2kyzdz = 2kyoz dz.
Jp11 E-dl = 2yok [ 2d2 = kyo2}

(zo.v0.20)

‘/(207 Yo, ZU) Sy = f E.dl = —k(«"’o!lg + _7/02'8), or ‘/(1', Y, z) — —k(-'l’yg e yzz)'
a

Check: —wv=k[ (ze*tvz?) %1 £, (29 ty2?) 94 £ (29 1y2°) s]=k[s® R+ (2zy+2°) y+2p28]=E. ¥
Problem 2.21

V(r)=-[_E-dl. {

Qutside the sphere (r > R): E = *—%+.

qmwco ™

Inside the sphere (r < R): E = 57— i,

el ' (o
co d7eo 1’

wr) dr= ol [5 - a (757))

Soforr > R: V(r) = f (4,“0 )df: 1‘1(%)

dmeg

r R P
and forr < R: V(r) = —fw ("‘_(O’-S_.) dar — fl; (urleo

o 0RO e
| 4meq 2R R

When r> R, VV = L2 (1) ¢ = - L

Whenr < B, VV = gL b2 (3- ,3;) f= b (-)f= -7 &fs0E=-VV=
Problem 2.22

E = - Js (Prob. 2.13). In this case we cannot set the reference point at oo, since the charge itself
extends to oo. Let,’s set it at s = a. Then

1 s
7 < 1y 1 3 o =
v (8) = fa (-‘nreo H )d 41r€02AlIl (a) g
(In this form it is clear why a = 0o would be no good—Ilikewise the other “natural” point, a = 0.)
8 e El
= VV = —4::c02A3'5 (ln (ai)) = 41r¢o kls -B.v
Problem 2.23

V(O) = - [LEB-dl = - [ (£¢52)dr - (£ )ar - [)(0)dr = £C52 — & (1n () +a (L - 1))
—t{1-2-mn(8)-1+8}= Enn(ﬁ’).

€p a

Jq-rr-/

ireo R

Problem 2.24
Using Eq. 2.22 and the fields from Prob. 2.16:

V() -V(0)=- [fErdl=— [{E-dl- ['E-dl=—3 [sds— & [" Lds

2¢c0
2 b
=—(§%) & +%lns|¢z ——4—( +2ln( )

Problem 2.25

1 2q
V= i
(a) 4rey \/22 + (%)2
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A\
v ’ b :
(b) V=d!ren--—f. :d:t: o %+ Z2+x2)|—L :\
=218 \2
T I e R In (EH/5HEE) g
drey | ~L+~+z2+L2|| 3Zme J :
H T 23 S = e
(C} V= 4,‘0 0 giw:‘:' » hrm 2”‘7( ™+ 22 IO g ) 2€0 ( il ,-_vﬂ ) |
In each case, by symmetry - ‘W =4 =0. ~E=-%1
1 2qz

— % | (agrees with Prob. 2.2a).

@) E= 4m° 2¢(-3) (:,_(2;);)31:: =

O E= -5 { A v e -

1 L A
[EY Rk sm%}z

P SV AL R

2LA 1

A z
P dmeg ;Z!Tz! {

X A

Z | (agrees with Ex. 2.1).

deq 2424 + L°

(c)E=-§;{%W,l.;;,zz—1}ﬁ=

A [1 J __z___]
26 VIR? + 22

2 | (ngrees with Prob. 2.6).

If the right-hand charge in (a) is —g, then |V =0 l, which, naively, suggests & — —VV = 0, in contradiction

with the answer to Prob. 2 2b. The pomt is that we only know V on the 2
—3— That was OK in part (a), because we knew from svmmetry that

hope to compute £; = —-5— or E, =

azis, and from this we cannot

E: = E, = 0. But now E points in the = dxrectxon, so knowing V on the z axis is insufficient to determine E.

Problem 2.26

V(a) =

Ameg

21ra 1

w[

Meo [h+71n(°h+2¢'h V2h) -

_oh, (2+f) oh ln((2+f))
deg  \2-2 1eo 2

i"t_’:‘ [1-m(+ v3) .

V'(&) = V(h) =

1 VI f aomy .
— | da=
4dmeg Jo 2 dme

(where r = 2//2)

V2h ' —
Vib) = _l_ (a?frr) d», wheres = \/h,2 +42 —V2hs

- = 4rep Bk

ah
'260 ’

2ro 1 ,

- ﬁc\\/ih) =

2

V2h 2
e —
Vh 442 = 2
o 2 - V2h
R +2% — V2 + — m(zJ h2 442 =2+ 2 — \/Eh)]
V2 0
h o AR |
i B e s o . 2 3 0 B ¥
7 In(2h \/ih)] W, [ln(.Zh+~./ h) — In(2h \/fh)]
ah .
= (1 + V2).
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Problem 2.27

L
Cut the cylinder into slabs, as shown in the figure, and < ;‘T ‘\
use result of Prob. 2.25¢, with 3 = z and ¢ — pdz: ¥ 5[\1 ! D I
2+ L/2 : 1 = |
V=g [ (VEP+2?-3)ds v
x—Lj2 ] .\ < —~ :
=1 VR 2+ Pz + VR +27) - 2?12 = o
i / et Y2 e T g fa (o k)
= ;{3{(”15)\, (24 %)~ (&) 12+ (z- &) +1%1n [‘_&+:,R=+Ez-&§w] —?z(.},‘
(Note: — (z + '2’}2 + (2 - ‘;]2 = —2% -2l 1’1—2 22— 2L+ LTJ = —2z1.)
» / 2 é 2 2 _ L\J
Bi= = 9‘3{ :"{VR' | (“%) (”3)?—,/3%(: —) —(Z__L-_-.
[ VR + (24 §) R+ (s 4)°

. T N .
o[ 1+ VR (21 §)° e LA T ] P ZL}
e

z+§‘-+\R2+(z+{:)2 z--§+\/R2+(z—§
- ~-

>

E= —:T’Z{QVIR‘«‘+ (z+§)2—2m//}22+ (z— %)Z—QL}
P e e

Problem 2.28

Orient axes so P 15 on 2 axis.

V=l [ed Here p is constant, dr = r? sin 8 dr df dd,
= Txeg J 49T 2 =722 4 r? — 2rzcosé.

V= £

risinfdrd@de . 27 .
el o JO dd — 2x.

+r2—2rzcosd '

1z - sin ¢ do = L (Vr?+ 22 =2rzcos0) |5 = L (VT + 22 + 2rz — VT + 27 = 2rz)

22472 —2rzcosf
B T, e 2/, <z,
S 6 I G pE




z R
: = 2 y sl 12
..V—r&-?ﬁ'z{{%?‘ dT'i'f%f‘zdr} —A{;':T"l'
2

Bt p= g 0. 0 V() = ks (R - 5) = 557 (3-

ds el T P
V(v)_SrenR(d L,

31

7

N

Problem 2.29
VzL' in é:vzf( )(l
e [P —~4a8%(r = x')] dr = =L p(r). ¥

= ime; J AT |(V21)dr (since p is a function of r', not r)

Problem 2.30.

(a' Ex. 2.4; Eahﬂv? S ﬁ Epaow = —

Ex. 2.5; At each surface, £ = 0 one side and E —

z other side, so AL — £

2= (h always pointing up); Eabove — Fbeiow = Z1

€0

Prob. 2.11: Eoue = Z5F = Z#; Biw = 0; 50 AE = £i. ¢
T
(b) {/) .‘_I_‘.’ _T.R\ Outside: §E -da = E{(2us)l = Qem = ~(2xR)l > E = £ 45 = £3 (at surface).
I |
WL L fnside: Qus =m0, 50 E=0i  AE =28, ¢
N €0
l
(c) Vou = '5% = R" (at surface); Vip = ‘3—“} 180 Voue = Vi v
Bou = —2—2"% = —Z (a surface); a =0 ;50 Tpput — Hn = 2,
Problem 2.31
MVv=gor s =22+ +2}=s(-2+ %)
q° ( 1 ) (1) (4
r o s ) (4)
v=ay dmega b V2 - +
2 2 . .0+ e P
'h’ Wy =0W; = 41“(.) ( ) Ws= dwec (;Ili? %) Wy = ‘\bee (d))' (2) (3)
1 2¢°

r

tot = 4," a{ 1+7-—1 2+ 75}

47r€0 o

24 =)
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Problem 2.32
(a) W = § [pVdr. From Prob. 2.21 (or Prob. 2.28): V =

L. @ 7 r? ) 2 ap
W= - 3— — | Amridr =
2" 4meg 2R J ( R i 4eo R
_ 9P pa_ qi? ¢ i) 1 ( ;5_ f) :
5(0 ofg %KR" 4‘.'“'0 a R . “

Ztu

r
3

g

3

CHAPTER 2. ELECTROSTATICS

ii = 30 (R3—£3->
R25 0 4(:'0R b}

;. fo 2 mi:z s _7'_2 2

= 2—(4weo)2q {/ 1_4(1 4vrdr)+/o (Rs) (4mr dr)}

S e oL@ ay 1P,
4neo 2 r H‘R‘ 5/ drep 2 \R  5R 47rcooR

(c) W — ¢{ §.VE-da+ [, E*dr}, where V is large enough to enclcse all the charge, but otherwise

arbitrary. Let’s use a sphere of radius a > R. Here V =

€0

W =

4 1

(47r(:0)2
o iy

I~ s

~of @ 1., @ 4
Ty {(4,‘_60)2“4" - (4mep)? 5R+

o AR U o
" 4meg 2 la SR a R

As a —+ 00, the contribution from the surface integral ( 4'150

L

(4,"0 Bk l)) picks up the slack.

1
dreg r*

1 g 1 a 1 2
E{,/ (_;rq);) (?‘m—eorg)r?s1n0d0d¢+/ DJdT+/R (F—Q) (4xr dr)}
- (-

c}
14

g;) goes to zero, while the valume integral

)

Problem 2.33

dW =dqV = dq(

47en
3

) g, (7 = charge on sphere of radius r).

= / 7 = gvrrap = q% (g = total charge on sphere).

47r?

3q
IU/ dq 4”2(11'[,— 1—R3 dr R3 zdr
S 1 (g 3q 2 s 1l 3q2
S (m) (R" ol bty g ridr
_ ¥ 8¢ Pt . i (gf)
~ 4rey RS ./o ik “4mey R® 5 drey \B R o




Problem 2.34

(a) W =% [Edr. B= o2 (a < r < b), zero elsewhere.

33

2
{4 £ ( b q 1 1

W5 (3) J2 () arrtdr = 5 0 = %(z-z)-

(g =s=reo‘a" W=t Ei=ggdfi>a) B=go#i@>0. So
El-Ez:(‘;"c) —‘I— (r > 0), and heucefE1 Egd‘r——(m) q fb 74112d1 ’;:OI.
4 2
Wi =Wit Wyt B Badr=go@ G+1-3) =5t 3 -1 v
Problem 2.35

L - . e |
(a) aﬂ—@. Ua—m,ab-

4mb?”

() V(0) = =[S E-dl = =[] (=% )dr — [ (O)dr -

R 1 o 0 t l g 2.
[R ks )i = [0dr = | = (244
A \ “ 3 LA = f : = : !
(c) oy = 0] (the charpe “drains off”); V(0) = — [ (0)dr — [[* (57 %) dr — [3(0)dr = dmeg (R v
Problem 2.36
. A, i A - u
6= 5|2~ e || ae

1l qutaq.
: E = —
(0) out 4'4760 7'2 r’

where r = vector from center of large sphere

-1 gay 1 @
0] RCTR———

v ty, | where r, (rp) is the vector from center of cavity a (b)

(d) | Zero. l

(o TR r'hnngm (hnt not @, or a’c), Eoumde changoq (hut not. E,; or E,); force on ¢, and gy still zero.
Problem 2. 37

Between the plates, E = 0; outside the plates £ = o /e = Q/egA. So

P= Esl—152 — 2—?-2— = —Qz—
2 2 e A2 29 A2

Problem 2.38

Inside, E = (); outside, E = ,:‘o %i‘“ SO

E
Eeve =041¢3§11. J: = 0(Eave)z; 0 = 4_;9“1" / 9

F. = [fodo= [(5%) (5L &) cosd R*sinf df d¢b

2¢q (11R}d27r f"/t? sinfcosfdf =

(L) G017 = 21 ()’ = o a1
4R 2 27:eo 327!'3260
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Problem 2.39
Say the charge on the inner cylinder is @, for a length L. The field is given by Gauss’s law:
[E-da=E 2ns-L= ;%Qenc = %Q =E= 1 5. Potential difference between the cylinders is

negls s

b b
g Q 1 Q b
— , — — . = —_— — = — —
V(b) - V(a) = / E.d 2“011'/‘; sds 2m‘,Lln (a) :

@

As set up here, a is at the higher potential, so V = V(a) — V(b) = ,_,—r%—l_ In (%).

a

2meg

()’

O=8= ;"‘—n’?_”zﬁ, so capacitance per unit length is

Problem 2.40

(a) W = (force) x (distance) = (pressure) x(area) x (distance) = %OEQAG.

(b) W = (energy per umit volume)x(decrease in volume) = (eo%i) (Ae). Same as (a), confirming that the
energy lost is equal to the work done.
Problem 2.41

From Prob. 2.4, the field at height 2z above the center of a square loop (side a) is

W

VN VN
AT
atda

1 4)\az ’t )

E= 1 Z. ? é

TE 2 . 2 “

"+ ) g Hoe 1

—5 %

-

Here A — a% (see figure), and we integrate over a from () to a: é é
%
%

3

a 2
:Lﬂaz/ gda . Let u = —, 50 ada = 2du.
4ren 0 (22 +22) ‘/zz + 2 4
02 ‘4 52/4
/ ‘ du oz |2, _,[Veu+2?
= —4oz === — | —tan " | ————
4reg 0 (u+22)V2u+22 e |z z "

9 a L
= —i{tzm'1 (2—) - tan"l(l)};
TEN 2z
20 —1 a2 r
- \/ S _Ely
E = [tan 1+ 922 4]

a -3 ca (infinite plane): E = 37"0 [tan™"(c0) — ¥] = 3—:’0 (F-2)==.v

2 > a (point charge): Let f(z) =tan~! /Tt 7 - 1, and expand as a Taylor series:

f(z) = f(0) +zf'(0) + %z’f”(o) .
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flere f(0) = tan™ (1) = § = £ = § = 0; £'(2) = b b s = smiagorsr 0 /0 = b0

1
j(.r:)z-‘-l-l,+( Ja? 4+ ( )z +-

(] 1 a? sz 31k gc'f T |
Thus (since JLT =r K 1) Ex :co (Ti—z—’) = 4meq 2%  dmeg 525 v

Problem 2.42
B % 1.8 (,A 1. 8 Bsinecosq’z‘)
p_€OVE—€0{1'267‘ (r 1‘)+rsm06d>( r }

i ) 1. Beind: . | <o ATk
= € [r_? +rsin6 (—smqa)] = r'«’(A B sin ¢).

Problem 2.43
From Prob. 2.12, the ﬁe]d inside a uniformly charged sphere is: E = ; = ;%r. Sa the force per nnit volume

isf=pE = (}—Em TS )T = (4—'%3)21', and the force in the z direction on dr is:

IR IER T iR 2
drz—fsz—a(4TR3) T cos 8(r* sin 8 dr dd d).

The total force on the “northern” hemisphere is:

27
ff,d‘r-(—(‘mm) / 3(17'[ cos @ sin 8 df dp
()

_3fQ R (sin?0"*) | 3Q?
-2 ) (—2— ’ ) B = Blmeolt?

Problem 2.44

1 ; R
"cemer—4to/‘ 4T60Rfda —T?. 2””)—5;;

; =97 R?sinfdo,
= it
Voole = / e with { = R? + R* — 2R*cos 0 = 2It*(1 — cos¥).

1 o{2aR%) ["/2 sinf df
= ezl d 2v1 —
4‘150 RV2 V1 —cosf 2\/550 ( o )I

{1 0) =

Vpole — Veenter = ;—Cg(\/—i oo l)-

\/-2- \/-Eo

Problem 2.45
First let's determine the clectric field inside and outside the sphere, using Gauss’s law:

r 4 )
& o . o " 5 : g g wkr (1" < R))
cofE-da=€o4XT2E—Qent _fpdT = /(kv)rismodrdﬁ’dcﬁ_ 47rkﬂ dr = {ﬁka (r > R).
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SoE= trit(r<R); E= “—rgr(r>R)

Method I:
R 2
-5 [ e an =2 [ () s [ (2
W sz dr (Eq. 2.45) A (4:'0 dar-dr +
2 n 0 7
o (- s.s/i._iis_l
1r2(4€0) {/0 rdr + R 4 rzd' = 7+R =

o mk*R"
= 7(0 i

. ——

) drridr

°°} = "I'_k—" (_‘. + 1{7)
e 860 7

Method 11:

W= é/pvm (Eq. 2.43),

r R k 4 r k? k
For r < R, V(r):—f E-dl:—/ (4:;2)&-/ (i;)dr:-a R (—})
: k 3 ™ R3 )
“E(’”a 3) 3€u(n3 3.

1/ (kr) [ (Rs )] 4mridr = 2;::4[0 (R31'3 - %.,-5) dr

_ 2k R3 _ER_"' *wk2R7 (2)_ ak? R v
=3 4 47 2- 3¢ —OTeE d

Problem 2.46

8 [e "\ . r(=Ae=A" —e=?") _ o i
E=—VV=—A§( = )rz—A{( ) — }r= Ae™ (1 +Ar) .

p=eV-E=egA{e1+X)V-(&)+ 5 -V (e*(1+ X))} But V- (%) = 4x8%(r) (Eq. 1.99), and
e (1 4 Ar)é3(r) = 8%(r) (Eq. 1.88). Meanwhile,
V(e (1+Ar)) =& (e (1 + Ar)) = £ {-Ae 2" (1 + Ar) + e A} = £(=AZre=>7).

A? |
So & -V(e*1+Ar) = —'\r—ae‘*'. and [p = A [fl’rda(r) = "'J ;

o0
Q= /pd‘r =€ A {47r [63(r)d‘r X [—41’1’ dr} = oA (41r - /\24ﬂ'[ rc""dr) .
0

But {000 ,re—k"d']‘ = xl!-, 50 Q =471'50A (1 — ;,) 2
Problem 2.47

), where s, is distance from Ay (Prob. 2.22).
), where s_ is distance from A_.

(a) Potential of +\ is V4 = —z2

C(\ ln (
Potential of —Ais V_ = '*‘2“0 In (2




s Total |V =

A In (s_)' (:c,y,u
u’T(O S+ S_,//

. /
Now s_ = /(v — a)? + 22, and s— = y/(y +a)? + 22, s0 /// /s.,.
/
g lig J

Vopa) o i (YEEEEE) _| A [l et X A *
Wyl 2 2reg Wa)2+za 471'50 (3/‘“)2'*'22 :

(b) Equipotentials are given by %‘E{:—i—i, = el47€Vo/2) = k; = constant. That is:
y"’-{-2a'q+a2 +22=k(y? —2ay+a®+2%) =2 pPk—1)+22(k—1) +u*(k—1) — 2ay(k+1) = 0, or
924 2% +a? - 2uy (ﬁ‘—-) = 0. The equation for a circle, with center at (yy,0) and radius R, is
(y—vo)® +2° = R%, or y? + 2% + (yg — R*) —2yyo = 0.
Evidently the equipotentials are circles, with yo =« (f-ﬁf—:) and

2 2 Cl
L T 2 =2 gl = 12 DA, S 2(': +2k+1-k"+2k—1) 1k

Yo vE . r
R= I*TQ—)-L‘T. ; or, in terms ol Vo:

et‘xeo\/o/\ +1 e'Z-.n.;;Vo,')« +e-2.n(,\,'.,,'a 27“0"2) |
' = acoth - J

Yo = —a ; —
¥.= aehr(o\lo/.\ & e?nzoVo/X — e—2mwepVo /A A
R 2a e"’"‘“vﬁ o a £ i csch 27“01!0
= j== — =a et —T =|Q 1 S
pimeoVo /A 1 (eZﬂ'tn\'o/A g e-zno'«o/,\) sinh (Zm ) A
zZ

G

,j/ :

\

>J

Problem 2.48

{a) V2V = — £ (Eq. 2.24), so g _ip

/ 7
ib) ¢V = -mv — v = \/ 2(;(

{c) dg = Apdz ; 3% = upi!f£ — (constant). (Note: p, hence also 7, is negative.)
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o e, WS N R D) e L oL (R sl
(d) dz® — {op T T e Av T @A\ vV = dz? =Pk » Where g = €A\ 2¢ °

(Note: I is negalive, so (3 is posilive; g is posilive.)
. r > d»’ &
(e) Multiply by V' = &= :

av' ,aV R 2
{ RSTRING-4v pnd W DunbelE L3V = —1/2 g7 o 22 — r1/2
V ! 1! T — fV dl ﬁ/V dV = 21' 23V /% 4+ constant.
But V(0) = V’(0) = 0 (cathode is at porential zero, and field at cathode is zero), so the constant is zero, and

= 5‘; =2y/BVV4 = v Yy = 2,/Bdx;

/ vy = 2/B / dz =» gVS“ = 2y/Bz + constant.

But V((1) = 0, so this constant is also zero.

4/3 2/ L
V4 = \/B:r so V(z) = (3\/3) 23, or V(z) = (9[3‘) g4/ = ( ML m ) 2473,

2 1 32e2A%g

V2 = 4gvV/3

Interms of Vj (instead of I):

Viz) =W (d)4/3 (see graph).

Without space-charge, V would increase linearly: V(z) = ¥, (%). Vi
&’V 1 g T L 4epVo Yjpmasameisimmuasas
=% . ) ... B
P Odpr T TGy 3" 9(d*z)*/? without

N Vagvafm (2)™° with
WA =[v/2¢Vo/m 4 2

1/3
) Vi) = Vo= (S5E) a0 >V = Sper,; P = e,

BeoAyiy,3/2 _ prys3/2 , 4euA 2
HV = KVp"?, where | K = 2%

Problem 2.49

: 1 fn E .
( — e O B/A
(a) |E = ey (1 /\) € dr.

(b) The field of a point charge at the origin is radial and symmetric, so VX E = (), and henee this is also
true (by superposition) for any collection of charges.

L | r
(c —_.____ T =) =N
© /Edl q/r2(1+A)e dr
1 Ny (W / S T l/w} —r/A
41reuq£ r2 (1+ /\) ar = 4mreg {[ € ok p Yy Bl de g
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Now [he~"/rdr = -2 — 1 [~ gr « exactly right to kill the last term. Therefore
rfA % /A
Vir)=-1-¢-° =l a5
Ameg ¥ L dreg 1
(d) f s L1 E ~R/A > S B\ _g/a
SEda Meoqﬁ" 1+,\ e 4% I = 1+A e :
R _—v/> R F =T/ " R
jvv B /0 righdr =2 [ re = oy ( 5 1)]0

=A’i{—e_-”/* (1+£)+1}.
F.o A
1 q R - R —~R/ q
B — | Vdr= "~ 1 — R/ 14 =) e BRA = 1. \
){s daip/ T Eo{( ll\)r ( 'A)(‘ ll} = qed

(e) Does the result in (d) hold for a nonspherical surface? Suppose we
make a “dent” in the sphere pushing a patch (area R?sinf df do)
from radius R out. ta radius S (area S? sin 6 df dg).

vdiim N XA 3N e ! R\ ~RIA(R2 g

AfE da—-4“o {S’ (1+ A)e (S”sinf df d¢) — = 14+ — iy (R sinf df dg)
B S\ s/ R\ gl
= e (l+ A)e (l+ 3 e sin@d0 dé.

/v /e nft S dr dd dg -1--—q—"'nﬁdﬂd(;)[src"“dr
,\2 ,\2 dmeg T . A2 dreg » R

- _msm&wd‘ﬁ ( ezt (] L %))li

__ 9 S\ s/ _ R\ gl
= [(1+A)e (1+,\ e sinfdf do.

So the change in —, JV dr exactly compensates for the change in $E - da, and we get —q for the total using
the dented sphere just as we did with the perfect sphere. Any closed surface can be bun]t up by successive
distortions of the sphere, so the result holds for all shapes. By superposition, if there are many charges inside,

the total is ‘(JC:Qenc- Charges outside do not contribute (in the argument above we found that ® for this

volume §E - da + J; [V dr = 0-—and, again, the sum is not changed by distortions of the surface, as long as q
remains outside). So the new “Ganss’s Law” holds for any charge configuration.

(f) In differential form, “Gauss’s law” reads: | V-E + A_12V . p, or, putting it all in terms of E:

VE-— /E dl = lp Since E = —VV, this also yields “Poisson’s equation”: —=V?V + — 2 \’
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(D _verma___(®)
Problem 2.50

p=¢e V-E =ez(ax) = (constant everywhere).

The same charge density would be compatible (as far as Gauss's law is concerned) with E = ayy, for
instance, or E = (§)r, etc. The point is that Gauss’s law (and VXE = 0) by themselves do not determine
the field—like any differential equations, they must be supplemented by appropriate boundary conditions.
Ordinarily, these are so “obvious” that we impose them almost subconsciously (“E must go to zero far from
the source charges”)—or we appeal to symmetry to resolve the ambiguity (“the field must be the same—in
magnitude—on both sides of an infinite plane of surface charge”). But in this case there are no natural
boundary conditions, and no persuasive symmetry conditions, to fix the answer. The question “What is the
electric field produced by a uniform charge density filling all of space?” is simply ill-posed: it does not give
us sufficient information to determine the answer. (Incidentally, it won't help to appeal to Coulomb’s law
(E = ;,—;r‘,—u- f p ﬁdr) —the integral is hopelessly indefinite, in this case.)

Problem 2.51

Compare Newton’s law of universal gravitation to Coulomb’s law:

142 £

r2

T2 o

1
F=-G T2 ry FE

Evidently ﬁ — G and g — m. The gravitational energy of a sphere (translating Prob. 2.32) is therefore

30

vy = =G
rav =
il TNy

Now, G = 6.67 x 107! N m?/kg?, and for the sun M = 1.99 x 10% kg, R = 6.96 x 10® m, so the sun’s
gravitational energy is W = 2.28 x 10! J. At the current rate, this energy would be dissipated in a time

W _ 228 x 107
t= 5 = oo = 990% 10" s = [ 187 x 107 years.




Problem 2.52
First eliminate z, using the formula for the cllipsoid:
Q ok
Trab /(a0 + P[50 + 1 - (22]a) — (12 /B°)

ola,y) =

Now (for parts (a) and (b)) set ¢ — 0, “squashing” the cllipsoid down to an ellipse in the z y plane:

Q 1

alz,y) =5 & V1= (z/a)? - /b

(I multiplied by 2 to count both surfaces.)

(2) For the circular disk, sct a = b= R and let r = /22 +y2. |o(r) = ik L

2R \/Rg —1'3.
A |
2m a2 — a2

(b) For the ribbomn, lelt @/0 = A, and then take the limit b — o0: |o(z) =

(c) Let b= ¢, r = /32 + 2z?, making an ellipsoid of revolution:
Rt s Q 1

—+ =1, witho= .
: Arac® fx%]a? +r?/ct

nt ¢4
The charge on a ring of width dzr is

dg = o2nrds, whereds = \/dz? + dr? =dz+/1 + (dr/dz)?.

2zdx  2rdr dr Az [ cta? o2 R S
e A O ey I SRTEI T TN = R o [
AT 0= 3 e 068 d-‘rv1 + i3 de - Va?jat +r?/ct. Thus

WO | AL 1 ol ey ey - g L '
A(.z:)——dx—.!ﬂr‘macz NI 2fat + 12/t = 5o (Constant!)

; letd  y
o(r) : : :
I I I
| I |
| 1 I
1 1 1
| 1 1
1 | 1
| TS | 1 r
R -@ i
(a) (b)
4 M)
t
e ds
il & S 3
Sl W ~ .

(¢) (d}
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Chapter 3

Special Techniques

Problem 3.1
The argument is exactly the same as in Sect. 3.1.4, except that since z < R, V22 + R? — 22R = (R — z),

. 3 g P W W : ;
instead of (z — R). Hence V.. P R (z+R)- (R-2)] TR If there is more than one charge

QGIIC
dmey, R

inside the sphere, the average potential due to interior charges is — , and the average due to exterior

charges is Venter; 50 Vave = Veenter + -4%‘;%. v

Problem 3.2

A stable equilibrium is a point of local minimum in the potential energy. Here the potential energy is gV.
But we know that Laplace’s equation allows no local minima for V. What looks like a minimum, in the figure,
must in fact be a saddle point, and the hox “leaks” through the center of each face.

Problem 3.3
Laplace’s equation in spherical coordinates, for V' dependent only on r, reads:

ViV = — L2 (r dV) 0=

= |V =—<+k

7’4' =]

vV dV
=c¢ (constant) = — =

r2dr dr dr dr

Ezample: potential of a uniformly charged sphere.
1d [/ dV dv av e
In cylindrical coordinates: V2V = - (B—) =0=>s—=c=>—=§ = |V=clns+k.

sds \  ds ds ds
Ezample: potential of a long wire.

Problem 3.4

Same as proof of second uniqueness theorem, up to the equation §;ViE3-da = — [,(E;)*dr. But on
each surface, either V3 = 0 (if V is specified on the surface), or else E3, = 0 (if %, DV = —FE, is specified). So
[,(E3)? =0, and hence E; = E;.  qed
Problem 3.5

Putting U = T = V3 into Green’s identity:

[VaV2Va + VVa - VW] dr = }{ ViVis-da. But Vs = VW -V =-L4+ L -0 and Vi = -E.
v 3 0

<

So / Eidr = — f V,E; - da, and the rest is the same as before.
v S

42
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Problem 3.6
Place image charges +2¢ at 2 = —d and —g at z = —3d. Total force on +q is
4 [=2, % -g),_ & (1. 1 1), | 1 (29
= Ire [(2d)° Y (Gd)’] B e ( > B T e \ 2R
Problem 3.7

(a) From Fig. 3.13: 2= 72 +a? — 2racos®; 2 = 12 +b% — 2rbcosf. Therefore:

U o B g —
e R v < o A (Eq. 3.15), while b = = (Eq. 3.16).

q 9q

(R) Ve B -2 eosd \f(g)" 4 R - 2recon0

Therefore:

Vi, 0 (‘-’ 5’—')— - : = -
" dmeg \#  #') " |4meo | Vi? +a® —2racos8  /RZ + (ra/R)? — 2racos@ |

Clearly, when r = R, V = 0.
(b) o = —co‘% (Eq. 2.49). In this case, '-3% = %‘.—( at the point r = K. Therelore,

o) = -« (ﬁ) {--%('r2 + a? = 2racos8)~Y2(2r — 2a cosh)

+ -;- (R* + (ra/R)* - 2racos0)_3/2 ('E'EQ" - 2ac050) }

r=R

s 2
= 4r{ —(R? + a? — 2Racos8) ¥*(R — acosB) + (R? + a* — 2Racosh) (%—acos())}

R & - -3/2 (R _ L0
= 4“(R2+a 2Racosh) [R acosf R+acos9]

= i(R2 - a®)(R? + a® — 2Racos®)™%/2,

Qinduced = /a’da = —R{Rz —a?) /(32 +a? —2Racos8)"**R?*sin8 d9 d

= 9 p2_tosp = Lmtyazo ]|
471_R(Ii’ a“)27 R [ Ra(R + a“ — 2Racos@) ]0

= L(2-pt : L & ] ]
% )| s TR i

But a > R (else ¢ would be inside), so VR? + a2 —2Ra=a— R.

=4 R SRR S i =4
- 2@ -B) |- m) - mle- B -+ RI= 2R

_ |9 _
= |- =g
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(e) The force on g, due to the sphere, is the same as the force of the image charge ¢', to wit:

Fo_ 1 9 _ 1 (R, 1 ___1  ¢’Rua
T drep (a—h) T 4me e (a—R%/a)? ~  4mey (a® — R?)?’
To bring ¢ in from infinity to a, then, we do work
Vi e 2
we I8 a e o M| o | TR
Cdmq ) (@ -R?)? T dmey | 2@ - R?))|, | 4meo 2(a? - R?)

Problem 3.8

Place a second image charge, ¢”, at the center of the sphere;
this will not alter the fact that the sphere is an eguipotential,

1 qH g _. b
but merely ncrease that potential from zero to Vo = —— - oG — & ————
dreg R q q
7" = 4mwegVy R at center of sphere @

For a neutral sphere, ¢' +¢" = 0.

R A VI 1 1
= dmeo” (;‘2 % (a—b)2) ~ drey \ a2 s (a — b)?

qq' b(2a —b) _ q(—Rg/a) (R*/a)(2a — It*/a)

dneo a2(a—b)2 ~  dmeo a?(a — R?/a)?
S
- dweg \a /) (v - R?)?

(Drop Lhe minus sign, because the problem asks f(_)r the force of attraction.)
Problem 3.9

(a) Image problem: A abave, —\ below. Potential was found in Prob. 2.47:

4 2\ A z
- . _ 2 4.2
Py ; Viy,z) = T In(s—-/s4) oy In(s? /52) +"37(y.z)
2 . e
e = A ln{y - (z + d) } d 5

4meg 2+ (2-d)? rty 4
fe)% v oV
(b) o = —eoﬁ. Here T evaluated at z = 0.
(& = A l « 1 5

_g{ i - }__ 2
dr 92 +d? y2+d2) | w(y+d?)

Check: Total charge induced on a strip of width I parallel to the y axis:

[T

S A I [1 an_l(z)w B

| d ,
| vt (g I ==2E- 3]

Al Therefore Mjpq = —A, as it should be.
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Problem 3.10

The image configuration i3 as shown. Ya
= ) ,If'. ....... oq
gy = 4q { : RS 27 i .. S5 S
meo | (z—a)?+-(y-0)2+22 {z+a)+ (y+b)?+ 22 7Y
g 1 " L . - g
JaraP+ -0+ Ja-ai-@-bF+2) |

For this to work, |8 must be and integer divisor of 180°. | Thus 1807, 90°, 60°, 45°, etc., are OK, but no
others. It works for 45°, say, with the charges as shown.

(Note the strategy: to make the r axis an equipotential (V = (),
you place the image charge (1) in the reflection point. To make the
45° line an equipotential, you place charge (2) at the image paint. : L
But that serews up the z axis, so you must now insert. image (3) to A1)

balance (2). Moreover, to make the 45° line V' = 0 you also need (4), : %

45Y line

(4)](2)

_‘ .*.

to balance (1). But now, to restore the 2z axis to V = 0 you need (5) (5 113)
to balance (4), and so on. why it works for ¢ = 45°
K;Nu good

The teason this doesn’t work for arbitrary angles is that you are even- 135" line
tually forced to place an image charge within the original region of

interest, and that’s not allowed—all images must go outside the re-

gion, or you’re no longer dealing with the same problem at all.)

i@ o

iy
why it doesn’t work for € = 136°

Problem 3.11

Py A ln ’(m+u')2*y2
e [(z —a)? = y?

From Prob. 247 (with yo — d): [V , | where @? = yo®? — R% = |a = Vd% - R?,

and
acoth(2regVo /X)) = d s 0 (21760"}; _ 2weVa
{ st (Treo Vo JA) 5 R = (dividing) s cosh 3 ,or [A= ——cosh"(d/R).
Problem 3.12 )

oC
Viz,y) = Z Cae™ " /% sin(nay/a) (Eq. 3.30), where Cp = g[Vo(y) sin(nay/a)dy (Eq. 3.34).
n=1 0

. . ) +V, forD<y<a/2
In this case Vo(y) = { e e }.Therefore,

a/2 & /2 :
o : : 2V cos(nay/a) |**  cos(nmy/a)|®
= =V o dy — [ ¢ ry f = —q{ - —F ——
Cs ol 0] sin(nmy/a) dy f sin(nry/a)dy ” { G |, /a) ass
af2

= 2:: {—mq (%’r) t cos(0) + cos(nm) — cos (%)} = ?:'—:? {l +(-1)" = 2cos (%)} 3
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The term in curly brackets is:

n=1 : 1=1-2cos(n/2)=
n=2 : 1+4+1-2cos(n)=4,
n=3 : 1—1-2cos(3n/2) =
n=4 : 1+1-2cos(2n)=

ete. (Zero if n is odd or divisible by 4, otherwise 4.)

Therefore
Co = 8V /nr, n = 2,6,10,14,etc. (in general, 47 + 2, for 7 =0,1,2,...),
271 0, otherwise.
So
. 8V, e ™2z/agin(nryla) | 8Y e Wrt2)rz/agini(4j + 2)wy/a
Ve ==2 Y / =‘—UZ - [(2 )my/a]
" n=2610,.. e g (45 +2)
Problem 3.13
L’
Viz,y) = Ay le'"""" sin(nry/a) (Eq.3.36); o= —eoa—v (Eq. 2.49).
n=1,3.5, 4 an
So
o(y) 28 6;91 {4:0 z rlle nwz/a sin(mry/a}} = —€g % Z {___ —nrz/a sin(mry/a)
! z=0 z=0
= deoto Z sin(nwy/a).
& n=1,3,5,...
Or, using the closed form 3.37:
2Vo . 4 ( sin(my/a) ) 2% 1 ( - qm(wy/n))
Vizgy) = —tan™' |—"1%)=>0=- — cosh
(9) 7 0\ sinh(nz/a) T . 5;1:}(’_:&[/‘.’1. sinh®(7z/a) opehirnia)]
2¢0Vo  sin(ay/e) cosh(nz/a) | 260V ;:

a sin’(xy/a) + sink®(rz/a) |, _, a sin{wy/a)’

Summation of series Eq. 3.36
Viz,y) = el I, where I = z lc"‘"”“ sin(nmy/a).
X n=1.3,5,. n
Now sinw = Zm (&™), so
1 : 1
it _pmnnxfoimayfa _an
I Imzne e ImEnZ ;

where Z = e~"*=w}/2 Now

1 — 1 . 2] (S
— B = z = z(2i+1) =/ Zuzg ..
1§ B j=0 (2‘7 + 1) 0 =0
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where Re'’ — X2 Therefore

1 —x(z=iy)/a —r(z—iy)/a — pmulz+iy)/la
- 2l hinesa)ale B LTS o iEer AT (lde ).[1 = gr=tmislin)
2 2 1-2 1 —e-alz—iy}/a (1 855 e—r(z-iy)/n) (1 = e—n(um)/«)
L4 ezl (ei'ny/'u = e-iwy/u) — e~ 27z/a 1 + 2je-Ta/a sin(a’y/a) — g—27z/a
e |1 — e-re-tw/a? T —emeap ‘
50
——_— 2¢~"*/%sin(ryfa) _ 2sin(ay/a)  sin(my/a)
s 1 — e—2nx/a T erxfa — g=wxfa sinh(fra:/a] g
Therefore

1, { sin(wyfa) ) 2V, _, [ sin(ny/a)
P=sfand (SEAREEL Y /(x,y) = —Ltan—t ( ZONTU/G) )
g an (sinh(n-:c/a) G y)r " o (sinh(m:/a))

Problem 3.14

BV PV Y
(a) = ok 7 = (], with houndary conditions

(i) V{z.0)=0,
(ii) V(z.a) =0,
(iii) V(0,y) =0,
(iv) Vi(by) = Voly).

As in Ex. 3.4, separation of variables yields

y
%
/
Z
7
Z
#

7.
e V)

ﬁ |>
S
U

&

V(z,y) = (Ae*® + Be™*%) (C'sinky + Dcosky).
Here ()= D = 0, (ii))=> B = —A, (ii)= ka is an integer multiple of
Viz,y) = AC (e"”‘/“ - e'"""a) sin(nay/a) = (24C) sinh(nrz fa) sin(nry/a).

5ul (24C) is a constant, and the most general linear combination of separable solutions consistent with (i),
(i), (iif) is

V(z,y) = Z C, sinh{nrz/a) sin(nry/a).
n=1

It remains to determine the coefficients C, so as to fit boundary condition (iv):
2 a
z Cnsinh(nmb/a) sin(nry/a) = Vo(y). Fourier’s trick =» C,, sinh(nab/a) = - f Vo(y) sin(nay/a) dy.
0

Therefore

Cn = MT]&TW of Vo(y) sin(nmy/a) dy.
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(b) C, = 2 2% { 0, ifniseven,}
=

asinh(nwb/a) "of sin{niey/a)y.= asinh(nrh/a) 1 2, if nisodd.
0

nr'

_ 1Y sinh(nrz/a)sin(nwy/a)
Viggm=2 3 nsinh(nrb/a)

n=1,3,5,...

Problem 3.15
Same format as Ex. 3.5, only the boundary conditions are:

(i) V=0 when z=0, )
(i) V=0 when z=a,
< (iii) V=0 when y=0,

(iv) V=0 when y=a, f
(v V=0 when z=0,

| (vi) V=V, when z=a. )

This time we want sinusoidal functions in z and y, exponential in z:
X(z) = Asin(kz) + Beos(kz), Y(y) = Csin(ly) + Deos(ly), Z(z) = Ee¥*¥*+z | G- VF+:
()= B =0; (ii)= &k =nn/a; (iii)=> D =0; (iv)=> { = mn/a; (V)= £+ G =0. Therefore
Z(z) = 2E sinh(rv/n? + m2z/a).

Putting this all together, and combining the constants, we have:

V(z,y,2) = i i Chn,m sin(naz/a) sin(may /o) sinh(rv/n? + m2z/a).

n=1lm=1

It remains to evaluate the constants Cy, ,, by imposing boundary condition (vi):

Vo= Z z [Cn,m sinh(xv/n? +m? )] sin(nwz/a) sin(may/a)-
According to Eqs. 3.50 and 3.51:

if n or m is even, }

2 2 a a 0’
: Ty PO i i B
Ch,m sinh (u\/n +m ) = ( ) %!!Slﬂ(nﬂz/a) sin(mmy/a) dzdy = { ;1%’ (E ekl and G

a

Therefore

16V 1 sinh (7v/n? + m2z/
Ver="20 T T L/ sintmey/o) T " \/W"'m’,)“) -

n=1,3,5,... m=1,3,5,...
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Problem 3.16

|D—‘
| %

Py(z)

Flaflao

| et CO| bt CO| = OO

(5z3—z+5z3—5:t)=z(10z3—6z)= 2 - e

We need to show that Pa(cos ) satisfies

| drP : .
= ﬂdﬂ(m odﬂ) = —=l{l+1)P, with l = 3,

where P3(cos#) = 3 cos# (5cos?6 — 3) .

1

2
dP3 l ~ 2 . 1 . 2 2

5 [—sinf (5cos® 6 — 3) + cosf(10 cos (- sinf)] = —5siné (5cos®8 — 3 + 10cos? )

—gsinG(ScoszB— 1)

%(sinﬂﬁ) = -——[snn20(5cos 9— 1)]—-—[2sm9cosﬂ(5cos’9-1)+sm # (—10cos@sin )]

= —3sinfcosd [5cos® 0 —1—5sin®9].

-L% (sinod—) = —3cosf [5c0s® —1 -5 (1 —cos®8)| = —3cosb (10cos® b - 6)

= %cosﬂ (Scos?0 - 3) = ~I(i + )Py, qed

/Pl(x)Pa(z)dr /(r) - 3r )dz—i(z —z3)|11=%(l—1+1—1)=0./

Problem 3.17

(a) Inside: V (r,8) = i Ay’ Py(cos6) (Eq. 3.66) where
=0

(21+

P et / Vo(8)P(cosB)sinfdd (Eq. 3.69).

In this case V() = V, comes outside the integral, so

(ﬂ_H)E

A= /P(cos9)51n9d8
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But Fy(cos®) = 1, so the integral can be written

/ Pn(cosom(oosa)smadoz{ g ‘;ffg } (Eq. 3.68).

_fo, o
A“{v;,, if!=0}'

V(r,8) = Ao r° Py(cos6) =

The paotential is eonstant throughout the sphere.

o0

Therefore

Plugging this into the general form:

Outside: V(r,0) = Z ﬁl Pi(cosf) (Eq. 3.72), where
1=0
B = (2‘; D) i1 / Vo(8)Pi(cos)sin8d  (Eq. 3.73).

i S_z_lnl Wf,/Pz(coso)mad":{ RV, ifl-iﬂ }
"]

Therefore | V(r,6) = W g (i.e. equals Vp at r = R, then [alls off like ;‘1-).

(b)
©<
> Air'Pi(cosf), forr <R (Eq.3.78)
Vint)=¢ & p ,

Z ——+ll-P,(c050), forr> R (Eq. 3.79)

=0 rt

where
B = R4, (Eq.3.81)
and
1 [ ;
A4 = W/UO(B)H(COSO) sinfdé (Eq. 3.84)
0
=\sli I 0, 140
= 26031_1 /Px(c'oqﬂ)qlnﬂdﬂ { Boufiss H1=5 }
0
Therefore
@, forr <R
€
V(r,0) = a
L e
€ r




ol

Note: in terms of the total charge @ = 47 R0y,

—1—— forr<R
Vir,@8) =
——=, forr>R

Problem 3.18

Vu(8) = kcos(38) = k [4cos® @ — 3cosb] = k[aPs(cosd) + AP (cosb)].

(I know that any 3 order polynomial can be expressed as a linear combination of the first four Legendre
polynomials; in this case, since the polynomial is odd, T only need P, and Pj.)

4cos® @ - 3cosf=a %(5c0538—3c050) + Bcosl = ggcos36+ (,6 - ga) cos 8,

80
S B 8 12 12 3
4_T=>a-g, -3 = ﬁ——a ,3—5--5- A - 3 ,3———3— z
Therefore p
V() = 5 [8P;(cosf) — 3P (cosb)].
Now
0
> Air'Pi(cosd), forr <R (Eq.3.66)
Vg =1 ¥ ;
HflP;(cosﬁ), forr >R (Eq 3.71)
=0
where
T 2; ;,1) / Vo(6)Pt(cos6) sinbdf  (Eq. 3.69)
— (2‘2;11)§{ /Ps(COSB)Pz(cose)smadG 3/P1(0050)H(cosﬂ)sm0d0}
_ k@+1) 2 o 2 k1
= 3R {8(2z+ 1) s =3y 1)‘5"} 5 77 B0 —34u]
- { ik;g/; /Ist :: f TR 1 } (zero otherwise).
Therefore
3k 8k 3 _|k ry3 r
Vir,8) = ——RrP,(cose) + g P3(cos®) = 5 {B(TZ) Py(cosf) — 3 (ﬁ) P.(cose)] .
or

%{8(-;—)3%[5c0530—300s9] -3(%)0059} V(r,0) = g% 050{4 (%)2 [5cos*0 - 3] —3}




52 CHAPTER 3. SPECIAL TECHNIQUES

(for r < R). Meanwhile, B, = A;R**! (Eq. 3.81—this follows from the continuity of V' at R). Therefore

4 3 =
B‘={ 8kR1/5, ifl=3

f N
—3kR2/5, ifl=1 } (zero otherwise).

So

P 4
Vir,0) = 3;R lf’x( os @) + SLR —qucosﬂ)

(TN Bl

[8 (};)l Py(cos@) — 3 (g)’-' P;(cosB)] A
(?)2039 {4 (?)2 [5cos®6 - 3] - 3}

or

V(r.8) =

.nl?-

(for 7 > R). Finally, using Eq. 3.83:

o(6) = ey (21+1)AR ' Pcosb) = g [3A1 Py + TAR* 13

1=0
3k 8 !:ok
= ‘¢ [3( SR) P+ (5R3) R"P';] =|3R —9P(cos @) + 56P3(cos b))
€0k 56
37 -9cosﬂ+?(5cos 6 —3cost)| = cosH[ -9+ 28-5c0s%0 — 28 - 3]
ek
= SURI cosf [140cos’ A — 93].

Problem 3.19 L
UseEq.3.83: a(8) = ey »_(20+1)A R~ P(cos6). But Eq. 3.69 says: A, = 2;—;,1 f 0(0) Ii(cos 0) sin 0 d2.

=0
0
Putting them together:

o) w

o(6) = 52 3 (2 + 1°CiA(cos6),  with G = f Vo(0)Pi(cos0)sin0d. qed
=0 0

Problem 3.20
Set ¥V = 0 on the equatorial plane, far from the sphere. Then the potential is the same as Ex. 3.8 plus the
potential of a uniformly charged spherical shell:

3
V(r.0) = -F, (r - %) cosf + ——.
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Problem 3.21
d o B 0
B Ve =) ‘Hp,(cose) (r>R), soV(r,0) =3 mp,u) EH“ = ;Tn [\/7’7-}-1{2—1'].

=0 =0

Since r > R in this region, Vr2 + R2 =r/1 + (R/r)2=1r [l + E(R/r)2 - E(R/r‘)4 +.. .], s0

hacs B 2 4 2 q
E-‘:ir[1+lﬂ——lﬁ-+...-ﬂ :i(R —i+...).

L ri+l  2¢ 2r2 8t 1 2 2r 83
2 1
Comparing like powers of r, I see that By = i, B; =0, B, = —i,. .. . Thercfore
deg 16eo
oR?[1 R? ]
L deg [;— 4pd J 3

(for r > R).

oR? 1 (R\? 2
= @[I—E(?) (3cos 0-1)+...},

o0
(b) V(r,6) = E Arr' Pi(cos8) (r < R). In the northern hemispere, 0 < 8 < 7/2,
{=0

ZgAlT‘—'zim[vr2+IP—rJ.

Since r < R in this region, V72 + R2 = R\/1+ (r/R)?* =R [l - %(T/R)" - é[r/R)4 +.. ] . Therefore

ZA lﬁ_li_{_ —
r ZR Y
=0
i : NI iy o SO _
Comparing like powers: Ao—sz, A= 5e” .42_——2603,..‘,50
Vir0) = K (coa ) + —Bifcosd) +
(r,0) = 2‘()[ 1 I hk ool

(for » < R, northern hemisphere).

= 1= () om0+ (R) Geoto- -]

In the southern hemisphere we'll have to go for 8 = r, using P (-1) = (-1)".

Vi) = g(-l)‘ﬁ,# - ;_,-:—n [ViE+ R -1,
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(I put an overbar on Ay to distinguish it from the northern 4;). The only difference is the sign of A
Ay = +(0’/2€o), Ap = Ap, A2 = Az, So:

V(r,0) = [R+rn(oos0)+ réPy(cosd) + .. ]

| (for r < R, southern hemisphere).
olt

= S iw(f)eost+ 5 (5) Geoo-1) ..,

Problem 3.22

f:A,r'P,(cose), (r < R) (Eq. 3.78),
V(r,d)=¢ 30 B,

lll
=0

i1 Pi(cosé), (r > R) (Eq. 3.79),

where By = A;R¥+! (Eq. 3.81) and

n

T %_F‘v__l f o0(0)Fi(cosB) sin0dd  (Eq. 3.84)
0
r/2
= R"' =00 /Pl(cosﬂ ) sin 0 df — /I’;(cosﬂ)smOdO (let z = cos0)
x/2

— R" {/.F’;(:n)d:c-/Pl(:c }

Now Pi(—z) = (=1)!Pi(z), since F;(z) is even, for even [, and odd, for odd [. Therefore

0 o 1
Rz)dz = [ A(-z)d(-z) = (-1)' [ Alz)ds,
L=y [

and hence

0, if { is even
1

1
do ==
0
0




So dp = A2 = A4 = Ag =0, and all we need are A;. Az, and A;.

1 L 22
fP;(z)d:r = ]mdm:;
0 0

1 1
/Ps(z)dm = %f(5m3-3m)dx=%
0

0
1 . 1 . , 5
Ps(z)dz = —/ (632" — 702* + 15z) dz = = (63— il le—)
0/ 80 g8\ 3 ) |
21 15 1 1
— - — — ) = — — = —
(2 ) Tl T
Therefore 28
oo (1 0o i 0o 1 ‘
=22 Y = w2 Ve Ry e, :
L= (2). Aa 7 ( 8)‘ A o (16) etc‘
end
_%ps(lY 5 _Gopsf 1\ o _Giprf 1Y,
B GoR (2),33—603( 8)’35—60R (16),&6.
Thus
aor JLE g 1
' o [P;(wbﬁ) 3 (R) Py(cost) + o () Prleos®)+ (r < R),
V(r,f) = o6 1 /R\? 4
Senrd Piicosh) ;i(—) Pg(c090)+-(—) Ps(cos8) s (P28 .
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Problem 3.23

503\ Os s2.9¢%
Laok for solutions of the form V (s, ¢) = S(s)®(¢):
ds da’®
. (ﬂa«) i g
Mulsiply by s? and divide by V = S&:
s _d( dS 1d°d
5% (3) e =

Sinee the first term involves s only, and the second ¢ only, each is a constant:

ad{ ds 1d%d ;
Sdb ( ) (‘1, 5’&;{2 = Cg, with Cj + Cz =0
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Now C% must be negative (else we get exponentials for ¢, which do not return to their original value a3
geomelrically they musi— when ¢ is increased by 2x).

d?®
Cy = —k*. Then — o —k*® = ¢ = Acos k¢ + Bsinko.
Moreover, since @(¢ + 27) = ®(¢), k must be an integer: k =0,1,2,3, ... (negative integers are just repeats,
but k& = 0 must be included. since ® = A (a constant) is OK).
d (udﬁ'
&ds " ds

) = £>S can be solved by S = ™, provided n is chosen right:

d n-1 d n) 2, .n-1 2.n 2
8§— (8n8" ") =ns— (8") =n"ss""" =ns" =k*°S = n = k.
5 ( ) = ( ) S=n k
Evidently the general solution is 5(¢) = Cs* + Ds #, unless k = 0, in which case we have only one solution
to a second-order equation—namely, § = constant. So we must treat k = 0 separately. One solution is a
constant—but what’s the other? Go back to the differential equation for S, and put in k = 0:

d [ dS as wondl 0 d.
&= (zs—3 =0=s— =comslant =C = = =~ 5d§=CZ 5 5=Clns+D (another constant).
ds \ ds ds ds s 3

So the second solution in this case is Ins. [How about ®7 That teo reduces to a single solution, ® = A, in the
case k — 0. What’s the second solution here? Well, putting & = 0 into the ® equation:

d’® dd
W—O—/%:CODS[&Ht:B#‘@:B¢+.4.

DBut a term of the form B¢ is unacceptable, since it does not return to its initial value when ¢ is augmented
by 2x.] Conclusion: The general sclution with cylindrical symmetry is

oC
V(s,¢) =ao+bglns = z [s* (ar cos k¢ + by sin k¢) + s~ *(ck cos k¢ + dj sin k¢)].
k=1

Yes: the potential of a line charge goes like In s, which 4s included.
Prohlem 3.24

Picking V = 0an the yz plane, with Ey in the 2 direction, we have (Eq. 3.74): y
() V=0, when s = R, . e
(i) V o —Fym = —Fpacose, fora> R. o

e [T
Evidently ag = by = by = di. = 0, and ax = cx = 0 except for &k = 1 = i x

_— —

V(s,4) = (als ¥ %) cos ¢

()= e, = —aR?; (ii)— a1 = —Ey. Therefore

-
~

2
Vis,¢) = (—Eos + EﬂR?) cosp, or |V(s,¢)=—Eys \(%) - l] cos .

8




57

2e0Ep cos .|

—egEy (—i2 — 1) cos @

s=n s=n

Problem 3.25 “
Inside: V(s,¢) = ao + Es" (ak cos kg + by sinkd) . (In this region lns and s™* are no good—they blow

k=1
upats=0.)
Outside: V(s,9) =ao + Z - (ci cos k¢ + dy sin kp). (Here Ins and s* are no good at s — o).
k—l
= Woul. aVin n
o= —€ ( s B ) - (Eq. 2.36).

‘Thus

asinde = —¢p L { sy (Cx cos ke + di sin k¢) — R (ag cos k¢ + by sin k(p)}
k=1

Evidently ax = ¢ = 0; by = di = 0 except k = 5; a = 5¢p ( ds + R‘bs) Also, V' is continuous at & = R:

R
a9+ Ry sin 5¢p = o+ des sin 5¢. So ay = o (might as well choose both zero); R*bs = R~%ds, or ds = R'%bs.

a aR®

W: d5 10 0 . Therefore

Combining these results: a = 5¢; (R*b; + R'b;) = 10egR*bs; by =

V(s.¢) = M{&’:{/si fOrs(R,}

Oeg for s > H.

Problem 3.26
Monopole term:

Q= fpd-r — I'.:Rf [%(R-— 2r) sin()] 2 sin 8 dr df dg.
But the r integral is
R
/(R—Zr)dr= (Rf—f2)|;z=R2—R2 =0. SoQ=0.
0
Dipole term:

/rcosﬂpd—r - kR/(r cosf) [;};(R — 2r) sin 9] r* sin 0 dr d0 dé.
But the & integral is

™

fs.in2 fcosfdd =
0

':"':So the dipole contribution is likewise zero.
Quadrupole term:

o3 2p_1 N ]/2 g ok -]2.
/r (20030 5 pd’r—sz r? (3cos® 0 — 1) rz(R 2r) sin 8| r*sin @ dr df).

sin®0|"
3

1
=§(0—0]=0

0
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R 3 4
IR — il
./o r‘(R 2r)dr—(3R 2)

r integral:

m
-Z c

0

R _ R
2

8 integral:

[ (3cos? 8 — 1) aﬁaw:z/&ﬁew-s[afow
- S————
0 3(1—sin? 0)—1=2-33in? & o 0

-2 (5) (1) 5

@ niegral:

The whole integral is:

() (-5) -

For point P on the z axis (r = z in Eq. 3.95) the approximate potential is

1 km?RS
[~
(%) = dreqg 4823 °

(Quadrupole.)

Praoblem 3.27
p=(3q9a — qa)2 + (—2ga — 2q(—a)) ¥ = 2ga . Therefore

1 p-t
Vice..o B%
4dmeg r2 '

and p-T =2¢az -t = 2gacosé, so

Voo 1 2gacosf
deg 12

.| (Dipole.)

Problem 3.28
(a) By symmetry, p is clearly in the z direction: p = p2%; p= [ zpdr = [ zo da.

i

3

7 3
p = /(Rcosﬂ)(kcosB)RasinOdqub=2‘.‘rh‘,3k/coszﬂsiu0d9 =21 R’k (_cos 9)
0
0

2 K s
isqk[I o= (—'1)] =

ARk | 4wR%k

3 H P 3 Zz.

(b)

1 4rR%kcos® | kR’ cosd

~ 4mey 3 r2 " | 3¢ 12 ° (Pipole:)




exactly zero.
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This is also the exact potential. Conclusion: all multiple moments of this distribution (except the dipole) are

Problem 3.29
Using Eq. 3.94 with r' = d/2:

1ty

n=0
for »_, we let 0 — 180° + 0, so cos — — cos0:

(=

But Pp(—2) = (—1)"*P,(z), so

) F, (cos @),

o R quf: " [Psees0) — By oot — 2 2" b (cos )
dmeg” \ 2y 2 drey r N dweor = \2 "
Therefore B —_—
_ gld _gdcos i
Vaip dreg v 2rPl( oefl) = 4megr? ! rhile
. oF FlaNt. . 2¢ d® 1 v ol
= | =] Ps(cosf) = ——— = (5cos®§ — 3cosb 3 8 —3cosé).
Voot = dmegr (27‘) g dmeo 81t 2( g Rl 4o 814( e oo
Problem 3.30 BN
NGO AR e var t [0 £ 2q 3qac038
O0Q=[F] @p=[3mn] @y [§ee]= %M
: » 2] ol 1 [2¢ gacos?
) G) Q = = o o
b6 Q=[2z] @p iy v | |2 2220
@ i = 1 Zq 3qgasinfsing A :
f ==, 1T \I e 54 5 D . g
) (il Q= Zq.l (i) p (i) V = — e ] (from Eq. 1.64, ¥+t = sin@sin ¢).
Problem 3.31
() Thispoint isatr=a,0=% ¢=0,50E=—L _6=-—L__(—3); F=¢E=|--—2 3
? 2? 2 Ameoa’d 4d7equd ? 4regu’
P 4 2p 2pq
= — =—(2F) = —— 2 T 3 ST
(b) Here r=a, #=0,50 E P (2%) T e
e ¢ v 1 ap - r = e
(¢) V = ¢q[V(0,0,a) — V(a,0,0)] = e [cos(O) cos ( 5 )] ol
Problem 3.32 1 1. il N
o o , . :_g -_ 7 b = e :
&=~ 80 Vaono = Toes 7 - PAB, so Viip e Therefore
V(r,d) = — /e P L E(r,6) = 2 —lr+i(2c050f+sm00)
: dxe\ r 1 )’ ’ dmen | r? > '
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Problem 3.33 {3 Y i
P=(p-T)f+(p'9)0=pcosdi—psinf 0 (Fig. 3.36). So I(p )t —p = Ipcos@i — pcosfi+ psinf =

2pcosff + psin6 6. So Eq. 3.104 = Eq. 3.103. v

Problem 3.34

1 ¢ déz  d*z 9

At height x j.bove the plane, the force on ¢ is given by Eq. 3.12: F = — o =Mz I Afx*,
P ) - dv _ Adr d(l1,\_dfA 1o

where A = ToTEy Multiply by » = T Y T = il Ot e 8 = B constant

But v = 0 when z = d, so constant = —A/d, and hence v* = 24 il LA CT Y

N
d g

Ao 5 [a- [T

directly. Let z = u?; dz = 2u du.

S

[P

This integral can also be integrate

0

0 0
v / u? { u d l(u)}
dr =2 du =2 ——Vd—-u?+ = —_—
dfﬁ-—; A= i U R [
d

= —dsin"1(1) = —d=.

2
Therefore
[ 2 42 34
= ” lﬁm’om == \/?1 d’;eom_
q
Problem 3.35 : g
- + - + - a + E + - + -
z : T - T *- L] - T *- L] - -+ p * T + L] - L] *
L
The image configuration is shown in the figure; the positive image charge forces cancel in pairs. The net

force of the negative image charges is:

emean 2 | 1 1 »
o’ |2la—-2)F  [Pa+20@-2)  Hat2a—2)]

1 1 1
T(@2n)? (2a+2:c)2 " (4a+2z)? “}

< 1 1 ] [l 1 1 ]
= 43‘6{)4{ (a x)2 (20 1;)2 (30_1)2 53 z2+(a+:)2+(2a+x)2 +...J}.

S

4meg (22)2

1
When a = oc (i.e. a » r) only the = term survives: F = — v (same as for only one plane—

Eq. 3.12). When ¢ = a/2,

1 1 1 1 1 .
N m?{ @/2)? " @aj2) " (Baj2 ] W [(a/m* * a2 T GajaE T ]} e
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Problem 3.36

Following Prob. 2.47, we place image line charges —) at y = b and +\ at y = —b (here y is the horizontal
axis, z vertical).

In the solution to Prob. 2.47 substitute:

A i 2 2 2
a—)azb,yo—»a+bso (a b) =(a+b) —R2=>b=R—.

2 2 2 a

2 2 2
o el (@) e ()] -
dneg 53 s dnep 8385
A (v + a)? + 2%][(y = b)* + 27] A = bl
i ln{ =or + 2w+ 02 +27) " or, using y — scos¢, z — ssindg,

B A In { (s® + a® + 2as cos ¢)[(as/R)* + R* — 2as cos @] }
4ren (a? + a? — 2ascos ¢)[(as/R)* + R? + 2as cos )

Problem 3.37 5
Since the configuration is azimuthally symmetric, V(r,8) = Z (‘hr + P +1) Pi(cosB).

(a)r>b: A; =0 for all /, since V —+ 0 at 0o. Therefore V(r,8) = Z WP;(COSG).
a<r<b: V(r8= Z (C,r‘ — 1“‘“) Pcosf). r<a: V(r8)=W

We need to determine B, Cj, Dy, and V. To do this, invoke boundary conditions as follows: (i) V is

gontinuous at a, (i) V' is continuous at b, (iii) A (‘Z‘:) = ——l—n(H) at b

(i) = Zbl—#l"z(cosd) = Z (C;b‘ b““) Py(cos®); bﬁ‘ =Cb + D, = | By = b**1C0 + Di.| (1)

[Es)

Dy
CIU'*'—Iﬁ—U 11‘1#0.

Coao+'a—]=V0, ifl=0;
Putting (2) into (1) gives By = b¥*'C; —a®*''C), L #0, By = bCy + aVh — aCly. Therefore

| Bi= (B - ™) €, 1£0, |
| By =(h-a)Co +alp. =

§ 1 = -{l+1 -k
(ii)) = Y Bi[-(! + Dl zzz Fi(cos6) — ¥ (c,w‘ 'y D‘—%,—_T)> P(cos) = chosm. So

I+1 141 i
(b,i,)& (Czb‘ 1+D—(5,———l)=0, L2

D‘ —(le'] Cg, l # 0,

M=3 (C'a i l+1) F(eaet) = Vo, Do = aVy —aCy. @)
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ar
—(l+1)B, — ICH*" + 1+ 1)D; = 0; (1+1)(B, — D) = ~I*1c,.
2 k )
Bl(+2)b‘ (Cl‘*‘leg) " forl =1; Cl-g-b_s(Bl_Dl):k
Therefore

1+ 1)(3, D) + 1% Cy =0,for i £ 11,
k 3
(Bl Dl) —_ ( )

€n

Plug (2) and (1") into (3):
Forl#0or1: ‘
Q+1) [(3*' =) L+ HT O+ C = 0; (41O IO = 0; (A+1)C =0 C) =

Therefore (1) and (2) —> |Bi=Ci=Dy=0forl>1.|
Forl = 1. C7 + 33— [(b"—a") (o8 +a’C’1] =k Ci+2C, =k = | =k/3€o; D, = —0301 =
|-Dl — —aak/3€o;J B, = (ba - un) Ci=|B = (b" - a”) k/3¢0.
Forl=0: By—Dy=0= By = Dy = (b—a)Cy+aVy = aVy—aCy,s0bC; =0 = ICo =0; Dy =aly = By.
Vo B —a?)k
4 L

Conclusion: |V (r,0) =

¥ k R
cos,|r > b |V(r,60) = ar—o-i-—(r—a—)cosﬂ, a<r<b

3rien 3ea 2
3
(b)oi(0) = —¢o %—‘: = —€p [_aa_m) + &i (l +2%) oosa] = —€p (—-‘;3 - eﬁcosﬁ) = =kcosf + V. %0.
b n 0
7 /. 7é
(c)g = /mda = ‘Uﬂthmz =[47raco1ro = Qm.lAt larger: V = oo z LQ = L Tt = ‘}“Q‘ v
a r dmeg T 47eg T T

Problem 3.38 Q
Use multipole expansion (Eq. 3.95): pdr — Adz = % dz, and ' — z:

- SR o n Q¢
e )—zr"*‘ /~ P,,(cos@)Za dz.
n= —a

The integral is

n-v-‘l a n+41

@ \ 20
= Sa ricost) o

Q P, (cos®) [ dr= QI’ (oosO) for n even, zero for n odd.

Therefore

o Q@1 1 ray»
4 _41rc.3rn:§4_l[n+l(r) Pn(cosﬂ)]. aed

Problem 3.39
Use separation of variables in cylindrical coordinates (Prob. 3.23):

V(s,¢) =ag+bolns+ > [s*(ay coske + bysinka) + 5™ (cx coske + dy sin k)] .
k=1
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s<R: V(s,¢) = T je, s*(arcoskd + bysinkp) (Ins and s™* blow up at s — 0);
s> R: Vis,$) =i, 5 (ckcoskd + disinke) (lus and s* blow up as s = 20},

{We may as well pick constants so V — 0 as s = 00, and hence gp = 0.) Continuity at s = R =
ER“(ak coské + by sinkg) = zﬂ'k(ck cos k¢ + di sinkg), so ¢x = R*ag, di = R**bi. Eq. 2.36 says:

.8_"_ 2 6—" = —lo. Therefore
98 |ps Os |p- €
—k y % e 1
Z F(Ck cos k9 + dj. sin k) — Z kR (ar cos ko + by sin: k) = Sl
or:

> 2kR*~"(ay coska + by sin kg) ={ (iG;:;en g:}ri‘ii’;;) }

Fourier's trick: multiply by (cosl¢)dé and integrate from 0 to 27, using
2 2x

fsink¢cosl¢d¢=0; /cos k¢cosl¢d¢:{ 0, :zf }
0

m,
0

Then

" 2 . L . n
; iniol
AR '7ay = :—0 [/cosla‘:dd)—fcoslvdcb] :c {bu;w - bmlt(oi } =0 a=0
0 0

Q r
U T

2
‘Muliiply by (sinl¢) d¢ and integrate, using [ sin késinlgdg — { g’ : f : };
0 T

T 2r
| ) |2m
ARty = 2 / sinlgdé — / siuld| =20 SERLT, Cokipy 70 (2 — 2cosir)
€ Go l 0 i I 160
g "
. 0, if I is even if [ is even
= 1 doo/fley, iflisodd zau/m,z’R‘ 1 iflisodd [°
Conclusion: - 2
20k X e [ (of B fp-g B)
e wéo k:l.;sp.. k? Smw{ (R/s)}* (s>R) [~
Problem 3.40 - E
R . AN | — Pn(cos) z i n
Use Eq. 3.95, in the form V(r) = 4«:0"2_; o Int In = / 2"A(z) dz
- -G
2% . rxzx1|® 2ak
Io—k./cos k {Tsm (_a)] i = [sm( ) —sm( )] ——. Therefore:
A(2)

Vi(r,6) = ;11— (ﬂ) % (Manopole.)
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(b) By =P
i a\2 TZ\ az wzy ]|
L = kfzsiu(vrz/u)dz =k {(;) sin (?) — —cos (—a-)} 5
2 2 ;
Az = k { (;l_r)z [sin(7) — sin(—m)] — a? cos(m) — a: cos(—n)} = k‘z%z;
:\/\a- == Vir,0) = 4; (Q‘fk) -rl”- cosf.| (Dipole.)
o >
(c) I = L=0.
2 f 2. (T2 LB 2zcos(mzfa) (mzje)? -2 . (m2y\)|"
= k/“gc"" (5) de=+ { Gl A (?)} s
3
2k (%)2 [acos(r) + acos(—7)] = —4_:.2-k.,

3
V(r,0) = . ¥ (_40_1:) 2 (3cos*@—1).| (Quadrupole.)

dregy w2z ) 2r3

Problem 3.41

{(a) The average field due to a point charge ¢ at r is

1 T .
Eavg = (%7!'573) /Ed‘r. where E = EG—ZQ,

1 1 i

S0 EBye=———75— — dr.
e (§meoR3) 4meg P

{Here r is the source point, d7 is the field poinl, so 4 goes from r to d7.) The Geld at r due to uniform

1 &
charge j over the sphere is E, = el = dr. This time dr is the source point and r is the field point,
TeQ

$0 % goes from dr to r, and hence carries the opposite sign. So with p = —g/ (37 R?), the two expressions
agree: Eu.e = E,.

(b} From Prob. 2.12:

o R g B p
Bpi= 3€opr— dweq B2~ daeoR3’

(¢) If there are many charges inside the sphere, Eay, is the sumn of the individual averages, and pe; is the
sum of the individual dipole moments. So Eyye = —

p
4dweoR3’ ged

(d) The same argument, only with ¢ placed at r autside the sphere, gives

1rR3
=B, = : (3‘“—@ t (field at r due to uniformly charged sphere) =

=i
- —Ts
4meg 12 4meg 72
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But this is precisely the field produced by g (at r) at the center of the sphere. So the average field (over
the sphere) due to a point charge outside the sphere is the same as the field that same charge produces
at the center. And by superposition, this holds for any coliection of exterior charges.

Problem 3.42
(a)

Eap = 47_5—'_3(‘2cos9f+sin99)
T€n
=G 4rfr3 [2cosB(sinfcospx + sinfsindy + cos z)
TEQ

+ sin@(cos 6 cos X + cosOsing ¥ — sin 0 z)]

= £ 3sinf cosfcos g & + 3sinfcosfsing§ + (2cos’ § — sin?6) 2

Ameqr3 o
=3 cus? 1
1
Eye = ——— | Egod
= ) | B
= '('Tﬁfa')' (-4%-) /,—_1:‘- [3sinfcosO(cos ¢ X + sin ¢ ¥) + (3cos® @ — 1) z| 7% sin @ dr dO dep.
o

27

2
2
But /cosd:dqp = /siuabdqb = 0, so the X and § terms drop out, and [ d¢ = 2, so
0
0 a

m

R
o B 2 29 1) s
Biw = () (4”0)2%‘0/"&' /(3003 9—1)sinfdd

&

v

{—cos® 4cos8)|F=1-14+1-1=0

R
. y ) ) 1
Evidently which contradicts the result of Prob. 3.41. [Note, however, that the r integral, / = dr,

blows up, since Inr — —oo as r — 0. If, as suggested, we truncate the r integral at r = ¢, then it is ﬁngte, and
the 0 integral gives E,.. = 0.]
(b) We want E within the e-sphere to be a delta function: E = A&%(r), with A selected so that the average
field is consistent with the general theorem in Prob. 3.41:
A P

. B 3 = s oy R = _ B
Faw = (2270 /A& (O4r = [ 5m) = i = A = 3> o0d bence [B =~ 2-5°6)

Problem 3.43
(a) I = f(VK) (VL)dr. But V- (V| VVa) = (V1)) - (VVa) + Vi(V%WL), so

1=/v-(v1vug)d«r-/vl(v’ 2) =7( H(V%)-da+(i/vlpzd‘r.
& -0

1 5
Dut the surface integral is over a huge sphere “at infinity”, where V; and V2 = 0. So I = = / Vipadr. By
0

the same argument. with 1 and 2 reversed, I = }/Vzpl dr. So /leg dr = /Vzm dr. «qed
0
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Sitnation (1) : Qo = [, pdr =Q; Qp = [, prdr =0; Vip = Vpp.
(b)
Sitnation (2) : Qu = [, padr =0; Qy = [, p2dr = Q; Vag = Vsa.
{ [Vipadr = Via [, p2dr + Vau [, p2 dr = Vs Q. }

[ Vaprdr = Va, [, prdr + Vau [, p1 d7 = Vi Q.
Green’s reciprocity theorem says QVap = QVia, 80 Vop = Via.  qed
Problem 3.44

(a) Situstion (1): actual. Situation (2): right plate at 1}, left plate at V' = 0, no charge at z.
V:O V:;ﬂ

o5 [ Vibadr = Vi@ 4 Vi, Qay + Vo Qe

But V;, =V,, =0 and @z, =0, so flez dr =0.
/Vﬂpl dr = vith * Vl:Q:x + Vf:Qn'

But Vi, =0 Qs, =¢q, Ve =V, Qn, = ()2, and V,, = Vy(z/d). So 0 = Vo(z/d)q + VuQ2, and hence

Q2 = —qr/d.

Situation (1): actual, Silualion (2): left plate at Vp, right plate at V = 0, no charge at z.
/VIP:! dr=0= /‘@Pl dr = p;th + ‘[’,87031 7+ v:‘an = "an - quz +0.

But Ve, = Vo (1- 3) 50

Q1 = —g(1 - z/d).

(b) Situation (1): actual. Situation (2): inner sphere at V4, outer sphere at zero, no charge at r.

[ Vitadr = VauQu + Vi, Qra + VirQun
But V, = Vb, =0, @r, =0. So [ Vipadr =0.
/ Vapr dr = VayQay + Ve Qry + VeaQo, = QuVo + qVi, +0.
But V;, is the potential at r in configuration 2: V(r) = A+ B/r, with V() = Vo = 4+ Bfa = W, ot

ad + B = alVp, and V() =0 = A+ B/b =0, or bA+ B = 0. Subtract: (b—a)Ad = —alp = A =
—aVo/(b—a); B(:=-3)=Vo=DBY2 = B=abVp/(b-a). So V(r) = ;#2; (2 — 1). Therefore

X aly b S ) E_
@b rage (F-1) =6 |o=-525 (2 -1),
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Now let Situation (2) be: inner sphere at zero, outer at Vj, no charge at r.
f Vipiidr=0= / Vapr dr = VagQay + Via @ + Vi3 Qy = 0+ gVi + Qi Vo

This time isplaystyleV(r) = A+ 2 with V(a) =0=> A+ Bja=0; V(b)) =V = A+ B/b =1}, so

Vir) = ﬁ (1 ~ ;). Therefore, q% (1— ;) +QVo=0; [Qs= —ﬁ (1 - g)

Problem 3. 45

z £:8iQi = /{SZr,r Zr_,r, (+')? Zr,r,é,,}pdr

;1— =1
Zr‘r =f-r=r'cosl = er Ef,-f,-&,-::fﬁ,-:f-f:l. So
=1 =1 1.J
= 1 1 1 2 240 2 sy 1 1 2 s ! o s \
Vquad = rre ] 5 (r cos“ @' —r )pdr’ = ——— [ r""Pa(cos#)pdr’ (the n =2 term in Eq. 3.95).

(b) Because z? = y* = (a/2)* for all four charges, Qux = Qyy = [3(a/2)* — (V22/2)?] (g —¢g—g+g) = 0.
Because z = 0 for all four charges, Q.. = —(v22/2)*(¢—¢—q+q) =0 and Q,, = Bz =000 = 00r=D
This leaves only

0 =i:=3((3) (5) 0+ (5) (-3) -0+ (-5) (5) -0+ (-3) (-3) o] = [’

o
]

/ [3(r; — di)(r; —dj) — (r - d)’ﬁ,-,-] pdr (T'll drop the primes, for simplicity.)

[[37',-1', —r"&;,]pd‘r—3d;/rjpd'r—3d;fr;pd‘r+3d.djfpd‘r+2d~/rpd‘rd;j
- dﬂﬁi,‘ /[)d‘r = Qij — 3(dip; + dypi) + 3did;Q + 204;d - p — d"’d},-Q.

Soif p=0and Q = 0 then Q;; = Qi;. qed
(d) Eq. 3.95 with n = 3:

(5cos® @ — 3cos ).

et

1
oy

L R

= % f(r'}“Ps(cos &)pdr'; Ps(cosh) =

4
oct

1 (% Ei.g,kf‘if'jf'injk) J

4meg 4

Define the “octopole moment” as

Quin = / (Brirleh — () ({850 + ribis + rhbis) p(r') .
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Problem 3.416

V= 1 l_l +4q l_...l_ }
-47160 v 21 49 ¢ 23 4

5w = Vr?+a? - 2racosé, |
4y = \/r?2+a?+2racosf, 1
a7 = /r2+b2—2rbcosé, |
2 = \r®+ b+ 2rbcosh. . » e y |
1 1IN . :
Expanding as in Ex. 3.10: (;- - 7) = 7 cos@ (we want a 3 r, not r 3 a, this time).
1 %2
g o —cosﬂ(herewewantb«r. because b = R*/a, Eq. 3.16)
3 4
2
= gicmﬂ
ar?

R
But ¢’ = =g (Eq. 3.15), s0

1 2r R SR? 1 (2g R?
\% E — |g— — —gq——cosb| = — — — ] cosé.
(r,8) e [qu'2 cos S0 g oOs 0] TG (az) (r 2 ) cos ¢

Set Eg = —ﬁ@ (field in the vicinity of the sphere produced by %g¢):

V(r.O) -Fy (r - ;ﬁ) cosf

(agrees wilh Eq. 3.76).

Problem 3.47
The boundary conditions are

(i) V =0wheny=0,
(ii) V =V, wheny =a,
(iii)) V =0 when z = b,

(iv) V =0 when z = —b.

Go back to Eq. 3.26 and examine the case k = 0: d>X/dz® = d?Y/dy? = 0, s0 X(z) = Az+ DB, Y(y) = Cy+D.
But this configuration is symmetric in z, so A = 0, and hence the k = 0 sclution is V(z.y) = Cy + D. Pick
D = 0, C = Vy/a, and subtract off this part:

Viz,y) = vag + 7(z,1)-

The remainder (V (z,y)) satisfies boundary conditions similar to Ex. 3.4:

(i) V =0wheny=0,

(ii)) V =0 wheny =a,

(ili) V =—Vy(y/a) when z = b,
(iv) V = -Vy(y/a) when z = —b.



(The point of peeling off V(y/a) was to recover (ii), on which the constraint & = nr/a depends.)
The solution (following Ex. 3.4) is

V(zg,y) = E Cp cosh(nmz /a) sin(nay/a),

n=1

and it remains to fit condition (iii):

Viby) = ZC’,. cosh(nrb/a) sin(nryfa) = —Vo(y/a).

Invoke Fourier's trick:

z Cr cosh(nwb/a) foa sin(nry/a)sin(n'ry/a) dy = _%Q /;u ysin(r'ry/a) dy,

a Vo * .
ECn cosh{nrb/a) = — 5 )X sin(nxy/a) dy.
0

a

T a? coslzlz?mb/ a) E) 2 sin(nxy/a) - (%) cos(nary/ 0)]

=4 (02 ) cos(nw) = %L?ﬂ—

a® cosh(nab/a) nr cosh(nxb/a)

Cn

a

Viz,y) =|Vo l:"-!- - % Z (_:)u zz::%z:;;:)) sin(mry/a)] g
n=1

69

Problem 3.48
(a) Using Prob. 3.14b (with b = a):

Viz,y) = % Z sinh(n7z/a) Sm(mry/a)

e nsinh(nn)
av . 4V nay cosh(naz/a)sin(nry/a)
7)) = - o |:! 0~ g n%ﬂ ( ) nsinh(nr) i
- 4eo$o sin(nay/a)
. Z “sinh(nr)

4enVo 1 /“ :
N = / dy = — sin{nry/a)dy.
| o) : "Zo;d ah() ), Snnrv/e)dy

2 _a a_ @ _ e .
But ./o sin(nry/a) dy = S cos(nwy/a) lo = ;1;[1 — cos(nw)] = = (since n is odd).

_ BeolWo 1 _| eV
R Eddnsinh[mr)_ T s

[l have not found a way to sum this series analytically. Mathematica gives the numerical value 0.0866434,

which agrees precisely with In2/8.]
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Using Prob. 3.47 (with b = a/2):

. y 2~ (-1)*cosh(nrz/a)sin(nmy/a)
W =% {u 5 Zn-' ncosh(nm /2) '

v av L s R nry (—1)" cosh(nwz/e) cos(nmy/a)
afz] = =t Ay ly=0 foVo la o ; ( a ) n cosh(nn/2) |y-0

T O (-1)"cosh(nzz/a)| _ Vo (—=1)" cosh(nrz/a)
ol L lu > u Z cosh(nm/2) l — [l g Zn: cosh(na/2) ] 3

; a2 ( 5 fU"U l)n a/2
X = a(z .fz:=—-— o+ o cosh(nrz/a)dz| .
/_a,'z ) z (.Obh(n"l’/z —af2 ( / )
af2 a a2 2a
But / cosh(nrz/a)dz = — sinh(nrz/a) = —sinh(nx/2).
/2 nw —aj2 T
&YW 4a (=1)* tanh(nm/2) [ 14 (—1)™ tanh(nm/2)
" a.[“w; - -t 1+ 2
= |05
L3

[Again, I have not found a way to sum this series analytically. The numerical value is -0.612111, which agrees
with the expected value (In2 — ) /4]
(b) From Prob. 3.23:

o0
— 1 5
V(s, @) =ao+bolns + L (m:s“ + by :E) [ex cos(kd) + d sin(ke)].
k=1
In the interior (s < R) by and b must be zero (lns and 1/s blow up at the origin). Symmetry = dg = 0. So

s 5
1 V(s,¢) =ap+ Zaks“ cos(kq).

// \r Vo k=1
e P
\ / At the surface:

e e L Y , Vo, if —w/ld<p<m/d
’ 1 s k ; - 0y 4
¥ V@)= T e o) { 0, otherwise. ’

Fourier’s trick: multiply by cos(k’d) and integrate from —r to 7

L w/4 7 al ’ ’ /A e " af | : ]
Z axR* / cos(ke) cos(k'¢) dé — an cos(k'¢) dp = { usinii'el/k - o/ RJan(Em/A), Sk 05
= —x/4 /2, ik = 0.
But

. 0, Hkstk
/' coalkd) cos(¥d)dp={ 2x, W=k =0,
= x, Hk=k #£0.
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S0 20y = Vorr/2 = ag = Vo/4; max R = (2Vp/k) sin(kr/4) = ay, = (2Vp/mkR*) sin(kn/4) (k # 0); hence

Vit [ 25 5 (2 ]

Using Eq. 2.49, and noting that in this case i = —8§:

ov 2 o sin(kx/4), ., 260 Vo o .
- — ey 2§ Sinlka/4) 1 L S sin(ks ,
a(p) =€ 1 - q,V01r k2=1 Rk ks" ! cos(kg) ok e krlsm.kvr/‘ﬂ cos(ke¢)

We want the net (line) charge on the segment opposite to Vo (—m < ¢ < =3a/4 and 3r/4 < ¢ < u):

dexVo 3 sin(kn/4) / iy
k=1 Ax/d

A = /a(¢)Rd¢=2Rf” a(p)dp =

4epVo v . sin(ké)
= —— ) sin(kx
= L;lqm( /4)[ E

_ 4egVh = sin(kr /4) sin(3kn /4)
Brr/-l] e Z -

k sin(ka/4) sin(3kw/4) product
1 12 1/V2 1/2

2 1 -1 -1

3 1N§ 1/v2 1/2

4 0 0

5 -l/ \/' 1/v2 1/2

fi 1 -1

7 -1/ \/' -1/V2 1/2

8 0 0

4V 1 1 B[ 1 11 4
A== [525' 2 z]- - [§ EZE]‘O'

13.5... 2,6,10.... 1.3,5.. 13.5...

(uch! What went wrong? The problem is that the series ¥ (1/k) is divergent, so the “subtraction” oo — co
it suspect. One way to avoid this is to go back to V (s, ¢), calculate e(0V/ds) at s # R, and save the limit
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s — R until the end:

AV 2 sin(kr/4) ks*—!
o(0.0) = g = s "Z ‘k” i cos(ko)

= 260‘/0 E.Lk !sin(kn/4) cos(k¢) (where z = s/R — 1 at the end).

Vi
AMz) = o(¢,s)Rdp = . OZI k=1 sin(kw/4) sin(3kw /4)
o _dal s £° A
¥ 7r T £32 B A0

ZeoVo [( 2 2P )
- + =+ =+
3 5
1+

,  zb  gl®
(I +-§-+?+-“)].
But (see math tables) :In ( =

z

lzr) 2

_ 2l 1_1“ 142 —lln 14 a2 __cobi,ln 1+z\ /1+22
= nz |2 l—x 2 1-z2)|" az 1-x 1—2g2

7 2 - Xr
Sk “”2,]; ) O el LY
T 1+ =1 ™

Problem 3.49
Z

A DR 1 Y O MRS
~9 F=¢E= 4m01_3(2wt,0r - sind @).

\ ¢1'

>
\ lmg

Now cousider the pendulum: F = —mygz — 1'#, where T' — mgcos¢ = mv?/l and (by conservation of
energy) mglcos ¢ = (1/2)mv® = v? = 2yl cos ¢ (assuming it started from rest at ¢ = 90°, as stipulated). Bur
cos ¢ = — cusf, s0 T' = myg(—cos) + (m/l)(—2gl cus§) = —3mgcosé, and hence

F = —mg(cos# & — sinf ) + 3mgcosft = mg(2cost # + sin d).

This rotal force is such as ro keep the pendulum on a circular are, and it is identical to the force on ¢ in the
field of a dipale, with mg «+ gp/4megl®. Evidently g also executes semicirenlar motion, as thongh it were on a

tether of fixed length (.




Chapter 4

Electrostatic Fields in Matter

Problem 4.1

E=V/z=500/107% = 5x10°. Table 4.1: a/4nep = 0.66 x 107%°, s0 @ = 4 7(8.85 x 10722)(0.66 x 10-9°) =
734x107". p—aE—-ed = d=aEfe=(7.34 x 107*1)(5 x 10%)/(1.6 x 107%) = 2.29 x 10~%m

dfR =(2.29 x 107'%) /(0.5 x 107°) = [4.6 x 10~%. | To ionize, say d = R. Then R = aE/e = aV/jer =V =

Rezfa = (0.5 x 10729)(1.6 x 10~1%)(10~3)/(7.34 x 10~%) =
Problem 4.2

First find the field, at radius r, using Gauss’ law: [ E-da = % Qenc, or E = 3—,-:-.; 2 Qenc.

r

n " _Ang % 27 /a =2 g G _o7/a [=2 o
Qeuc = /PdT 3 . € T d‘l-'.—aa 26 T +ar + 2 .

gl 2(] —2r/ 2 < 02 0'2 —2r/a a7 "2
= sin[8 “(1 tartiss ) - = =g|l—e / 1+2-+2- )|

Wote: Quanclr = 00) = ¢ So Ue field of the electron cloud is By = gho % [1—e72/% (1422 + 22 ). The
proton will be shifted from r = 0 to the point d where E, = E (the external ficld):

E=—=|1- a 5 - 1|
e 1-e 1+2a+2a2

Expanding in powers of (d/a):

3 2 3
edle o 1= 2_d +l( ) l(z_d) +...=1_2C_t+2(g) _i(‘_i) Pse
a A \a a o 3 \a

2 2
e 2din 1+2‘3+2d—0 = 1- 2‘—'r2 —”3 ‘f +o- 1+2‘—l+2f
@ a? a 3 \a i) a?
a3

Y - 2& 23L+2¢+43L+4j-—2§- 43§+3m3

§ =
3
= ; (g) + higher order terms.

73
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- (35) = m 1'
E—41rco d? (5(15‘) T dmey 3a3(qd)—3moa3p' il ol cu

[Not so different from the uniform sphere model of Ex. 4.1 (see Eq. 4.2). Note that this result prediets
T,}‘—ca = %aa = %—(0.5 x 10"”)3 = 0.09 x 107* m®, compared with an experimental value (Table 4.1) of
0.66 x 10-*'m?. Ironically the “classical” formula (Eq. 4.2) is slightly closer to the empirical value.]
Problem 4.3

p(r) = Ar. Electric field (by Gauss's Law): § E-da = E (4rr¢) = ;l;Qenc = “—o fuf Ardnridr, or E =

1 4rArt _ Ar?
412 ¢ 4 4eo
d: ad? Jdeg = E = d = \/4eoEJA. So Lhe induced dipole moment is p = ed = 28\/60/.4\/17;. Evidensly
p is proportional to £'/2.

For Eq. 4.1 to haold in the weak-field limit, E must be proportional to r, for small r, which means that p
must go to a constant (not zero) at the origin: | p(0) # 0| (nor infinite).

Problem 4.4

. This “internal” field balances the external field E when nucleus is “off-center” an amount

s Tield of g: 4,,1¢,_ % t. Induced dipole moment of atom: p = ¢ E =
(; 9 -lnamr f.
Pistd'of ke dtbolesab Tocatior-of o (E—#u il B 108, B s 2 00 Np b i)
ield of this dipole, at loc g (@=m, q. 3. B e T ght).

2
1

Force on ¢ due to this field: | F = 2« 2 — | (attractive).

drey ) 3

Problem 4.5
Field of py at p2 (# = 7/2 in Eq. 3.103): E, = y .8 (points down).

meors
Torque on pa: Ny =p2 X E; =p2E 5in90° = poF| = 42’}:_3- (points into the page).
TEQ
Field of p; at py (# = 7 in Eq. 3.103): Eo = 4r1:2r3 (—=21) (points to the right).
T€n
2
Torqueon p;: N =p; xE; = ﬁ (points into the page).
Problem 4.6
® |,
/3';"' Use image dipole as shown in Fig. (a). Redraw, placing p; at the origin, Fig. (b).
z
W B A At
m,:”mw E;= Treo(Z2) (2co80F +sin6€); p=pcosfdf+psindé.
+
;?>é- - 7 . .
N = | —— r i T 1
pxE Treg 27 [(cosﬂr+5m00)x(2cosOr+sm00)]
(b) 2

= 41.'5:(2::)3 ims(-)sin 9(?) |- 2sinf cos (- ‘ﬁ)]

?sinfcosf . -
Ima—qﬁ) (out of the page).




p* sin 20
47rco(16~5)

For 0 < # < w/2, N tends to rotate p muntnrc]ockwisc; for /2 < 8 < w, N ratates p clockwise. Thus the
stable orientation is perpendicular to the surface—either T or L.]

Problem 4.7

But sinfl cosf = (1/2)sin26, so| N = l (out of the page).

Say the field is uniform and points in the y direction. First slide p

X in [rom infinity along the « axis—this takes no work, since F is L dL

tE (If E is not uniform, slide p in along a trajectory L Lhe field.] Now

9 rotate (counterclockwise) into final position. The torque exerted by

P E is N = pxE = pEsin8%. The torque we exert is N = pE'sin€

p « r  clockuise, and df is counterclockwise, so the net work done by us is

negatwe
U=[!, pEsin8dd = pE (- c050)| 2 = —PE (c0s0 — cos §) = —pEcosf = —p-E. qed
Problem 4.8

U= -py-Eg, but Eg = :,;,l“,; s [3(pa-f)f -~ pa]. So U = a‘,‘,l}; X [prp2 — 3(pr-f) (p2-f)]. qed
Problem 4.9

1 q g TIX+yy+z2
@ F=(p-V)E (Eq. 45): E = — f = el S5 S
bl R L dmeq 72 dmeg (22 + y? + 22)3/

b = — 4+ Dy + 10 0 e
i Praz Pyay ‘p‘-’az 47eg (zz +y2 +z2]3/2

2o 1 __1_3_1 2z i 2y
B Gl T A i T s L) B 2 (22 + 42+ 22)5/2

3 2z 3r(p-r)
b ps [ o2 3 z ]}= g I;—: 5(PzI+PuU+P-3)J—L[T%_ (.,I.)s J] :

27 (22 + y2 + 22)5/2 dmeo 47eg
- 1
E = 4T€ T3 [p d(p r}r]
(b) E = 41}50 {3[p: (-8)] (—F) —p} = —60— [3(p - &) # — p]. (This is from Eq. 3.104; the minus signs
are because r points toward p, in this problem.)
F=¢qE= i [3( I)r -
G drey g Pl

[Note that the forces are equal and opposite, as you would expect from Neynon’s third law.]
Problem 4.10

1 1
(&) oy =P = pp=-V-P= _,-_3% rkr) = - 53kr? = [ 3k|

ib) For< R, E = y‘,;pri" (Prob. 2.12), so E = | —=(k/ea) 1.

For r > R, same as if all charge at center; but Q... = (kR)(47R?) + (—3k)(%1rR3) =0,50/E=0.
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Problem 4.11

py = 0; oy =P-n = £ P (plus sign at one end—the one P points toward; minus sign at the other—the one
P points away from).

(i) L > a. Then the ends look like point charges, and the whole thing is like a physical dipole, of length L and
charge Pma®. See Fig. (a).

(ii) L < a. Then it’s like a circular parallel-plate capacitor. Field is nearly uniform inside; nenuniform “fringing
field” at the edges. See Fig. (b).

5 g Eé}i b2
s

(iii) L = a. See Fig. (c).

P
. - . . ()
(a) Like a dipole (b) Like a parallel-plate capacitor
Problem 4.12
V=r=/ PAir — P. {4—,-:‘—0 4 E'iydr}. But the term in curly brackets is precisely the field of a uniformly
charged sphere, divided by p. The integral was done explicitly in Prob. 2.7 and 2.8:
1 (4/3)rR3p > R) R3? Pf = R3Pcoz@ (r > R)
1 3 1 | e 2 (r ’ 3ear? 3eor2 '
e [ —dr = = So V(r,0) =
A d 1 (/3)rktp 1 | Preost
irs B e w=Pr=| | <A

Problem 4.13

Think of it as two cylinders of opposite uniform charge density +p. Inside, the field at a distance s from
the axis of a uniformly charge cylinder is given by Gauss's law: E2rsf = lpns®f = E = (p/2¢)s. For
two such cylinders, one plus and one minus, the net field (inside) is E=E; + E_ = (p/2¢)(s; —s ). Bus

s; —s_ =—d,z0 E=|—-pd/(2¢), | where d is the vector from the negative axis ta paositive axis. Tn this case

the total dipole moment of a chunk of length £ is P (ma®¢) = (pra®¢) d. So pd = P, and LE =-r/ (26()), I for
s < a.




-~

-1

Outside, Gauss’s law gives E2rsf = %pﬂazl e for one cylinder. For the combination, E =

By +E =42 (3 — 1), where

2€0 Y

2: a’

8+ =

s, d T | d R ) G | d s-d
=== == — — o — — — o™ — — —_—
P ("*2) (3 By ") = (3;2)(1; 32) = (”’2) (“ 82)

= s—l‘,( (s d} —) (keeping only 1st order terms in d).
By 8.) _ 1 (S B BN o o), BN} L b

)

E(s) = ——[2(P-§)§—P], for s > a.

2(.0

Problem 4.14

Total charge on the dielectric is Quot = $sonda+ [, prdr = §, P - da — [, V.Pdr. But the divergence
theorem says . P -da = [, V-’ dr, 50 Qenc =0. qed
Problem 4.15

_ 19 ook o o o PR o i B,
(2) o = ‘V'P—‘r—zg(' ?)“r_z' % “P'n{ Pt ki (ntr:a.)‘}

Gauss’slaw:E:a"—‘ec—Q?Si' Forr < a, Qene = 0, qomF'm'r>b Qene = 0 (Prob. 4.14), so

Fora<r <b, Quue= () (47a?) + [ (3F) 4a7dr = —4nka — 4nk(r — u) = —4wkr; wlb = —(k/eor) L.

(b) §D-da = Qy,,. =0 =D =0cverywhere. D=¢E+P =0= E = (—-1/¢)P, s0
I O(forr<aandr>b);| |E=—(k/er)t (for a < r < b).

Problem 4 16

(a) Same as Eo minus the feld at the center of a sphere with uniform polarization P. The latter (Eq. 4.14)

1
is -P/3cp. So |E = Eg + 3(—°P D=faE=€oF:o+%P=DQ—P+%p,SO D=Du—%P.

(b) Same as Eq minus the field of + charges at the two ends of the “needle”—but these are small, and far

away,so D=¢E=¢E,=Dy—P, s0
(c) Same as Ep minus the field of a parallel-plate capn.citor with upper plate at # = P. The latter is

~(1/e)P,s0[E=Ey+ LP.| D= B o+ .
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Problem 4.17

<t
P - D
(uniform) : ( E outside, but li
(field of two circular plates) Same. 84 1. oUbsde, DL UNes

continuous, since V-D = ()

Problem 4.18

(a) Apply /D :da = Qy,, to the gaussian surface shown. DA =74 = (Note: D = 0 inside the
metal plate.) This is true in both slahs; D points down.

= L
P |

(b) D =¢€E =» £ = g/e; inslab 1, F = ¢ /e in slab 2. But € = epe,, 50 €1 = 2€p; €2 = %Eo.
Eg = 20’/360.

(c) P = enx.E, so P = epxed/(ener) = (Xe/er)0; Xe =€, —1 = P =(1-¢1)o. |'I’| = d/2, ”Pg 2= cr/3.|

(d) V = Eia+ Faa = (0a/6co)(3 + 4) =

o, = + P, at bottom of slab (1) = /2, ay = + Pa at bottom of slab (2) = a/3,

(€) po =05 o, = —P; at top of slab (1) = —a/2; oy = — P at top of slab (2) = —a/3. |
: 1o 1. | total surface charge above: o — (a/2) = a/2, 5
) Ioalaby 1: { total surface charge below: (0/2) — (a/3) + (¢/3) — 0 = —a /2, =B = 260" v
| total surface charge above: v — (0/2) + (0/2) = (0/3) = 20/3, _ 20
Ryl { total surface charge below: (0/3) — o = —20/3, A 3co % T\
[ ] +o
—0'/2
@
+a/2
~¢/3
® i
+c/3
[ I

Problem 4.19

With no dielectrie, Cyy = A¢y/d (Eq. 2.54).
In configuration (a), with +a on upper plate, —a on lower, D = a between the plates.
F =a/eo (in air) and E = a/c (in diclectric). So V = %g + %% = Z—‘QDLA (1+ 53) 2
C 2¢
e e A 2 a 22 T
Ca—g—‘%(ﬁ'ﬁ:): G 1t

In configuration (b), with potential difference V: E = V/d, s0 0 = 6o/ = € V/d (in air).




P=eyx.E = eyx.V/d (in dielectric), 50 oy, = —eyx.V/d (at top surface of dielectric).
O, =gV fd =05 —ay =ay —egx.V/d, 50 ag = egV(1 + xe)/d = ege,V/d {on top plate above dielectric).
= Q_I(A Ay A |4 V)_Aeo(l-ke, Cob l+e
g v v\t T \vetemr T\ Sla= 2
. - J ] -+¢ 2¢y _': Fz—"‘_ 2r“3— T —€pr
[Which is greater? &t — go = e — e ’;E,l”;‘ P %1% > 0. So Cy > C..]
I the = axis paints dowmn:
|| E L) | P a, (top surface) || o, (top plate)
(a) air ¢,-(+1; 7% | e 0 0 " e
= e 2¢. eV 2e.—1 \Z 2ien—1) gV
(@) dielectric || (3 g% | 22| W Y
(b) air = % o’ % 0 0 or (left)
(b} dielectric - % €2 X (er— DR [ —(ep — 1) €97 (right)
Problem 4.20
[D«da = Qy... = Danr? = piar® = D = {pr = E = (pr/3e)i, for r < R; Ddar® = pdzR* = D =
PR3 (3r? = E = (pR3[3e0r?) |, for v > R.
0 3 1(R 2 2 2
—_[E.a=-tR1 _ﬁ/" _E B &( _1_)
e _LE d]—-'Storx 3e err_iieo s ol e
Problem 4.21
Let @ be the charge on a length £ of the inner conductor.
e YiBaali i@ S G __Q
fD da = D2ask=Q=>D= Trsl’ = Zreost (a<s<b), E= Trest b<r<e).
Q ds /"‘ Q ) ds @ b) €0 c
7 — KA — -
o= / B /; (2#506 3 £ o \2mel 2weol i iy € i (b) !
_C_J’ B 27eg
£ VZ Jln(b/n) t (1/cp) In(efb)

Problem 4.22

Same method as Ex. 4.7; sclve Laplace’s equation for V;,(s.¢) (s < a) and V;,1(s,9) (s > a), subject to
the boundary conditions

x
(i) Vi = Vou at s = a, o)
(i) eZhin = ¢q%om at s =a, En]
(iii) l«.,.;t - —Epscos¢ for s> a. T,
From Prob. 3.23 (invoking boundary condition (ii1)): 3

o0

= Z s*(ay cos kg + by sin k),

k=1

o0
—Eqgscosg + Z s *(ck cos k¢ + di sin k¢).
k=1

Vin (-"', ¢) fout (5, ‘.’5) =
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(I climinated the constant terms by setting V = 0 on the y z plane.) Condition (i) says
Z a*(ay cos k¢ + by sinkd) = —Eyscosd + Z a~*(ci cos k¢ + d sin kp),
while (ii) says
€& Y ka*~'(a, cos kg + bysin k) = —Fycosd — Y _ ka~¥~(cx cos kg + di sin ko).

Evidently by = di = 0 for all k, ax = ¢, = 0 unless k = 1, whereas for k =1,

aa, = —Ega +a~te;, €0 =-Fy-ae.
Solving far a,,
Eq Ey Eq
= Vin (s, o e
a (1+ /2) so Vi (s.¢) = (1+ /2)scos¢ (1+x,/2)z
0%[1 ¥ ED 2 > a . i 3
and hence E;,(s,¢) = — T T As in the spherical case (Ex. 4.7), the field inside is uniform.
Problem 4.23
1 » € 2 2
Py = eox.En; B = -%Pu = —2%' i P o= eoxeBr = - D;eEu; E; = = %Eu;
Evidently E, = (—%)" Eo, 50
2 o, | KN R
E=Ey+E, +E, + = g( 3)]Eu

The geometric series can be summed explicitly:

1
zn so |[E=——Eg,
Z T +%:/3)

n=0

which agrees with Eq. 4.49. [Curiously, this method formally requires that x. < 3 (else the infinile series
diverges), yet the result is subject Lo no such restriction, since we can also get it by the method of Ex. 4.7.]

Problem 4.24

Potentiuls:
Vou(r,8) = —Eorcosd+ E $ir Pi(cos0), (r > b):
Vinea(r,6) = 3 (AIT + ; ) Fi(cosd), (a <7 <b)
Vin(r,8) = 0, (r < a).

Boundary Conditions:

(i) Vou
(ii) €Y=t
(i) Vinea

"med» (7' = b);
2, (r=1b)
0, (r = a).



81

(i) = —FEobcosd+ E b%!’;(cosﬂ) = Z (A,b‘ bﬁl) Pi(cosf);

(i) = AW +— By

{ =1
@) = ) [Mb —(l+1)b‘+2]P¢(L050) —Eqcosf — Z(z+1)u Fi(cosb);
o =0 = B = —uﬂ'HAa.
Forl#1:

21+1
I (i] % = (_A‘b‘ o ab‘TA‘) = B‘ = ‘4‘ (b?l-l _021.'.1):

. azl 14
T [1.4,1;‘ ST ) e - Tx -

B !
]=_(1 1 1)17'{_2 = By = e, A [(Hl) pA+ 4 2‘“] = A=B=0.
Forl=1:

3
G —Eob+£‘-=.41b—a—l:-l— = By - Eob® = 42 (5 - o)

3
) & (A, ;2‘153’3—‘) _Ey-221

b3 = —231 = Eob3 =C,A1 (b3 -+ 20.3) R
L S0 -3E =4, [2 (B*-d) +e (1P +20%)]; A= il :
- 21 = (a/b)3] + & [1 + 2{a/b)?]
=1 —3E0 (13
Vinea(r,0) = 91— (a/b)%] + (1 + 2(a/b)] (r - 1'—2) cosh,
7 - 3E, 2a3 " i P
E(r,0) = -VVpa= S — (/5] + 1 = 2(a/B)] {(l + -r—a) cosft — (1 - ;_—5) smBO} :
Problem 4.25 T

There are four charges involved: (i) g, (ii) polarization charge surrounding g, (iii) surface charge (o3) on
the top surface of the lower dielectric, (iv) surface charge (o;) on the lower surface of the upper dielectric.
In view of Eq. 4.39, the bound charge (ii) is ¢, = —q(x%/(1 + x.), so the total (point) charge at (0,0,d) is
g=a+g=a/(1+xe) = g/e;. Asin Ex. 4.8

-1 qdje. ay  ay 5
= — = P-nn = = %
(a) op [ Treo (72 4 d’)g o (here o} i = +P;, = egx.E:);
d /
b) o} = cx:[’ LS

p——" h - - - - 'E
dmeo (r2 4 g2)  2e0 2co] (orioy =~ =~ 5s)
Solve for o4, o: first divide by x. and x| (respectively) and subtract

dom Lol o gm, L mle]
Xe Xe 272y gz} Xe 27 (2 4 g2y}
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Plug this inta (a) and solve for oy, using €, =1+ x.:

-1 gdfe, ! el ' =1 qd Xe
—_— X l —— el — 37 =
b s L (14 xe) = 5 (Xe +Xe)s 50 [0 = ) 11 (e F X072
Y 1,1 agq | 1 ewid
! VA7 2 a2 D+ (e + X072 7 27 (52 4 )3 4n (73 4 @2t (14 Oce +x2)/2)
The tota! bound surface charge is oy = 0y + 0} = = gd (Xe=Xe)

i (r:+d:)§ t',[l-{-(k,-i—\"‘.)/z]

(which vanishes, as it should, when

Xt = X.)- The total bound charge is (compare Eq. 4.51):

(Xe — Xxe)a & —€6\ 4q
S . a1 ) I - i A . I8 FEIT B
WS ST+ Gt fd] | N Fep) @] e
1 q/e a
V(r) = L . | S for z > 0).
) 47"60{\/:z:’+y’+(z-—d)2 \/;tz-*-y2+(z+d)2} ( )
s 2 1 20/ (¢!
Meanwhile, since g—+q,f%[l+ef e,-] = - s Vir) = /_E q/(.e,.+e,-)] = | (for z < 0).
4 € er + & e +e dmeg /22 + y? + (2 — d)?
Problem 4.26
From Ex. 4.5:
0, (r <a)
D= O,Q (T<a) , E= 41:22{_‘ (a<r<b)
mf‘, (‘r>a.) A b
T (r>10)
1 1 Q W e 1 ™1 2 (1 -1\ X
- ) Y L WP S I TR (R S o o (as. = ==
W 2/’ § 2 (4m)? T{E_/; rira’ r+£0/b 7e Be'le \ Fidl" & Xr )l
- 9 _1_(1_1 +l}__92_(l X_)
~ Bmep [ (1+xe) \a b b |[8meo(l+xe) \a &)
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Problem 4.27

Using Eq. 4.55: W = @ | E*dr. From Ex. 4.2 and Eq. 3.103,

- (r <R)
3c
E = RgP 4 (IR
Tegr3 (200?:91‘-1-811199) (r > R)
o [ P\*4 2n P?R?
Vrr‘ — e— —_— — 8:—- 3
Wesr 2 (3m) =
3y 2
Wi = %(IZEP) /1'6 (4cos 8 + sin @) rsin @ dr dd d¢
0
.. (B ) / /"” 1 w(R"‘P) G i) g
N (1 + 3cos® 8)sinfdR = dr = Bec (—cosf — cos 0|0 53|
_ TRPP (4 _ 4rROP?
- 9q 3}?3 T iATey
2 2rR3P?
Ent™ = .
"_960

This is the correct electrostatic energy of the conliguration, but it is not the “total work necessary to assemble
the system,” because it leaves out the mechanical energy involved in polarizing the molecules.

Using Bq. 4.58: W = & fD Edr. For r < R, D = ¢E, so this contribution is the same as before.
Forr <« R, D = ¢E + P = —iP + P = 2P = -2¢E, s0o }D-E = —29F?, and this contribution is

2 3
now (-2) (2"' FR ) = 4z RFP , exactly cancelling the exterior term. Conclusion: This is not

¢ 27 €
surprising, since the derivation in Seet. 4.4.3 calculates the work done on the free charge, and in this problem
there is no free charge in sight. Since this is a nonlinear dielectric, however, the resull cannot be interpreted as
the “work necessary to assemble the configuration” —the latter would depend entirely on how you assemble it.

Problem 4.28

First find the capacitance, as a function of A:

Air part b= 41r<os =V= ,(tc IU(b/'U)p ~ M .
= —="; M= —A=¢eA
Oil part: D = => B = I_'A‘:.. — V= 47_' ln(b/a), €n € €0

Q=MNh+AE€—=h) =erh—IAh+ M = (e, = 1)h + €] = A(xch + £), where £ is the total height.

N Q )‘(.\eh +£) (xeh+2¢)
S Y T e

€0XeV2
p(b? — a?)gIn(b/a)’

The net upward force is given by Bq. 4.64: F = 11V? —%: ;v 12:(; . } b

The gravitational force down is F = mg = pr(b? — a?)gh.
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Problem 4.29

z
\ A\ ~ ) 8 )
(a) Eq. 1.5 = F2 = (p2- V) E; =k (E)s m]/ | Pz
P 5 P .
2q. 3. = _f=- - Th Y v
Eq. 3.103 = E, Tregr > PP z erefore J/‘ g

: ppz [d (1\] . 3;pr _ Sy :

Fo = T [dy (y3)] % = e z, or |Fp = Tt Z | (upward).

3]

To calculate Fy, put p, at the origin, pointing in the z direction; then p;

L Y is at —r#, and it points in the —§ direction. So F; = (p;-V)E; =
P2 Yy OE, )
-1 — ; we need E; as a function of z, y, and z.
L .q..pl ay z=y=0,2=-r
1 1 [3(pa2 )r 2
From Eq. 3.104: E; = P 3 —p|, where r = zX +y¥ + 2%, p: = —p=2§, and hence
47 0 * -
p2r=-—-py.
g - P “Bylzx+yy+z28)+ (2 +1°+2%) ¥ po [-3zyx+ (a® - 2y% +2%)y - Buzi
2 T e (22 + 32 + 22)5/2 T 4mey (22 + y? + 22)5/2
9k = —§l2y[—31yi + (2 - 2% +2%)9 - 3yz8] + l(—‘!.'ri ~4y9 - 32%);
Oy 47eg 277 : rd ; Y f
IE» Py —3z . P2 3r . 3mpr .
Y |0 dreg 1 ; P (41reo e dregrt
These results are consistent with Newton’s third law: F; = —F;.

(b) From page 165, N2 = (p2 X E;) + (r x F3). The first term was calculated in Prob. 4.5; the second we
get from (&), using r=ry:

_ P2, . e d dmpa L\ _ 3pipe . _ 2y
= 47((01'3( R xBe=lrelx (47:’(07'4 z) T dmegrd o 4regrd i

pz x B,

This is equal and opposite to the torque on p; due to pa, with respect to the center of p; (see Prob. 4.5).
Problem 4.30 e

Net force is | to the right l (see diagram). Note that the field lines must bulge to the right, as shown, because
E is perpendicular to the surface of each conductor.




Problem 4.31

P=kr=kizXx+y¥+22)=pp=-V:P=-k(1+1+1) ='—3k.|
Total volume bound charge: | Qver = —3ka®.

op = P-fi. At top surface, i = 2, z = a/2; sa 7y = ka/2. Clearly, | oy = ka/2|on all six surfaces.
Total surface bound charge: | Quurt = 6(ka/2)a® = 3ku®. | Total bound charge is zero. v/
Problem 4.32 z 5 '

g iz 1 9 3 gxe F

D-da = =D=——=r E=- = P = _!.__

j[ 2= Qe dxrz " L cD dmeg(1 + x) r?’ P =ex.E 4 (1 +x,, r2’

IXe 3 3 - dXe

=-VP=-——-""- (V.- 5 Eq. 1.99}; 0p = Pif = | ————x;

o An(1 + xe) ) L Iy | (Ba 199y = Pt = | ol
Qurt = 0p(daR?) = |¢ T :GX .| The compensating negative charge is at the center:

e

e X (.. Lo e
fp;,d‘r- l+x,/6(l)d7 q1+Xe'

Problem 4.33

Ell is continuous (Eq. 4.29); D, is continuous (Eq. 4.26, with o; = 0). So Ez, = Eg,, D,, = Dy, =
By, =¢eFE,,. and hence

tmeZ =2 Ezz/Evz = &_ b, ‘_3 qed

tan 6, E-,,l / Em E}'! €1

If 1is air and 2 is dielectric, tanfa/tanf; = ey/€y > 1, and the field lines bend away [rom the normal. This is
the opposite of light rays, so a convex “lens” would defocus the ﬁeld lines.

Problem 4.34

In view of Eq. 4.39, Lhe nel dipole moment at the center is p' = p - pe=q ﬂ!

potentizl produced by p’ (at the center) and o}, (at R). Use separation of variables:

p= —-p. We want the

(e o]
B,
Outside: V(r,8) =) ,“P,(cosa) (Fq. 3.72)
=0
o R o L L Z Air'P(cos) (Eas. 3.66,3.102)
11'60 €pT? -
v o or By=R¥+1A, (1#£1)
Rl_._l B ! ) L &=, 2 oL ] ;
V continuous at R =
< N R RN W R
B g e T R S R
v av B, 1 2pcosf i 1
St Zoioadad <oy 2z M st = _ 0sf) = ——
5 Z(I+I)RI+2Py(cosl?)+4“0 -7 Y AR P(cos®) <o
1 1 av 1 2pcosf jey }
_ s TS P e J) = e ZA P r 9 .
eoP i Co(foer ) = Xe = { e o Z (R Py(cosé)
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TS Rl Rﬁ LAR™ = xdA4R™ (L£1); or — (214 D)AR™ = xlAR™ = A, =0 (€ £1).
B, 1 2p 1 2p P A R3 1 Xep A R?
Forl=1: — —_—A = —— % = i G Hvie
. 21\33 4reo &R i ( dmeo €, R* = 41) Bt 4mege, 2 dmen € L
e e 3 ) A AR 1 Xep AR AR 1 xep
drepe- A 4epes B goire 4‘1’50 R LER TR (3+xe) = drey €
= Ay = 1 2Xep = 1 2(e,—1)p 3 P 2(e, — 1) 7] 1o
' dreg Ro6,(3+ x.) 4meg RPer(er +2) | dmege, (e +2) |  drepe-e +2

o= (5528) () e=m

ks pcosG 1 prcosf 2(6,—1|
dmeg €12 47reo R3 c,(e, + 2)

pcosP 7 er—1\ 3] , -
=] SR o ] < R).
Lhreor?c,- [l i (er R 2) R3] (r= k) |
Problem 4.35

Given two solutions, Vj (and E; = -V, Dy = €E;) and V2 (E; = —VV,, Dy = €E,), define V3 = Vo — 1)
(E; =E; —E;, D3 =D; —Dy).

[, V-(V3D3)dr = f.s V;D;3-da=0, (V3 =00nS),s0 [(VV;)-Dsdr + [ V3(V-D3)dr =
But V-Dy =V-D;— VD, =ps—psy=0,and VV3 =VV, - VV| = E; | E; = -Eg, 50 fE;,-D;;dr:O.
But D3 = D; — D, = ¢B; — ¢E| = ¢E;3, 50 [¢(FE;3)?dr =0. But r > 0,50 E; =0, 50 V3 - V} = constant. But
at surface, Vo = Vi, so Vi = V| everywhere. qed
Problem 4.36

Meanwhile, for » < R, V(r,8) =

R R
(a) Proposed potential: | V(r) = Vb;—. If s, then |[E = -VV = V — T, | in which case | P = eoxe Vo%i",
in the region z < 0. (P = 0 for z > 0, of course.) Then o} = eoxei’n—ﬂg(ﬂﬁ) = —ELX};—VO. (Note: i points out
of dielectric = i = —r.) This o is on the surface at » = R. The flat surface z = 0 carries no bound charge,

since i = z L ©. Nor is there any volume bound charge (Eq. 4.39). If V is to have the required spherical
symmetry, the net charge must be uniform:
OtdTR? = Quot = 4menRVa (since Vo = Qrot /4menlR), SO 010 = €9Va/R. Therefore

& (eaVo/R), on northern hemisphere
(eaVo/R)(1 =+ xe), on southern hemisphere |-

(b) By construction, oy, = op + 05 = €Vy/R is uniform (on the northern hemisphere oy = 0, a5 = ¢Vy/R;
on the southern hemisphere oy = —egx.Vo/R, 30 oy = €Vy/R). The potential of a uniformly charged sphere i3

Qror Otot (4 12) N to"b_fiz' R

‘o= = = = Vo—.
¥ deqr 4menr R er 0% ¢

(c) Since everything is consistent, and the boundary conditions (V = V5 at r = R, V —» 0 at oc) arc met,
I'rob. 4.35 guarantees that this is the solution.



{d) Figurc (b) works the same way, hut Fig. (a) does nat: on the flat surface, P is not perpendicular to f,
s0 we'd get hound charge on this surface, spoiling the symmetry.

Problem 4.37

Blosr = ;-—Aff 4. Since the sphere is tiny, this is essentially canstant, and hence P = —%T-Em (Ex. 4.7).
2megs 14+ xc/3
€0X+ A7 N Ny eoxe) X NFf1 —1A/'
F = —_— T — —_ ———
f (l + xe/.’%) (21!'(05) ds (211'503) ag (1 +xe/3) \2mey 3 P h o
o 2 [T . N BB |

- i () S| ()

1+ xe/3 \4m2¢y ) 873 3+ x./ meps?

Problem 4.38

The density of atoms is N = ﬁ7§i—wﬁ" The macroscopic field E is Eguy + Eqjsa, where Eg 5 is the average
field over the sphere due to the atom itsell.

P:= aEee = P = NaBys..

[Actually, it is the field at the center, not the average over the sphere, that belongs here, bul Lhe two are in
facs equal, as we found in Prob. 3.41d.] Now

e 1 p
Esenr = 4mey R?
{Fq. 3.105), so
1 a @ 1 Nao
E = _4_1r€n "Iz_a'Eglw + Ee',-sg - (1 e 4_7[60R3) Lelse o (1 o E) EGISQ-
So N
Vo
e (1- Na/.'ieo)n = eoxeE,
and heneo
~ Na/e
Ke = (1—-Nea/3¢;)
Solving for a: \ N N
s = _(I_ _0 : & = v
Xe 360 — €0 = t (1 + 3 ) Xes
or
Cn Xp, 3€O x¢

a=— e re— But = — 1 800_9'59'(5'.——1') Bd
“NUO+x/3) N(Btxe A ST iy i T )

Problem 4.39

For an ideal gas, N = Avagadro's number/22.4 liters = (6.02 x 10%%)/(22.4 x 10~%) = 2.7 x 10°6. Na/ey =
2.7 % 10%)(47mey % 10 39)3/ey = 3.4 x 1013, where 3 is the number listed in Table 4.1.

I 3=0667, Nafe =(3.4x107%)(0.67) =2.3x 1074, x, =2.5x 107

Ile:. 3=0.205, Nafe = (3.4%107%)(0.21) =7.1%x 1073, x,=6.5%x10"° e

Ne: 8=0396, Nofeo=(3.4%10-4)(0.40)=14x10~4, x, =13x 10—+ [ 3&reement is quite good.
Ar 3=164, Nafe=(34x10"%)(1.64) =56x10"%, x.=52x10"*
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Problem 4.40

o (u) T 7 e TN (1 Sl 7 1) Rt e
u, = : —
Uy fffge—h/k’r du _kTe-n./.'-.Tllipb

- [e PE/RT _ ePBIET] [(pE/RT)e~PE/RT 4 (pE /KT )ePEFT)
“§ c—BE/KT _ gpE/RT

- epEl’kT 4 8-—}1E./k7' E
= kT'—pE [ePE/kT = e—rE‘./kT] = kT — pE coth (LT)

o

P =N{p) p=(pcos)E = (P B)E/E) = —{u)(E/E); P=Np p‘;' =|Np {coth (pf,) - %}

3

Lety = P/Np. & = pE/KT. Theny = cothz—1/z. Asz =0,y = (: ;.2 2; + ---)—— = -;-_:_54...._;
0. so the graph starts at the origin, with an initial slope of 1/3. As z — 00, § — coth{ca) = 1, so the graph
goes asymprotically to y = 1 (see Figure).

|-

i

np

L lessasssmssarisasy smmannons A R A RS KR ST
/,/
o=
: -
pe kT
P ., pE Np® : : Np*
s ~ LS ~S = C0Act/ 2 ’ AT 7
(b) For small . v =~ .,;r SO 45 & Ser or P gl B = eox B = P is proportional to E, and | xe = kT
For waler at 20° = 293K, p = 6.1 x 10730 Cm; NV = mjpoules - molecules , moles ¢ Zipme

. 5 ol | 29 ~80y2 : . A
N = (6.0 x 10%) x () x (105) =0.33 % 10°%; X, = ma'sin o Tie st "3).293, [12.] Table 4.2 gives an

experimental vahie of 79, so it’s pretty [ar off.
For water vapor at 100° = 373K, trealed as an ideal gas, ¥2ume = (224 x 10 ) % (313) =2.85x 107 m

mole
_ 60x10% I 5o w1280 Ui M ey
N=omrxios - X0 Xe= R es 10-) (138 x 10-)(373) (57x10 ¢ ]

Table 4.2 gives 5.9 x 1073, so this time Lhe agreement is quite good.




Chapter 5

Magnetostatics

Problem 5.1

Since v x B points upward, and that is also the direction of the force, ¢ must be | pousitive. l To find R, in
lerms of @ and d, use the pythagorean theorem:

a® + &2
2d

(R-—d?+a*=R* = R*—2Rd+d*+a*=R® > R=

The cyclotron formula then gives =) nl

N p@+d) | o
p=qBR=|eB"=2 fa

Prohlem 5.2
The general solution is (Eq. 5.6):

y(t) = C cos(wt) + Casin(wt) + %t + Ca; 2(t) = Cacos(wt) — C: sin(wt) + Cy.

(a) ¥(0) = z(0) = 0; #(0) = E/B; z(0) = 0. Use these to determine Cy, O3, (3, and .
1) =0=2C1+C;=0; y(0)=wCh + E/[B=E/B=C3=0; :(0)=0=C;+Cy;=0=C; =0
i) =0= C; =0, and hence also C3 = 0. So |y(t) = Et/B; z(t) =0.|Does this make sense? The magnetic

force is g(v x B) = —¢(E/B)B 2 = —gE, which exactly cancels the clectrie foree; sinee there is no net foree,
the particle moves in a straight line at constant speed. v

(b} Assuming it starts from the origin, 50 Cy = —C;, Cy = —C3, we have #(0) = 0= ) = 0 = Cy = 0;

E E FE E E E
10) = — =$' Cow + E = ﬁ = 0g= _ﬂ == ylf)= _wB —— sin(wt) — -Et
E 7 E E
= —— ——f'—"' Mi-2(l).= - w60 = Ej2uB.
x(t) o Bco_u.ut) + 2op’ & y(l) 50D 2wt —sin(wt)]; z() = o) [1 = cos(wt)]. | Let 6 = Ef2uB

Then y(t) = B [2wt — sin(wt)]; 2(t) = 3[1 — cos(wt)]; (y —28wt) = —B@sin(wt), (z — B) = —Fcos(wt) >
{y - 26wt)* + (z — B)* = B°. This is a circle of radius 8 whose center moves to the right at constant speed:
W= 28wt; 2= 0.

E
—Cw): E = 01 = —Cs = e — ng-l-

(c) 2(0) =y(0) = 3 ~B

=>Co=0;=0.

l:JIL’J
o
sel o)

89
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E E,_E E ol g
y(t) = —w—B-cos(wt) R Et +—5 2(t) = =B sin(wt). |y(t) = —5 (1 + wt —cos(wt)]; 2(t) = —-5 in(wt).

Let 8 = E/wB; then [y — 8(1 + wt)] = —Bros(wt), 2z = Fsin(wt); [y — 601 +wit)]® +2° = ;32. This is a circle
of radius 8 whose center is at yo = 0(1 +wt), 20 = 0.

%)

Z

B \ ..... /\/ y

(b) (c)

Problem 5.3
(a) rom Eq. 5.2, F=¢[E+ (vxB)|=0=> L =vB = |v = %

6) FiohiBa, 5.9, tou= { e ey 8
(b) Humhq.u.d.mv—qBR:m—BR— Tn

Problem 5.4

Suppose I flows counterclockwise (if not, change the sign of the answer). The force on the left. side (toward
the left) cancels the force on the right side (toward the right); the force on the top is IaB = Jak(a/2) =
I ka.z_/' 2, (pointing upward), and the foree on the bottom is IaB = —Ika?/2 (also upward). So the net foree is
F =|lka®3.

Prob]em 5 5 N

—, | because the length-perpendicular-to-flow is the circumnference.

(b) JJ= :I—flda a/ sdsdop = 2wa/d9-2~ma=>a—§I—J= ]

s Ta 2ras’

Problem 5.6

() »=wr, so (b) v=wrsinf o = Iiig:)r_mnAGA{;,J where p = Q/(4/3)7R3.
Problem 5.7

(i,‘: :t / prdr = / (8t) rdr = f(V - J)rdv (by the continuity equation). Now product rule #5
says V- (2J) =z(V-J)+J-(Vz). But Vz =%,50 V- (2J) = z(V -J) + J;. Thus [,(V-J)zdr =

[ V. (zd)dr — / Jzdr. The first term is [, ¢ zJ - da (by the divergence theorem), and since J is entirely
¥ v

inside V, it is zero on the surface §. Therefore [,(V - J)zdr = — [, J; dr, or, combining this with the y and

d
Z compaonents, fv(V J)rdr = - [, Jdr. Or, referring back to the first line, B—? = /Jd'r ged

Problem 5.8

V20l

(1) Use Eq. 5.35, with z = R, 8, = —6, = 45°, and [our sides: B = =

7 I
(b)z=R, 8= -0 = :. and n sides: B = g sin(x /1),
i) 2rR
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(c) For small 8, sinf~§. Soasn —» a0, B nﬂ”I (i) |l

"R 2R

(same as Eq. 5.38, with z = 0).

Problem 5.9

(a) The straight segments produce no field at P. The two quarter-circles give B = ”OTI (% - %) (out).

(b) The two half-lines are the same as one infinite line: :«7111 the half-circle contributes “:};
/.zoI 2 .

So DB = iR (l ﬂ) (into the page).
Problem 5.10 7 : 5 [

(a) The forces on the two sides cancel. At the bottom, B — 802 = g (R pas B2 e (up). At the

4 2rs 278 T2
o e R s uol’a nol?a’

top, B S0 > F = ——2”‘3 T (down). The net force is Tralai (up).

(b) The force on the bottom is the same as before, ual? /27 (up). On the left side, B = % £

: A 2 s I B
dF =1l xB) =I{de X +dyy +dzz) x (;’o ) ’;0 (-d ¥ + dy X). But the x component cancels the

uolz us/\/_+a/z|
corresponding term from the right side, and F, = — o / ;d:r. Ilere y = v/3z, so
L] B

V3

2 EYRVE /2 I? 3

Fy = —;":,3. In (q"‘/‘;\‘/;/ ) = 2"\0/_ (l + \g_—sa) . The force on the right side is the same, so the net
2/ 3 2 Ir
Uy
In |
foree on the triangle is Egr [1 - %]n (1 \gﬂ) |-
/ s -

Problem 5.11 %

Use Eq. 5.38 for a rmg of width dz, with I = nidz:

B= dz. Bul z = acol b, 5 8
\3/2
|u2+22 i \n \ !’ j

-z
3
so dz — dg a.nd 1 3’ slnq 0 !
sin’ 8 (a® + 22) a’ < o
So
¥ “CM/:3 bii: g = y.onI/‘ punlc 9| = ““;I(coseg-cme,).
)

For an infinite salenoid, 8; =0, #; =, s0 (cosb —cosf) =1— (-1} =2, and B = |mmI v
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Problem 5.12

Magnetic attraction per unit length (Egs. 5.37 and 5.13): fin = g_u A‘:“
1A :
Electric field of one wire (Eq. 2.9): E = —— Electric repulsion per unit length on the other wire:
T€n

T X 1 1
= —— — . They balance whe 2= = 5
Se ey ince when pige o ar | v T

2we0 d
=(3.00 x 108 m /s.| This is precisely the speed of light(!), so in [act you could

Putting in the numbers,

1

- V/(8.85 x 10-12) (47 x 10-7)
never get the wires going fast enough; the clectric foree always dominates.

Praoblem 5.13
0, for 2 < a;
Byl g

¢, fors>a.
2ms

v =

(a) }{B dl = B2x3 = pglene =

a [+3 i A | s s
(b) S =ks; I = / Jda = / ks(2rs)ds = Zn;u e 23—13 Tineis / Jda = / k3(273)d3 =
0 0 ra ) 0 U

2ka® Py Srad P for s < a;
. _I_ fors<a; Iene=1, fora>a. So B=
3 i
i Sis for s > a.

Problem 5.14
By the right-hand-rule, the field points in the —§ direction for z > 0, and in the +§ direction for z < 0.
At 2 =0, B = 0. Use the amperian loop shown:

j{B-dnz Bl = polene = polzJ = (~a<2<a). Kie > a, Jone = biala;
D= { ~pnoday, for z > +a; } ZT " amperian loop

+pgJay, forz> —a. ——r
z{| |

{

SO

Y

Problem 5.15
The field inside a solenoid is pgnl, and outside it is zero. The outer solenoid's lield points to tho left {—2),

whereas the inner one points to the right (+2). So: (i) IT] pnI(m na) z, (ii) IB = —polng 2, {iii) | B =(. l

Problem 5.16

From Ex. 5.8, the top plate produces a flield uoK /2 (aiming out of the page, for points above it, and into
the page, for points below). The bottom plate produces a field oK /2 (aiming into the page, for points above
it, and out of the page, for points below). Above and below bolh plates the two fields cancel; hetween the plates
they add 'd up to ok, pointing in.

(a) | B = poov (in) l betweem the plates, elsewhere.
(b) The Lorentz force law says F = [(K x B)da, so the force per unit areais f = K x B. Here K — ov,

to the right, and B (the field of the lower plate) is poov/2, into the page. So | fm = poo?v* /2 (up).
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(c) 'I'he electric field of the lower plate is o/2¢q; the electric force per unit area on the upper plate is
' fo = 0%/2¢0 (down). ;'lhey balance if pgov? = 1/ep, or |v = 1 ',/eopg __—I (the speed of light), as in Prob. 5.12.
Problem 5.17

We might as well orient the axes so the field point r lies on the y axis: r = (0,¥,0). Consider a source point,
at (z',y',2') on loop #1:

a=—a'x+(y-y)y-2'% A =de' x+dy'§;

| % y Z
dl' xa=| dz' dy' 0 |=(-="dy) %+ (Jda") 9+ [(y —¢')de’ + 2" dy'] 2.
-2 (¥} =2
B _ ol dl xa ol (—2'dy )R 1 (2 dx’' ) § + [y —y')da’ + &' dy]z
] —3
R (@) + (v — ) + ()7
Now consider the symmetrically placed source element on 2
loop #2, at (2',y',—2"). Since 2’ changes sign, while every- 3 Lilee
shing else is the same, the x and y components from dB, and o
@B cancel, leaving only a Z component.  qed i T loep 1
With this, Ampére’s law yields immediately: d |4
\ %
B= pord %, inside the solenoid; n\l\\“r X
0, culside // i / y
& /
e z
(the same as for a circular solencid—Ex. 5.9). ] /
For the torcid, N/2xs = n (the number of turns per unit *
length), so Eq. 5.58 vields B = pgn/ inside, and zero outside,
consistent with the solenoid. [Note: N/2xs = n applics only A Joop: 2
if the toroid is large in circumference, so that s is essentially e
constant over the cross-section.]
Problem 5.18

IIt doesn't matterJ According to Theorem 2, in Sect. 1.6.2, [ J -da is independent of surface, for any given
boundary line, provided that J is divergenceless, which it ds, for steady currents (Eq. 5. 31)

Problem 5.19
charge _ charge atoms moles  grams

W= ——=—— ()(N)( )(d where

volume ~ atom  male gram " volume

e = charge of electron = 1.6x WP0E,
N = Avogadro's number = 6.0 x 10% mole,
M = atomic mass of copper = fi4 gm/mole,
d = density of copper = 9.0 gm/cms.
-19 23 9 0 4 oS
p= (1.6 x 107°7)(6.0 x 10™) =|1.4 x 10*C/cm®.
bl J = —I- = fssigis 1 A - = (0.1 x 10~ cm/s, | or about 33 cm/hr. This
782 rs2p (2.5 % 1073)(1.4 x 10%) 1
is astonishingly sma.l]———htemlly blo“el than a snail’s pace.
LI (47 x 10~7
(¢) From Eq. 5.37, fn = 2—1r ( l‘-i—{) ——21——) |2 x 10~7 N/cm.
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1 X ™ 1 4\1,\2 g 1 1 11!2 - 62 Ho Illz _(32
= f=--z~.n.)( d )wz—zm (T)- (— o T)‘z?f’""”h“w

. o 3.0 x 1010\ ? =
e =1/ /eomo = 3.00 x 103 m/s. Ht*.m}f S (lem ) =

m

fe=(11%10%)(2%x1077) =|2 x 10'* N/em.

Problem 5.20

Ampére’s law says V x B = poJ. Together with the continuity equation (5.29) this gives V - (V x B) =
1oV - J = —puodp/dt, which is inconsistent with div{curl)=0 unless p is constant (magnetostatics). The other
Maxwell equations are OK: VxE =0= V-(V xE) =0 (v), and as for the two divergence equations, there
is no relevant vanishing second derivative (the other one is curl(grad), which doesn’t involve the divergence).
Problem 5.21

At this stage I'd expeet no changes in Gauss’s law or Ampére’s law. The divergenee of B would take the
form IV ‘B = aopm,] where pp, is the density of magnetic charge, and ag is some constant (analogous to €

and pg). The curl of E becomes V x E = 33T, I where J,, is the magnetic current density (representing the
flow of magnetic charge), and [y is another constant. Presumahbly magnetic charge is conserved, so py, and Jg,
satisfy a continuity equation: V -J,, = —fp,,/8t.

As for the Lorentz force law, one might guess something of the form g, |B + (v x E)] (where g, is the
magnetic charge). But this is dimensionally impossible, since E has the same units as vB. Evidently we
need to divide (v x E) by something with the dimensions of velocity-squared. The natural candidate is

? = 1/eopo: |F =g [E + (v X B)] + g [B - Clz(v x E)] .| In this form the magnelic analog to Coulomb’s

law reads F = —= ™% . 20 ta determine ag we would first introduce (arbitrarily) a unit of magnertic charge,

then measure the force between unit charges at a given separation. [For further details, and an explanation of
the minus sign in the force law, see Prob. 7.35.]

Problem 5.22

i, 14 }101 /
ar ) 2 \/m g &

. s %
pod V117 _ | ool |22+ V()" +8° :
=ty legimrp)|| =8y 2N gl 78 ]y
ir ’[ ( )] a | 4r LX +V/@)rE+s S
aA - 1ol 1 8 1 8 -
B = WxAs-— g >
s 4r L‘A +V ()2 +2 ()48 n+(n)*+s% (n)+ 32} ¢
- mols |z f(2)* + 82 1 _a - (=) 4 s 1 é
ar | (22)? = [(22)* + %] \f(z)" + 87 2 —[(21)* + 8] /()P + &7
ols (_1_) gl 2 1| g 1ol Z3 3 2z é
Am v (22) ! + 57 V(@)? T drs | ()2 +62 J(2)+s2|

g . 21 i
or, since sinflj = —————— and sinf; =

= % (sinfy —sin6) (5’ (as in Eq. 5.33).
s

s




Problem 5.23

. A 1 V8T sk 4
Ao_k=B_VxA-ébé(sk)z_éﬁ,J_M(VxB)_po[~()]¢_ _é.

Problem 5.24 1 i
V-A= —EV-(pr) = —§[Bv(er)—r-{VxB] = 0, since V x B = 0 (B is uniform) and

Vxr=0 (Prob. 1.62). Vx A = —%Vx(pr) ——[B Vir-(r-V)B+r(V-B)  B(V.r)l. But
{r-V)B =0and V :-B = 0 (since B is uniform), and V-t = g—T + g—z 3‘. =1+1+1 = 3. Finally,
(B-V)r = (B,,aa +B"i;9 +B,;)(zx+yy 2%) =B, X+B,y+B;2=B. SoVxA = - %[B— 3B) = B.

qed
Problem 5.25
*(a) A points in the same direction as T, and is a function only of s (the distance from the wire). In cylindrical

coordinates, then, A = A(s)z,50 B=V x A = —g—f ¢ = gil b (the field of an infinite wire). Therefore

o

68—';1 = —;%i, and | A(r) = —% In(s/a)Z | (the constant a is arbitrary; you could use 1, but then the units
n a/l; OA, - [10,
k fishy). V-A =22 =0, S
look lishy). V- A 5 0.v VxA as(b 2;s¢‘ B.v
By : 2 1 uoI32
(b) Here Ampére's law gives ¢ B-dl = B2rs = pglene = pogJ 78° = g ?ws T
Iio Is (911 ’lo] S e ”0[ 2\ A SRyt arbitrarv eve inc
B= 92 2 @ P T 522 = Fr(s — 0”)Z. Here b is again arbitrary, except that since A
must be continuous al R, kS In(R/a) = ”0 (H2 %), which means thal we must pick @ and b such that

27

e R2(9 RZ)Q for s < R;
2In(R/b) = 1 — (b/R)?. I'lluse a = b= R. Then |A =

—&:-ln(s/R)i, for s > R.

Problem 5.26
K=Kx=B=+
A is parallel to K, and depends only on z, s0 A = A(z) X
R DA _ K
4 Ho
B=VxA=|0/0x 9oy 0/0z |=—§=2—7¥F.
Az) 0 0 3 2 LA

A — —”—-‘;Iilzli will do the job—or this plus any constant. ;/;/ //»/ /

Problem 5.27 4 i :
(a) V-A = £0 / ( ) di'. V- (;—) = ;(V-J)+J Y (;—) But the first term is zero, because J(r")

K
B ¥ (plus for z < 0, minus for z > 0).

) ' " g : 1 1
isa function of the sonrce coordinates, not the field coordinates. And sincca=r-r', ¥ ( ) =-V' ( ) So
2 2
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V(‘:—-) =-J-V (;) But V(;l) = %(V'-J)+J~V' (%), and V'-J = 0 in magnetostatics (Eq. 5.31). So
J M0 J

v (E) -v'. (J) and hence, by the divergence theorem, V- A = —== /V"- dr'= —— @ = d'
4 % w : 4a

where the integral is now over the surface surrounding all the currents. But J = 0 on thiz surface, so V- A 0.v

(b) Vx A = %/Vx (i) dr' = — Mo [ (VxJ)- JXV(I)} dr’. Bult V xJ =0 (since J iz not

1
a function of r), and V (;) = _‘z_" (Eq. 1.101). so VA= ff‘»ur s 4(!7 =B. 4
| " 7 %2

(¢) V2A = i—‘—'_% / V2 {%) dr'. But V* (%) AT (1) (ence again, J is a constant, as lar as dillerenti-

1
ation with respect to r is concerned), and V2 (; = —4nd* (2) (Eq. 1.102).

So VA = q—; /J(r') [—4rd®(a)] dr' = —pod(r). ¥

Problem 5.28 F
ol = ¢ B-dl= —f VU -dl = —[U(b) — U(a)] (by the gradicnt theorem). so I7(b) # U{a). qed

a
Far an infinite srraight wire, B = PJ—I @: W= s 0T

2ns 2r
; uol o yof 1 39»
-VU = Vid)y= === ¢ B. But when ¢ advances by 27, this function does not return to ils inilial

would do the job, in the sense that

value; it wozks (say) tm 0 5 c,‘) < 2x, but at 27 it “jumps” back to zero.

Problem 5.29
Use Eq. 5.67, with & — 7 and 0 — pdrF:

A = ;.cuwp31n9¢/ f“‘d'f+‘°3pr‘;m0¢/ F dF
powry o[ () + 7 (g2 5 B T
( 3 )sAnO[rz(s)Jc-z(R )]cb 2 9L sin 6 3 )
- _ towp [ ENbs. 48 Tag f’R_’_i) A
B = A= 5 {Mmgag[swérsna 5)] rc’ir[r sm0\3 5 GJ

ne | 2 Q

Jigp K 3 5 ) cosdf - ( = )qm()é] But p = /AR SO
pow@Q 3r? r?

o 471’R [(I—W)COSBI‘—(I—W sin

Problem 5.30

) oW, s W x ! t

(a —A s = Fy:.nz(;p'y‘z):—fo Fy(:c.y,z)d:c +C’|(yw3)-
OW, ;
aw” = F, = Wy(z,y,2) =+ [; F:(z' y 2)de’ + Ca(y. 2).

These satisfy (ii) and (iii), for eny Cy and Cs; it remains to choose these functions so as to salisly (i):
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< OR, (' y, 7) 9C, /‘ OF 8 s B i - 8F, 6OF, &F,
/ 3y dz’ + By p R da' — o F.(wy, z). But T + By 4 i 0, so
2 i OC' “AF (2, y, 2
/0 Mg#d ot % - % = Fi(z,y,2). Now /0 igx’,’—’)dx’ = Fp(z,y,2) — F3(0,y,2), so
9C, _ 00 _ ! 'R0,y 2)dy ! i
T = Fo(0,y,2). We may as well pick C2 =0, Ci(y,z) = . F,(0,y',2)dy’, and we're done, with

a v T
We = 0; Wyzf F (' y,3)da’; W, =/ F,(O,y',z}dy'—/ F(z',y, z) dz'.
0 0 0

, ro (OWs BW\ . [OW. BW,)\ . [OW, OW.
(h)wa-(Oy 52 )x+( o2 da:)y|(dz Ziy)ﬁ

5 [P‘ A / 3”””' Ll L e / BF'(x’y'z)dx']5:+[0+'Fu(:r,y,z)]$'+[F;(J:,y.z)—Oji.

But ¥V -TI" = 0, so the X term 1s I'(O y,z)+/ Mf—)—d ]*F,((J,y,z)+!v§,(w,y:z)—l"‘,([),y,z),
soVxW-=F, v

oW, OW BW OF: (2", y, z) /” OF; (0, y B /‘ OF,(z',y,2) , ,
V= = — Py S E __—_
V-V B ay i =0+ / By dz' + dy 52 dz' # 0,

in general.

z 2 v .
(c) W.,:f o'dy' = :_r_; W,:/ y’dy’—/ zdx' = ﬁ—zzt:
0 2 1] 0 2

. 2 X v z
IW—-%,\? (%—zw) Z.| VxW=|38/0z 8/dy d/0z =yk+zy+c2=F. 7
0 z%/2 (y?/2-zx)

Problem 5.31

(a) At the surface of the solenoid, Bapove = 0, Bpelow = tonlz = ppKz; i = §; so K xn = =Kz
Evidently Eq. 5.74 halds. v

(b) In Eq. 5.67, hoth expressions reduce to (uyR%*we/3)sinf¢ at the surface, so Eq. 5.75 is satisfied.

oA = gt (_251110 o = —2“0_}?“” sin 8 ¢; e = HoRo sinfl . Sa the left side of
o |ps 3 r3 B 3 g e 3

Fq. 5.76 is —pyRwa sinf . Meanwhile K = ov = o(w % 1) = cwRsinf @, so the right side of Eq. 5.76 is
~jowRsinf @, and the equation is satiisﬁgd. .
Problem 5.32

A : JA OA
Because Aibove = Abelow at every peint on the surface, it follows that Bz and 6_y are the same above

end below; any discontinuity is confined to the normal derivative.

Bitove — Bhelow = (— 0'45“2""" 04;""‘"’) X+ (OAS:'"’" - gi‘;‘:'i) ¥. But Eq. 5.74 says Lhis equals

K (=¥). So Oyorene _ QAyeton. and Ozime _ OAzieon = — oK. Thus the normal derivalive ol the com-

Oz . 9z 9z
A A
ponent of A parcllel to K suffers a discontinuity —po K, or, more compactly: 9 (,;‘:’" - é;’;"’w = — K.

Problem 5.33
(Same idea as Prob. 3.33.) Write m = (m: #)f + (m - 0)0 = mcosOF — msind @ (Fig. 5.54). Then
3(m-£)f —m = 3mcos0f —mcosOF +msin00 = 2mcos@f + msin0 0, and Eq. 5.87 <» Eq. 5.86. qged
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Problem 5.34

(a) m=TIa= I7rR22.|

(b) B = f;ij:f (2c089r+sm90)
(¢) Onthe z axis, 8§ =0, r=2,f =2 (for z > (), s0 B:s";iR 2 (forz< 0,0 =m #=—%, so the field

is the same, with |z|® in place of 23). The exact answer (Eq. 5.38) reduces (for z » R) ta B = joTR* /2|2,
so they agree.

Problem 5.35
For a ring, m = Ixr?. Here I = ovdr = owrdr, som = j;,R rriowr dr = | TowR?* /4.

Problem 5.36
The total charge on the shaded ring is dg = o(2rRsin8)R d#.

The time for one revolution is dt = 2r/w. So the current
d ;
in the ring is I = d_(tl = owR*sinfdf. The area of the ring

is m(Rsinf)?, so the magnetic moment of the ring is dm =
(awR? sin 6 dd)wR? sin® 8, and the total dipole moment of the
shell is

m = owrlt* [ sin® 0d8 = (4/3)ownR?, or lm = ‘%rau;R’ Z.

The dipole term in the multipole expansion for A is there-
fore Agip = Z—i%awR‘ 520 ¢ = poow I’ sm0 &, which is
also the ezaci p‘(:l.eutia.l (Eq. 5.67); evidently a spmmng sphere
produces a perfect dipole field, with no higher multipole con-
tribulions.

Problem 5.37 '

The hLeld ol one side is given by Eq. 5.35, with s —

V2% + (w/2)? and sindy = —siné, = _____.(w/2). :

~

22 + w? /2
Mol w « -
B=— . 'To pick off the vertical
i /W) + W) B g
2
component, multiply by sin¢ = z(w/( ),2)2 for all four
w

pol w*

sides. multiply by 4: | B = — z. |For
PLy by 2r (22 +w2/4)\/z2+w2/2 / D M
wy
z>»m Br ’;ohb %. The field of a dipole |m = Jw?, | for L
points on the z axis (Eq. 5.86, with r = 2, £ = 2,0 = 0) is

B=2223 v

Problem 5.38

The mobile charges do pull in toward the axis, bul the resulting concentration of (negative) charge sets up
an electric field that repels away further accumulation. Equilibrium is reached when the electric repulsion on
a mobile charge g balances the magnetic attraction: F = g[E+ (v xB)] = 0= E = = (v x B). Say the current




is in the z direction: J = p_vZ (where p- and v are both negative).

}{B-dl=Bers=,uo.hr32=>B=MF:TM$;

1

.+ p)sa
2(_\_)(/» b p-)s

/E-da: E2nsl = C—1~(p+ Fp)rsfl=s E =
0

1 R = Hop-UsS = 2% }ao 2 - e o A ’H2
260(a++0—)bb— [(va) % ( 7 ¢)} =SP-v 8 py+po = p-(eopor’) =p- (= |

2

Evidently g, = —p_ (1~ 2—2 = f'; ,or p_ = —~2p,. In this naive madel, the mobile negative charges fill a
smaller inner cylinder, leaving a shell of positive (stationary) charge at the outside. But since v < c. the effect
1s extremely small.

Problem 5.39

(a) If positive charges flow to the right, they are deflected and the bottom plate acquires a positive
charge.

(b)quB=qE =z E=uB=V=Et= with the botiom at higher potential.

(¢) If negative charges flow to the left, they are also deflected down, and the bottom plate acquires a negative
tharpe. The potential difference is still the same, but this time the top plate is at the higher potential.

Problem 5.40

From Eq. 5.17, F = I [(dl x B). But B is constant, in this case, so it comes outside the integral: F =
I{[dl) x B, and [dl = w, the vector displacement. from the point at which the wire first cnters the field to
the point. where it lcaves. Since w and B arc perpendicular, F = I Bw, and F is perpendicular to w.

Problem 5.41
The angular momentum acquired by the particle as it moves out from the center to the edge is

L=/%dt:/th=/(er)dt=/rxq(va)dt=q/rx(dle)=q[/(r-B)dl—/B(r-dl)].

But r is perpendicular to B,sor-B =0, and r-dl = r-dr = 3d(r -r) = 1d(r*) = rdr = (1/2r)(2rrdr).

R
So L = __q_/' B 2ardr = ——- /Bda. It follows that |L = — —®, | where @ — J Bda is the total flux.
21 Jo 27 27

In particular, if & = 0, then L = 0, and the charge emerges with zero angnlar momentum, which means it is
going along a radial line.  qed

Problem 5.42
From Eq. 5.24, F = [(K X Bay)da. Hore K =av, v = szineqﬁ, da = R*sinfdf d¢, and
Bive = ;‘(Bin + Bou!.)' From Eq. 5.68,
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; 2
By = %pga!iwi = Euoa}?u(ccsei‘ ~ §in6@). From Eq. 5 67,
- & poRwasing -\ pmeR'wo [ 1 8 fsin®0) . 18 sin()‘) A
Bout VXA—VX( 3 2 (p)— 3 [rsinaﬂﬂ % ) T rar \r ; i
4
& %(2c050r +sin@ @) = mg(Zoost +sin6# @) (since r = R).
B,. = £ féw (4cosfF — sind 6).
K xBge = (cwRsin8) (#o%ﬂ) [J) % (4cos8Tt — sinﬁo)] = %g(owﬁ)g(tlcos(ié +s5inf1)sind.
Picking out, the z component of 8 (namely, — sin#) and of £ (namely, cos®), we have
(Kax: Bava)e = —’—"(crwR; sin#cosd. so
o sin' 6 |7/? o
F. = 2-(0wR)2R2/Sln39C089d9d¢— = 2 (owh?) 2 (—4—) , or |F === R*?%
U
Problem 5.43 ; v
(a) F=ma=q/(vxB)= ﬂOQch(v £); a:%q—*q—';l(vx )
. 1d 1d. 5 du dv
: . =1 . = ——(y - =___"=|__S =1{.
(b)rlj;causea_l_v a'v=0.Buta-v %dt(‘ v) 2(”'(1,) v S0 0. qed s
S e el R L o1k S i G OO L (L T oo L i A
(c) 7 =m{v xv)+m(r x a) 47[ i (r) 0+ o [rx (v xr] = (r 72dt)
_ HoGeGn - o Xor)} = Hoelm l'_ ~ (i' ) V) o Y i. 2(1‘ I V:I =
i {r"[rv Gesag) r+2dt( )}— 4 [r T 2 r*2r 1 ]—0"/

d)H)Q d=QE @) =mrxv) &-— !ochm( -@). Butz-d=+%-6=0,s0 (rxv) ¢ =0. But
r=rt, and v = -:g— —7F 4706+ rsin 0 & (where dots denote differentiation with respect te time), so

i 0 &
T 0‘ 0 .
T 10 rsinde

= (~r?sin qu) 6 + (7‘“’0) (,"3

rxv=

Therefore (r x v) - ¢ = 72 = 0, s0 6 is constant. qed
(i) Q- F=Q(z-F) =m(rxv) -t ”oq:rq'" (). But 2
Qonaf = —H09eln 0w  E0Gm

f=cosb,and (rxv) Le=(rxv) £=0,s0

. And since @ is constant, so too is . ged

47 47 cosf : A ; N '
(iii) Q 8 = Q(2-6) = m(rxv)-ﬂ—%:’"(f.g). Butz-0 = —sind, £:0 =0, and (rxv)-8 = —r?sinfp
, docme o w Q . K _ @ _  M%im
(from (1)), so —Qsin@ = —mr°sinf¢ = ¢ = g with | k= g
TR o e

(e) v2 =72 ++26% - +?sin® 6042, but # =0 and ¢ = op sof =v:—r stGT4 il — -
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T gksmﬁ,’r mw\2 dr froryd
P T IO o
; dr 1 ur
‘f:‘ /‘,—-__—__=/d¢=> .—-(Ib = — b'ec_l L si 0
ry/ (urfk)? — sin?@ PN e (ksmO) o i ksml)
l )= 4 . MoYeYr tané
) = cos((é — ¢o) sinG)’ MR drmv

Problem 5.44

Put the field point on the x axis, sa r = (5,0,0). Then %
B = "°fo")da da = Rdpdz; K = K = *"l !
K{—sindX +cosdy);2 — (s — Reosg) X — sindy — 2 . f?%
% y z K ,
15 B S S | & —sing cosdh 0 = /:
(s — Rcos¢) (—Rsind) (—2) T PN
K[(-zcos@)% + (—zsing) ¥ + (R — scosd) 2]; o ""i\ : £
22 — 22+ R?+s? —2Rs cos ¢. The = and y components integrare AT e TN
to zero (z integrand is odd, as in Prob. 5.17). a
N =
-L

(R~ scosd)

B, = =KR
: i dr /(22+R2+59-2Rscos¢)3/2 ahes
I

o ER T Lo dz -

= e u kR 3C08 @) oo(_2+d2)3/2 dd,

where ¢ = R? + s* — 2Rscos¢. Now foc. _dz—_ ‘
o (2 °+"F)"""—d"m dﬂ'

* KR [ =
: Mo (R —scosg) 2 B o L T Al s % i o

= 9 / (R’+sz—-2Rscos¢)d¢' (B SCOS¢)—2R [ o (B - 2Racos 9)] .

_ K[ 2 /2“ do /* .
T Ar [“R Hdofe (R2+52—2Rscos¢)+ 5 W ;

[ = P V&P tan(o/2) ||
¢ atheosp o a+beusd  af B2 atb 0
4 -1 | vaZ —b% tan(x/2) 1 s 27 2 . 2
= e —_— ) = ——. — 4
V- [ e e O e S

b— —2Rs. s0a? — b = R* + 2R%s% + s* —4R%s? = R* - 2R%s%> + 5% = (R? - s?)%; Va? - 02 = |[R* - &|.

pal TRRY =L _mK ( R* -5
B, = o [IR‘ s2|21r421r =55 |R2—32|+1 .

[y K

Inside the solenvid, 8 < £, s0 B: = “GK Z—(1+41) = oK. Outside the solenoid, s > R, 30 B, = (=1+1)=0.

Hewe K = nl,s0| B — ponl i[gnside), and 0(outside) | (as we found more easily using Ampére’s law, in Ex. 5.9).




102 CHAPTER 5. MAGNETOSTATICS

Problem 5.45
Let the source point be r' = Reos¢g® — Rsing§, and

the field point be r = Rcosf® + Rsin@§; then 2 = 2
R[(cosf —cosp) % | (sinf + singd) §] and dl = Rsingdo% + 5
Reosdpdep§ = Rdd(sindX + cosp§). < /' .
/, } x
o aap )
dlxas = RYdé sin @ cos @ 0 ¥ !
(cosB —cos@) (siné +sing) 0 K

— R*(sin¢sin® +sin® ¢ — cosfcos ¢ + cos® @) dp @
= R*(1+sinfsing — cosfcos ) dpz = B> [1 — cos(f + ¢)] do 2.

g - Mol dlxa“,_‘ngi/" 1 — cos(6 + ¢)] _ Mol H? z/' dg
ar #3 4 o [2R? — 212 cos(0 + ¢)]*/* 4x(2R?P2 7 Jo /T~ cos(6 + p)
wl . [ dg ol . { [ (0+ «»)]} T |l [tan(22)] .
= = 21 fe e = = .
8VarR Jo Vasm[B+ )2  16xR° T [P\ T2 o |BxE | Ttan(?) |
Problem 5.46 B
2
(a) From Eq. 5.38, |B = 075 - - : 50
2 | [R2+(d/2+ 22 [R2+ (d/2 - 2)%)¥
OB _ polR? | (-3/2)2d/2+32)  (=3/2)2(d/2-z)(-1)
7 2 | (R4 /2+207 (R + (4/2 - 2)?
_ 3ulR? —(d/2+2) | (d/2-2)
2 | (R (242 (R4 (d/2-R)
AB 3pe R? —d/2 dj2
: 3 52 T gz =0
0z [, o g (B2 +(d/2)?2]* (B2 + (d/2)?)
(b) Differentiating again:
B 3uolR’ { -1 _ =(df2+ 2)(=5/2)2(d/2 + 2)
0z? 2 Ymi(d2+20 " [R+(d/2+2)2])"?
i -1 L (a/2 — 2)(-5/2)2(d/2 z)(—l)}
a ~216/2 T2 ¢ n7/2 5
[R? + (d/2 - =)?] [R? + (d/2—z)?)
9B 3pol R? = - 2(5/2)2(d/2)%2 3ol R? ( 2 & 542)
SR — T T = T — I\ e R gt s
92 |,z 2 |47 R+ @) (R + (/2] 4"
3ol K? (@ - R*). Zeroif in which case
(2 + (d/2)2)"" ;

- =l
By (R2PPE (R (R T GREARE T BER

B(0)

wol R? 1 1
2
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Problem 5.47
(a) The total charge on the shaded ring is dg = o(277) dr. The

time for one revolulion is df = 2 /w. So the current in the ring :
d 4 s ;
= Eg— = gwrdr. From Eq. 5.38, the magnetic field of this sdefow
Mo r2 — —
ring (for points on the axis) is dB = —2—0me dr 7, (:\ C /;,)

and the total field of the disk is

: " 3
T ™dr . ol 3
B = 3 /0 T 2 zZ, Letu=r® sodu— 2rdr. Then

ftoOW /‘Rz udu  poow 5 u+ 222
4 Jo w+2z2)32 4 Vu + 22

(b) Slice the sphere into slabs of thickness ¢, and use (a). Ilere
t - |d(Rcosf)| = Rsin0do;

o = pt = pRsin0dO; R — Rsin@; z — z — Rcosl. First
rewrite the term in square brackets:

[_(R" +279) 1 _HRP4e®) R
VRZ + 22 VR?+ 22 VR*+2*
R?/2
SR Ly e L e iy
[ ‘ VRE+ 22 z]

But R* + z° = R*sin® 0 + (2 —2Rzcos 0 + R*cos® 0) = R* +
#* - 2Rz cos0. So

B poow [(R* +222)

= St |
0 2 VR4 + 22 J

2z 2z

popRw . ™ . — — (R?/2)sin®4 ]
B, = ———2 sinfdé |\/R? + z2 —2Rzcosb — —(z— Rcosé)| .
5y 2 /0 4 [\/ e VR? +2? —2Rzcos6 ( o
Let u = cosf, so du=—sinfdd; #:0 > r=u:1— —1;sin*8=1-
L e (RSN —) ]
= Rw R24+ 22 —2Reuy — ——— - — 2 Ru|d
il /;1 [\/ : . VR? + 22 - 2Rzu ]
R2
= pgpRw [71 = 2‘(’2 = fa)“f4+15] :
L = f VR + 22 2R du—-L(Ruz?-szu)“’z"
L 0z * e ; 3Rz -1
Bane [(R 2 - 2R2)""" — (K + 2° + 2R2)"""] = = [(s - R - (s + B)']

4 Yoo ¥ o el ok e e Boge il
= 332(3 3z°R+3zR> - R’ - z' - 3z’R—3zR* - R") 3zkiiz + R°).

1 2 2_¢ x -_.}_ - — (= -g
- VR +z 2Rzu|_1— =l -R)-(+R)]=1.

1 1
/ ————n 4 =
_1VR¢ | 22 - 2Rz2u
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- D i)
s \/Ji’2 + 22 = 2Rzu %
= 60R3 3 [S(RJ 2°) + 4(R* + 2*)2R2u + 3(2Rz)2u2] \/R2 e
1
= oo LB + 27 + BR(K + %) + 128°%] (: - )

- [S(R2 +27)? —

8Rz(R? + 2%) + 12R?2%) (2 + R)}

{2 [16Rz(R? + 2%)] — R[16(R? + 2°) + 24R?2%]}

60R3 3
1 e ORI e o ol g
~ 60R°: qIGR(Rz +2' =R =-2R?2 -t 2Rz
AR T ) U T U . e / /
15R'2z3( 2Rz R) 58 (R - z o Ay = du=2z; ;=R udu = 0.
B: = poRpw 2(3"’+R2 g R +2:2) 2
P A e 2z 2 152° 27 "
2R R* 2R R?
= ﬂnRW(22+'3—z——z'+lozs+3z 2)
= 2R° o woQuwi? |
=, Mg Db (4/3) @ (B~ o
Prohlem 5 48 aF
B = l;or 4: s 2= —Rcos¢x + (y — Rsing) ¥ + zz. (For simplicity I'll drop the prime on ¢.)
32 = R%cos? ¢+ 9 2Rysinq’>+R2 gin® ¢ + 2 = R? ~l—y2+z2 — 2Ry sin ¢. The source coordinates (2, ', 2')
satisfy ' = Recos¢ = dz’' = —Rsingdy; ¥y’ = Rsing = dy' = Rcos¢dg;z’ = 0= dz' =0. Sodl' =
—Rsinddpx + Rcosddoy.
X ¥ Z ‘
dl' x2=| —Rsin¢dp Rcosddg = (Rzcospdd) X + (Rzsinddep) ¥ + (—Rysin pdd + R dp) 2.
—Rcoséd (y—Rsing) =z
wlRz [ cos¢ dd iRz 1 1 a8
'B.T.. - 7 % 3/2 = =t = - =0)
4  Jo (R%+y?+ 22 — 2Rysin ) 4 Ry /R? +y2+ 2% - 2Rysing|p

since sin ¢ = ( at both limits. The ¢ and = components are elliptic integrals, and cannet be expressed in terms

of elementary functions.

u(]IRZ

By & Am

I

wolR

(R — ysin @) do

4 sin g dg . B
(R? + y* + 2% — 2Hysin ¢)%/* i

-
=

/; (R2+y2 -+-.z’-21'\’53/81119’;)3/2

47

Problem 5.49

F=Igfdlng—
2 44

=l A

From the Biot-Savart law, the [eld of loop #1 is B = g‘i—l—l o .:( 2

g CLILEU RSP
2

; the force on loop #2 is

dl; (dlz &) = "i(dll . (ﬂz), 50
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F=_%,1;2{}(j[%(d1,.m,)—fmlf@,;i}

The first Lerm is what we want. It remains to show that the second term is zero:

~

’ 5 SR 7 8 iy
a=(zp—x) X+ (Y2 — 1) ¥+ (22 — 21) 2, 50 Vy(1/2) = B3 [(z2 — 21)* + (Y2 —31)* + (32 — 1)) X

a O ; X — / 7 -1/2 .
+55[(12—11,"+(92—y1)2+(’32-21)2] i —)-2’[(-"-2 —21)2 + 2 —91)? + (22 — @)?] Vg

(mmm)y (e —w)

2

o (22 21),2___1
2% 2 A 23 =i

2in Sect, 1.3.3). qed
Problem 5.50 i
Poisson’s equation (Eq. 2.24) says V4V = e Tor dielectrics (with no free charge), pp = -V - P
0

'?a' &

; Sof:—,u,-dlg = —ng (l) -dl; = 0 (by Corollary

2

P(r') -2
(Eq. 4.12), and the resulting potential is V'(r) = 4135 / (1;2) 3 dr'. Tn general, p = €V - E (Gauss’s law),
0
5 E(r') -2
s0 the analogy is P — —eE, and hence V(r) = —-4% / —E,z)_ dr'. qed

[There are many other ways to obtain this result. For example, using Eq. 1.100:

v. (4—”;-) =-v. (%) = 478%(2) = 4w 8 (r — 1),

1 2 1 A 1 )
() = Z(e Y83 (r — 17 = AN = Vi Piec ' (2 i F(r')— - da’
V(r) /‘ (r")&3(r — ") dr’ 4#]1 (r')V ("2) dr 47(/42 [v'v(")] drf 4ﬂf\/(r )"'2 da’
o IR N . r l E(r')‘& (3
(Ey. 1.59). But V'V (x') = —E(x'), and the surface integral — 0 at oo, so V(r) = 5 Tdr, as

before. You can also check Lhe result, by computing its gradient—but it’s not easy.|

Problem 5.51
{a) For uniform B, j;(B xdl) =B x f;dl = |B XE|#E A= —%(_B ®TY:

g ol - 7094 Jigl jolw (1 1) 2
I e— — § —_— ) = —— — - A
B 27s P80 fB e (27ra 2mb §> s 2x \a b)° 7Y

(©) A= —rx B[] AdA =|—-2‘-(r % B).

- N = 1 I o
i Lo g\ R L S --2‘%(: x ¢)/ A%dx = M7 x $). But r here is the
0

2rs 2rAs 21rsI
vector fromn Lhe origin—in cylindrical coordinates r = 88 + z2. So A = —;—‘% [s(ﬁ x @)+ 2(z x &)], and
Exd)=% (2xP)=—-5 So|lA= f‘:{(zﬁ-—si.

The examples in (¢) and (d) happen to be divergenceless, but Lhis is not the case in general. For (letting
L= fol AB(Ar)d), for short) VA = =V-(rxL) = =[L-(Vxr)-r (VxL)] =r-(VxL), and
UxT] = IO' AV x B(Ar)]dA = fol A [V x B(Ar)]dA = ua f(; A2J(Ar)dA\, 30 V- A = jior- fol A2J(Ar) dA, and
it vanishes in regions where J = 0 (which is why the examples in (c) and (d) were divergenceless). To construct
an explicit counterexample, we need the field at a point where J # 0 say, inside a wire with uniform current.



106 CHAPTER 5. MAGNETOSTATICS

Here Ampére’s law gives B 2ms = jtg/ene = foJms® = B = ’,‘U‘]qq's 30

R = —rx/; A(p;‘]).x ¢dA———s(rx¢) é] (28 — s2).
19 b
V-A = 6 [s 63( $°2) + 3, ( 2)] s (823z) MJZ #0.

Conclusion: | (ii) does not automatically yield V - A = 0.

Problem 5.52
(a) Exploit the analogy with the electrical case:

{ I | 1 p-t
E = ——»---3 PP - .3.104) = -VV, ithV = —— :
4 B -Nf-pl (Eq ) , wi e (Eq. 3.102)
B = -4— [3(m £)f —m] (Eq.3.87) = -VU, (Eq. 5.63).
Evidently the prescription is p/eg =+ pom: [U(r) = :; n:z f.
(b) Comparing Eqs. 5.67 and 5.85, the dipole moment of the shell is m = (47/3)woR* % (which we also got
[.lqu'R‘ cosé

in Prob. 5.36). Using the result of (a), then, |U(r) = for r > R.

L
Inside the shell, the field is uniform (Eq. 5.38): B = 3 uoawRi, soU(r) = - gpozruRz |- constant. We may

as well pick the constant to be zero, so |U(r) = —%poaer cosf |forr < R.
[Notice that U(r) is not conlinuous al the surface (r = R): Ui(R) = —3uoowR?cos@ # Usu(R) =

%mowR’ cos®. As 1 warned you on p. 236: if you insist on using magnetic scalar potentials, keep away from
places where there is current!]

(c)
f "::g [(1-%)&501‘-—(1-56—;)@190]=—VU=—%1‘-—%%§—TS:“96—Z$
Z—Z = 0= U(r,6,¢) =U(r0).
%%’ = (%) (1-§R—22)sme=>z;(r ) = (4 }?) (1— ?;)rcosoﬂ(r)-
%U = _(‘Z‘r"lg) (1 s ?;;)ms9=>l!(r 8) = (“’“Q)( ‘522)""5“9(9)'

Equating the two expressions:
o pow@ Gr S How@ r2
( iR ) (l 5R2)rcosG+f(r) (_—47rR ) (1 ER? rcosé + g(8),

(I;O‘;g) cosf + f(r) = y(8).

ar
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But there is no way to write 73 cos@ as the sum of a function of @ and a function of r, so we’re stuck. The
reason is that you can’t have a scalar magnetic potential in a region where the current is nonzero.

Problem 5.53 3
@A)V B=0,VxDB=ypJ,and V- A=0, VxA=D ;"A:g-%/;-df,so

V-A=0,VxA=DB,and V-W =0 (we'll chocseitso), VxW=A =|W= 41" Bdr
(b) W will be proportional to B and to two factors of r (since differentiating twice must recover B), so T'll
try something of the form W = ar(r - B) + 3r’B, and see if I can pick the constants a and 3 in snch a way
that V.W =0and V x W = A.
dx Oy 0z

e = . : ~ 5 1 2
V-W=a|(r-B)(V-r)+r:V(r-B)+8[r*(V-B)+B-V(r?)]. V"az 6y+az_l+l+l—3

VirB)=rx(VxB)+Bx(Vxr)+(r-V)B+(B: V)r; but B is constant, so all derivatives of B vanish,
and V x r = 0 (Prob. 1.62), so

V(r-B):(B‘V)r:(}_'34,6‘?—‘8+}.'3,,(,;9 +B,a)(zx+yy+zz) B+ B,¥+B,;%2=B;
a e} d

) = [ + & A 2 g2 2y — % v 7 = 2r.

v(r) (x_é)z Y5 +z—az)(:r y'+2*)=2r%+2yy+222=2r. So

V-W=a[3(r-B)+ (r-B)]+ [0+ 2(r:B)] = 2(r - B)(2a + §), which is zero il 2a + 0 = 0.
VxW=a|r-B)(Vxr)-rxV(-B)]+3[*(VxB)-BxV(?)] =al0-(rxB)]+4[0-2(B xr)]
= —(rxB)(a-24) = —l(r x B) (Prob. 5.24). So we want @ — 28 = 1/2. Evidently @ - 2(-2a) = 5a = 1/2,

ora=1/10;8 = —2a = —1/5. Conelusion: |W = — [r(r B) — 2r*B] . | (But this is certainly not unique.)
OVxW=A= [(VxW)-da=[A-da Or}W =
[ A-da Integrate around the amperian loop shown, taking L Ly
W to point parallel to the axis. and choosing W = 0 on the ==
axis: : ; ; /%[
g nlY ,_ _ nl s
-Wi = [c (#02 )sts = #02 e (us ng Eq. 5.70 for A). 2y
Tl

W= -ﬂ;{"’—z (s < R).

2 s 2 2
B oo ORI +] JHTN T g P00 | ““”m ! in(s/R);

4 ak 2 )3 4
W= _"““’ B 1+ 21n(s/R) 2| (s > R).

Problem 5.54
Apply the divergence theorem to the function [U x (V x V)|, noting (from the product rule) that
VUx(VxV)=(VxV)(VxU)-U-[Vx(VxV):

/V-IUX(VX,V)] d‘r:/{(VxV)-(VxU)—U-[Vx(VxV)]} df:f[Ux(VxV)]-ria
As always, suppose we have twe solutions, B, (and A,) and Bz (and A;). Define By = B, — B; (and

A35A2—A1),sothathA3=Bs andeB;;:VxBl—VxB2=poJ—1.zoJ=0. Set U=V = Ay
in the above identity:
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/{(v x As) - (V X As) — Ag - [V x (V x As)]} dr = /{(Ba) . (Bs) — As - [V x Bg]} dr = /(33)2 dr

= % Az x (V x Az)]-da= f{Aa x Bs) - da. But either A is specified (in which case A3 =0), or else B is

specified (in which case By = 0), at the surface. In either case §(Az x Bz) - da = 0. So /(33}2 dr =0, and
hence B; = B;. «qed

Problem 5.55

From Eq. 5.86, Buot = Do 2~ £722(2¢0s 0% +5in 0 0). There:

! o5 5 =y _ MO _( _ koo
fore B:t = Dp(z 1) oo 2cos0 = ( By ——2”3)c050.
HoMo
2

This is zero, for all @, when r = R, given by By = ;R“ » OF

2XBQ

oz 173
R= <uom) J Evidently no ficld lines eross this sphere.

Problem 5.56

s = B 10D el R = NPT — 25
(d)l—(2w/w)—2r,a—1:R,m~2ﬂ_7rR -2wR z. L=RMv=MwR*,L = MwR*Z.

m_Q wR* _ Q@ _[(Q ROETT W
T S A [T (QM)L’ and the gyromagnetic ratio is 9=

(b) Because g is independent of R, the same ratio applies to all “donuts”, and hence to the entire sphere

(or any other figure of revolution): (g = i
2M
e h eh (160x10719)(1.05 x 104)
= ——=—= =|4.61 0—31 2,
(M= h ™ 4(0.11 x 10 31) [461x 10 Am

Problem 5.57

fa] = 1 = __3__ \ =
(a) Bave (3/4)“R3/.Bdr = T /(V v A)dr =

3 e 3 #Of /J ’ =
47:H3fAXda T T@mRar { S

- ,—33#9 / J x { f 2 da } dr’'. Note that J depends on the
(4w)2R3 2

source point ', not on the field point r. To do the surface
integral, choose the (z,y, z) coordinates so that r' lies on the 2
axis (see diagram). Then 2 = \/R? + (2')? — 2Rz’ cos @, while
da = R?sinfdfdét. By symmetry, the 2 and y components
must integrate to zero; since the z component of # is cos @, we
have
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1 cozf wsesinﬁ
~da = % : infdfd¢ = 2xR* 2 do
f % z[ VR + (2')? - 2R cos8 & BE V’R" + (2')° — 2Rz' cosf
Let u = cos#, so du = —sinfdf.
1

= 27R%3 BU . 5T
\/R2—-( )2 —2Rz'u
5 2 [2(R? + (2')%) + 2Rz'u , , 3
= 2mR’: {- : T | T —ome ;

2
o {[R2+ (#')2 + R2'] VRZ + (') —2R2' - [R? + (2')* — R2'] VR? + (2")% | 2R2 }

3(R)?
= - [3( W ] {[R? +(£)? + RZ'] |IR— 2| - [R® + (')’ - R'] (R+ =)}
%z'i:%—r’, (' < R);
< AR AmTIR P
i E > R).
4 2
For now we want r’ < R, 30 Byye = (43;%5—3:—— (Fxr'ydr' = 3 om ;%3 /(J xr'}dr'. Nowm = § [{rxJ)dr
2m
(Eq. 5.91), anm-f—l‘—U-F qed ‘ L
(b) This time 7/ > R, 50 Baye = 1 4:;?}2 5 TR / (J X (:;)3> drl= 14!; f : :; iz dr', where 2 now goes

from the souree point to the center (2 = —1'). '1hus Biaii= B.m. qed

Problem 5.58 A
(a) Problem 5.51 gives the dipole moment of a shell: m = —%awR“ z. Let R - r,a — pdr, and integrate:

oy 4r RS Q ' 1—2—
m:-?u.)pz/0 dr = Twp-s-ﬁ But p = - A3 AR’ 50 m—-QwR
_ Mg 2m /10 2Qw
B =
(®) Bave = 4 g3 am 5R |
- _;ﬁgm sin@ ; | po QuR?sind .
o) AES ar 72 e dr 5 2 é.

(d) Use Eq. 5.67, with R = 7,0 = pdr, and integrate:

powpsunG P 3Q sindR® . |po QwRQEﬁO 3
¢,/ ur 3 4aR® 2 5 47 5 1 e

This is identical to (c); evidently the field is pure dipole, for points ontside the sphere.

: : é o How@ Lini WP Bro Y s
(e) According to Prob. 5.29, the field is B = iR [(1 5R3) cost T (1 TR sinf @|. The average
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obviously points in the z direclion, so take the z compouent of # {cos¢) and  (—sin8):

B pow( 1

R2

3r* g AN e P
4R (4/3)=R° ./ Kl 3 W) cos” 6 + (1 - ——) sin B] 72 sin @ dr df d¢

’ m a ul 3 3
- (53w (8- e
L 3::;? RS (;g - 15@"120) sinfdf = 3’;?::5%‘/ (7 +9cos®@) sin@ de
. 0 ic
w
= 2";’0“% (—7cos@ — 3cos® 0)| 200;;32(20) _Q (same as (b)). v/

Prohlem 5.59

The issue (and the integral) is identical to the one in Prob. 3.42. The resolution (as before) is to regard
Eq. 5.87 as correct outside an infinitesimal sphere centered at the dipole. Inside this sphere the field is a
delta-function, Aé%(r), with A selected so as to make the average field consistent with Prob. 5.57

_ 1 g e B Jig 2m
Bave— (4/3)7[[1:3 an (l‘)d‘f— 47{1{3A

2
= A= e . The added term is 2k

3
i 1B 3 el

Problem 5.60

o 1 ‘
- ﬂ; E sy / ()" Pa(cos 6)J dr.

_I‘O

(a) Idl = JdT, s0

o

mon —
dar

(b) A

Losiatics, p is constant, so dp/dt
(c)m=1la=3I§(rxd)— m=

Problem 5.61
For a dipole at the origin and a feld point in the z z plane (¢ = 0), we have

(Prob

0, fmd hence Apon = 0. ged
3 [(rxJ)dr.  qed

.7), where p is the total electric dipole moment. In magne-

B = 4 (2cos€r+sm89) [2cosa(sm0x+cos9z)+sm0(cos[)x-—smOz)]
- :ol 3s‘n0c050x+(2cos 0—sm 9) z].

Here we have a stuck of such dipoles, running from z =
—L/2 to z = +L/2. Put the field point at s on the 2
axis. The X components cancel (beca.use of symmetrical-
ly placed dipoles above and below z = (), leaving B =

L2 ¢ 2g _
o9z f —Mdz, where M is the dipole mno-

4 i
ment per unit length: m = ITR? = (cvh)aR? = cwRaR*h =
3
Mzmzwasz Nowsina——,soi-:&,g-;z:
h r rd 89
—scotf = dz = —=— df. Therefore
sin 6!
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B = MizsuR®)s (%cos«'*e 1)“‘"9 2 do_"°”“’R3 / (3cos? 6 — 1)sin @ df

' w2 8° sin?@

poowR?
232

O wiR? R3
3 Hool 2 2 HoTw .« 2 i
cos’ 8 + cosf = =050y, (1 —CcO5° 8,,,) Z = cos By, sin” 6, Z.
( ) x/2 252 m( m) 252 i e

—(L/2) poowRL

Q —

T S NS . )
T A AN 7 4+ (LT




Chapter 6

Magnetostatic Fields in Matter

Problem 6.1

: 1 g - . ’ -
N=m; x By; By = 22— B(my - £)f —my]; £ = §im; = my =mo9. By =-2T2
da v 4r 73
Mo T2 . Mo TS 2 = Lo (ab!)’ " i . .
T 7 (¥ X2) = e R Here my = ma*I, mg = b°1. So|N = T Final orientation :
:downward | (—2).
Problem 6.2

dF =IdlxB;dN =r XdF = Ir x (dl x B). Now (Prob. 16): r X (dIxB)+dlx (Bxr)+BXx
(rxdl) =0 Butd[rx(rxB) =dr x(rxB)+r X (dr x B) (since B is constant), and dr = dl, so
=dlrx (rx B)] - B x (r x dl).
=11 {§d[r x (r x B)] - B X ¢§(r x dl)}. But the first term

dlx (B xr)
=1/{d[rx (r x B)] =B x (rxdl)}. - N

rx (dl x B) —d[r x (r x B)].

Hence 2r x (dl x B)

i8 2ero (§d(-- ) = 0), and the second integral is 2a (Eq. 1.107). So N = -/(Bxa)=m x B. qed
Problem 6.3 = 5
z by
(&) e
!( A
According o Eq. 6.2, F = 2xIRBcosé. But B =
&mﬂ], and Bcos® = B .y, so Bcosl
4";;-[3(m1 rE-y) - (m - })] But m; - ¥ = 0 and
Iy = sing, while my T = mycosf. ., Dcosl =
m; &2 1 3m, sin $ cos ¢.

F = 2rIR¥ %3m, sin $cos p. Now sin¢ =

But TR%7 = my, so F = 30m my Y77 while for a dipole, R < r, 50| F = Bpg ity
: Zx A
() F = V(m; - B) = (m2 - V)B = (mzf;) [§2 5 (3(mu - z)Z -my)] = &mimai £ (3),
Jm; —3;]1-
: e _ 3;/,0 mymsy
or,since z =7: ([F = — o 2.

,cosp=vVr:—R2/r,s0 F = 3%9m11R23'r@.

113
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Probhlem 6.4

dF = I {(dy¥) x B(0,u,0) + (dz 2) x B(0,¢,2) — (dy §) x B(0,y,¢) — (dz2) x B(0,0,2)}
= 1{~(dy¥) x [B(0,.€) ~ B(0,,0)] +(dz2) x [B.:o,e,z) - B(0, O.z)l}

. 0B 8B

OB

i 6B
2 ). - 0B i 08 ~elB
=5 J€ {z X oy ~¥% } l:Notc that [dy 58 ]0.”'0'\,6 P lo,n.o and [dz €8 o

ooo]

-~

¥ ¥ Z X \' Z
F= rn{ g 82 1) ==)0 0)15 0 } =m{?883;; —iaaﬂ;f - ’.ca;zz _iaaBI}
0B, y 8B, o8B [73:3 Z
oy by by 7‘ P br
=m [icd;: + Ydab; +2 ] (Ubulb V-B = 0 to write 8‘;;" 3;;‘ = afri) 2

But m B = mD, (since m — mx, here), so V(m - B) =mV(B,) =m (Tti Rt o %2)_
Therefore F = V(m -B). qed

Problem 6.5 z

] o A\ J = JhZ
(a) B = poJoxy (Prob. 5.14). F Joé

m-B =0, so Eq. 6.3 says[F = 0.] 1 '
(b) m +- B = mguoJoz, 80 IF = mo,uo.]oi.J
i - 3
(c) Use product rule ##4: Vip: E) y
= px(VXE)+Ex(Vxp)+(p-V)E+(E-V)p.
But p does not depend on (z,y, 2), so the second / /
« el

and fourth terms vanish, and V x E = 0, so the
first term is zero. Hence V(p-E) = (p- V)E. qed
This argument does not apply to the magnetic analog,
since V x B # 0. In fact, V(m-B) = (in- V)B +p,o(m x J).
(- V)Ba = mo 3% (B) = moptodo¥, (m+ V)B, = mg £ (119Jox§) = 0

Problem 6.6

Aluminum, copper, copper chloride, and sodium all have an odd number of electrons, so we expect them to
be paramagnetic. The rest (having an even number) should be diamagnetic.

Problem 6.7

J=VxM=0,K,=Mxa=Mo T“ i
The field is thav of a surface current Ky = M @,
but that’s just a solenoid, so the field
outside is zero, | and inside B = pg Ky = poM. Moreover, it points upward (in the drawing), so

|
|



Problem 6.8
1 3 2y a l 2y a ‘a A 2r 2 - 2 A
VxM=J, = :E(sks )2 = :(3):3 )2 =3ksz, K,=M x f = ks*{¢p X 8) = —kR"2.
So the bound current flows up the cylinder, and returns down the surface. [Incidentally, the total current should

be zero ... is it? Yes, for [Jyda = J;'(3ks)(2msds) = 2xkR®, while [K,dl = (~kR*)(2xR) = —27kR%)
Since these currents have cylindrical symmetry, we can get the field by Ampére’s law:

&
B 278 = pylene = pu] Jyda = 2rkpys® = | B = uyka®p | = pyM.
0

Qutside the cylinder I.,. = 0, so

Problem 6.9
R e (Ki=Mxa=M3
_— -i_' — - K - (Essentially a leng solencid)
(Q : l )“
e B (Essentially a physical dipole)
_,7 =54
‘i\:{, B (Intermediate case)
- [The external fields are the same as in the electrical

case; the internal fields (inside the bar) are completely
different—in fact, opposite in direction.]

Problem 6.10
Ky = M, so the field inside a complete ring would be uod. The lield of a square loop, at the center, is
gven by Prob. 5.8: Beq = v/2 ol /mR. Here [ = Mw, and R = 4/2, s0

/- } 7 " 2
Bl v zénu{\!m _ 2\/5nuMw; ik G wapss | B ugB ] A= 24/ .
w(a/2) TG —
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Problem 6.11

As in Sec. 1.2.3. we waut the average of B = By, + By, where Byy: 1s due Lo molecules oulside & small
sphere around point £, and Biy, is due to molecules inside Lhie sphere. The average of Boy: 15 same as field &t
center (Prob. 5.57b), and for this it is OK to use Eg. 6.10, since the center is “far” from all the molecules in
guestion:

_ I M x 2
Aou':—ll_’r.‘ / 4_2dT

outside

The average of By is {2 (%T)—Eq. 5.80—where m = %rR’l\;I. Thus the average B;, is 2uoM/3. But whar is
left aut of the integral Ay, is the contribution of a uniformly magnetized sphere, to wit: 2:5M/3 (Eq. 6.16),
and this is preeisely what By, puts back in. So we'll get the correct macroscopic field using Eq. 6.10.  qed

Problem 6.12

z
(2) M = ksz; J, = VXM = —k¢h; Ky = M X f1 = kRp. i
B is in the z direction (this is essentially a superposilion of solenoids). So o,
| B = 0 ouside. | Use the amperian loop shown (shaded)—inner side at radius s: }l
§B - dl = Bl = polwe = pio [[Jsda + Kl] = po [—KI(R — ) + kRI) = pokis. ~Ke -

l B = poksz ingidea;l
(b) By symmetry, H points in the z direction. That same amperian loop gives $§H - dl = Hl = pply,,, = 0.
since there is no free current here. So _. and hence | B = pyM. | Qutside M = 0, so B = 0: inside
M = ksZ, s B = poksz.

Problem 6.13

(a) The field of a magnetized sphere is %;ch (Fq. 6.16), so | B = By — %[toM: with the sphere removed.

1
In the cavity, H = ;=B, so H = o (Bo — §u0M) = Ho+ M — M = |H = Ho + 3M.

Mo

(b) The field inside a long solencid is ppK'. Here K" = M, so the field of the bound current on
the inside surface of the cavity is py M. pointing douwn. Therefore

K,

| | B = Bo — poM;|

‘ H=i(Bo—qu)=$Bo—M=

." L hasig
© T& ___ ) K; This time the bound currents are small, and far away from the center, so
while H = "‘;oB0=Ho+M=>[H =H, + M. |

[Comment: In the wafer, B is the field in the medium; in the needle, H is the H in the medium; in the
sphere (intermediate case) hoth B and H arc modified.]




—

‘ 117

Problem 6.14
M: - : B is the same as the field of a short solencid; H = B‘EB - M.

Problem 6.15

“Patentials™:
{W;,.(r,o) = 3 Air'Picos8), (r <R);
Woue(r,8) = 3 BirPicos8), (r> R).

Boundary Conditions:
(i) Win(R,8) = Wou(R,9),
(i) —2%aw| 4 8a| —=ML=Mz i=Mcoso.
(The continuity of W follows from the gradient theorem: W(b) — W(a) = f: VW . dl= - f:’ H - dl;
if the two points are infinitesimally separated, this last integral — 0.)
(i) = AR =4 = B =R'4,
(i) = S(+1)FrPlcost) + Y IA R ~2P(cosb) = M cosé.
Combining these:

S(20 + 1) RV 4 Pi(cos8) = M cosd, so Ai =0 (I # 1), and 34; = M = A, = %
Thus Wi, (r,0) = %rcos& = %z, and hence H;, = -VW;, = —%{2 = —%M,.

B=m(H+M)==uo(—%M+M) el 7
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Problem 6.16

I - 5
FU.dl=1I;, =IsoH= ;L6 B=(l+xmH =luo(1 + Xm)5—= .| M = xmH = %’-;; :
10 =I5  ats=ug;
M=-— — o 27a ’
o= T s 8s (2‘;r.5)2 [0] Ki=Mxp= l{ X=l3, atT=0
Total enclosed current, for an amperian loop between the cylinders:
¥ AT
I4 x'm_—zxa':(l'*'x"t)la 80 fB'dl:HOIenc = po(l+xm)I = B = M'—)I' NG
2ra 27s
Problem 6.17 2
I(s%/a?%), (s <a);
From Eq. 6.20: §H +dl = H(2xs) = I;,,, = k ‘
om Eq. 6.20: § (2xa) =1, {I (rovea)
Is soll+xm)ls A
H=1 = (S<0)}, Byl =|d 3t (6<a)
{ e i) T T frol (8 > a).
Jp = xmd 7 (Eq. 6.33), and Jy = =4x, 50| Jp = %5[- (same direction as I).

xm{
2za

I, = Jp(ma?) + Ky(27a) = xm! — xm! = |0/ (as it should be, of course).
Problem 6.18

By the method of Prob. 6.15:
For large r, we want B(r,8) = Bo = Bo#, so H = -B — =Byz and hence W — —-Boz =

Ki=Mxn=ya,Hxa=|K,= (opposite direction to I).

—ﬁBor cos#d.
“Potentials”: .
Win(r,8) = Y Ar*Bcosé), (r < R);
Wout(r,0) = ——Buroos9 + X, ;T‘TPI("'Oqe)a (r > R).

Boundary Conditions:
{ (i) p"in(ﬁ,a) = VVuul (R» o))
(i) —po 2o |+ uZn |, =0,

(The latter follows from Eq. 6.26.)
(it) = po lBncc»s9+ (I + l)ﬂ-Pt(cosﬂ) + 1y 1ARIP(cosh) = 0.
o Rl+2

For [ # 1, (i) = By = R*+ A}, so [uo(l + 1) + pl]JA,R'~" = 0, and hence 4, = 0.

Forl=1, (i) = A\R=—LBoR+B/R? and (ii) = Bg+2poB1/R +uAr =0, 50 4 = =3By/ (2 + 1)
3-30 3502 330 R 3Bo
Win(r,8) = —————rcosf = ———. Hipun=-VW,, = B :
9 (210 + 1) (2p0 + 1) (Cao+4) " (210 +4)
3uBo ( 1+ Xm )
A2 Cno + 1) 1+ Xm/3
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By the method of Prob. 4.23:

Step I+ By magnetizes the sphere: Mg = x,Hp = W%BU. This magnetization sets up a field within
the sphere given by Iq. 6.16:
Xm

2 2
= - = - ey ) ¢ D €. i :
B, oMo i e By BRBO (whiere & = 1_Xm)

Step 2: B1 magnetizes the sphere an additional amount M, = %B;. This sets up an additional field in
the sphere:

2 2 2\

The total feld is:

X s B
B=Bo+Bi+By+--- = Bo+ (26/3)Bo + (26/3)°Bo +--- = [1+ (2£/3) + (2r/3)* +---] By = m
| Ga sl /
1 3 3+3 3(1 + 1+
— = i DO ook Xm) go|B = o L N
1= 25/\5 3 T 2X1u,’\l o Xm) 3+ JX,'m W zX'm 3 + Xm 1+ Xm/\i
.l;r'oblem 6.12 N e L Tl e
Am = -5-Bi M = e o= - v B, where V is the volume per electron. M = ynH (Eq. 6.29)

= M“:‘xm B (Eq. 6.30). So xm = —%/10‘ [Note: xm <& 1, so I won’t worry about the (1 — xpm)

term; for the same reason we need not distinguish B from B, as we did in deriving the Clausius-Mossott:

equation in Prob. 4.38.] Let’s say V = 3mr’. Then xm = —42 (%) I'll use 1 A= 10~ m for r.
Then x,,, = —(1077) (4(9?1(;'160’(_13;;:3:3)) = | =2 x 107°, [ which is not bad—Table 6.1 says x,, — —1 x 10~",

However, | used only one electron per avom (copper has 29) and a very crude value lor r. Since the orbital
vadius is smaller for the inner electrons, they count for less (Am ~ r?). | have also neglected competing
paramagnetic effects, Bul never mind ... this is in the right ball park.
Prablem 6.20

Place the object in a region of zero magnetic field, and heat it above the Curie point—or simply drop it on
a hard surface. If it's delicate (a watch, say), place it between the poles of an electromagnet, and magnetize it
back and forth many times; each time you reverse the direction, reduce the field slightly.
Problem 6.21

(a) Identical to Prob. 4.7, only starting with Eqgs. 6.1 and 6.3 instead of Eqs. 4.4 and 4.5.
(b) Identical to Prob. 4.8, but starting with Eq. 5.87 instead of 3.104.

(c) U= -4 1 [3cos B cosfy — cos(fy — 0y )]mums. Or, using cos(0p — 01) = cos0y cos 0 — sin 0y sin 02,

ig M Ma 2 7
U= f;—g 5— (8in by sinfy — 2cosfy coshy).
%
Slable position occurs at minimum energy: gT‘.‘: =§£=0

{%% = LB (cos 0y sin 6 + 2sinh cosfy) = 0 => 2sin6) cos Oz — — cos Oy sin Os;

g-g‘-; = LMz (¢in By cos by + 2cosfy sinfy) = 0 => 2sin 6 cos @y = —4cos s sin Oa.
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Either sin@; = sinf, =0 2 oo - (-

or cosf =cosfla=0: e e s

@ @
Which of these is the stable minimum? Certainly not &) or @)—for these 12 is not parallel to B, whereas we
know m; will line up along B;. Tt remains to compare ) (with #; = 6> = 0) and @) (with 8, = w/2, 0, = —7/2):

Uy = e (=2); Uy = B2 (1), Uy is the lower energy, hience the more stable configuration.

Thus sin®; cosfs = sinf; cosfy = 0.

I Conclusion: They line up parallel, along the line joining them: — —

(d) They'd line up Lhe same way: — — — —r —+ —
Problem 6.22 =

lefdletf(fdl) xBo+Ifdlx[(r-Vu)Ro]— I(fdl) x[(roAVo)Bo]=I%dx[(r-vo)Bo]
(because § dl = 0). Now

(d1 x Bo); = Y €iudly(Bo)y, and (r-Vo) = (Vo s0
Ik i

e = 7 Z €ijk I:f T d[_; [(th)l(Bo)k] {Lemmn | 5 f’f'; lﬂj = qumam (proof below).}
m

kit

= 7 2 &ijk€jmBm (V0)i (Bo)x {Lemma 2: Ee,,-kq,-m = didpm — Bimdr (proof be]ow).}

Lklm J

IS (6ubsm — Bimb) am(Vo)i(Bo)k = 1 Y [ax(Vo)i(Bo)x — ai(Va)i(Bo)i]
k.dm k
I'(Vo)i(a-Bo) — ai(Vo - Bqg)].
But V;  Bg =0 (Eq. 5.48), and 1n = /a (Eq. 5.84), so F = V(m-Dy) (the subscript just reminds us to take
the derivatives at the point where m is located). qed
Proof of Lemina 1:
Eq. 1.108 says ${c r)dl = a x ¢ = —¢ x a. The jth component is }°, $eprpdly = =3, . €jpmCpm. Pick
¢p = 8y (i.e. 1 for the ith component, zero for Lhe others). Then Fridly = =3, €tm@m = 2, €im@m- qed
Proof of Lemmae 2:
€ijk€t;m = O unless ijk and {jm are both permutations of 123. Tn particular, ¢ must either be [ or m, and &
must be the other, so

Z Eijk€lim = AbiiOkm + BOimbit.

'I'o determine the constant A, pick i = = 1, k = m = 3; the only contribution comes from j = 2:
€1on€ron = 1 = Adj1833 + Bljgdyy = A= A=1
To determine B, pick i =m =1L k=10=3:
£123€39) = —1 = Adyadn + Bdudyz =B = B=-1.

Sa
Ze‘ijketjm = §ubkm — OimOre- qed
i
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Problem 6.23

(2) The electric field inside a uniformly polarized sphere, E = — 3% P (Eq.4.11) translates to H = — 53— ( (120 M) =
—%M. But B = po(H+M). So the magnetic field inside a uniformly magnetized sphereis B = uo(— qM-i—\I)

sng | (same as Eq. 6.16).

(b) The electric field inside a sphere of linear dielectric in an otherwise uniform electric field is E = — x 5 =T Bo

(Eq. 4.49). Naw x, translates to xm, for then Eq. 4.30 (P = eyx.E) goes to pyoM = ugxmH, or M = x,nH

(Fq. 6.29). So Eq. 449 => H = i—_;;l"?gl-lo. But B = po(l + xm)H, and Bo = neHg (Egs. 6.31 and 6.32),

so the magnetic field inside a sphere of linear magnetic material in an otherwise uniform magnetic field is
-SSR OSIE ol PR s %

ol +Xm) (14 Xm/3) o™ | 1+ Xm/3

) BO‘ (as in Prob. 6.18).

() The average electric field over a sphere, due to charges within, is Eave = — hm -ﬁg Let’s pretend the charges
are all due to the frozen-in polarization of some medium (whatever p ight be, we can s«;lw v- P = —pto find
the appropriate P). In this case there are no [ree charges, and p = [Pdr, so E... = 4”,0 a5 [P dr, which
lranslates Lo

1
Have =~ "4_‘”‘0 R3 /].loM dr = mlu.

Ho 2m
4z R’
with Eq. 5.89. (We must assume for this argument that all the currents are bound, but again it doesn't really
master, since we can model any current configuration by an appropriate frozen-in magnetization. See G. H
Geedecke, Am. J. Phys. 66, 1010 (1998).)

Problem 6.24

But B — yo{II + 1\"1), 50 Bave = —ﬁ:ﬁ‘r + poMave, and Mae = }%‘ S0 | Bave = in agreement

Eq.215: E = p { hlq [v -3& d"'} (for unifurm charge density);
Bqg.49: V = P { e fv 4 dr' } (for uniform polarization);
Eq.611: A = poeoM X { - e fv = dr’ } (for unilorm magnetizalion).
For a uniformly charged sphere (radius 1): Sl e 25?;), (Rrotaa s,
o = p(FHEE) (Bx.22).
So the scalar potential of a uniformly polarized sphere is: Hin " = J..p ),
Vo = 3-8 B,fP £),

A = &(1\/1 r),

and the vector polential of a uniformly magnetized sphere is: { g ol ,& R: B M x #),

(confirming the results of Ex. 4.2 and of Exs. 6.1 and 5.11).
Problem 6.25 i

(@) By = 4225 (Eq. 5.86, with§ = 0). SomyBy = ~ % F = V(mB) (Fq.63)= F=2 [-2%]2=

%—E’,}:—;‘—ﬁ. This is the magnetic force upward (on the upper maguel. ); it balances the gravitational force downward
(—mgg2z):

3puom? | _ [3ugm 174
2zt —mdg—():a.z— [Zwmdg .
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(b) The middle magnet is repelled upward by lower magnet and downward by upper magnet:

3rem?  3pem?
2azt 2myt

The top magnet is repelled upward by middle magnet, and attracted downward by lower magnet:

Bugm?*  3ugm?
2ryt 2x(z +y)t

—mgg = (.

2 p L. e o 1
subtra,ctxng [-l; ;‘I.r + e ] -mag+mag =0, 0r =r— —;+W =0,80: 2= W"}-m.
Let a = x/y; rhon 2= —; + (—'+IT' Mathematica gives the numerical solution a = | z/t/ 0.850115 ...

Problem 6.26
Al the interface, the perpendicular component of B is continuous (Eq. 6.26), and the parzllel component of

H is continuous (Eq. 6.25 with K; = 0) So Bl = B}, H{ = H}. But B = 4H (Eq. 6.31), so B] = LB},
Now tanf, = Bll/Bl , and tanag—B /B3, so ‘

tan6s _ B' Bt Bl m

(the same form, though for different reasons, as Eq. 4.68).

Problem 6.27
In view of Eq. 6.33, there is a bound dipole at the center: my = x,,m. So the net dipole moment at the
center is Mcenter = M +my = (1 + xn)m = 2m. This produces a field given by Eq. 5.87:

L1
Bcenu.'r = /

dipole 4w r? Plestit=ml.

This accounts for the first term in the field. The remainder must be due to the bound surface current (K,) a:
r = R (since there can be no volume bound current, according to Eq. 6.33). Let us make an educated guess
(based either on the answer provided or on the analogous electrical Prob. 4.34) that the field due to the surface
bound eurrent is (for interior points) of the form Bgy e = Am (i.e. a constant, proportional to m). In thas

current

case the magnetization will be:
1, O, - ""‘13 = ""‘ = [Bm )i - m] + X—"’A

This will produce bound eurrents J, = VXM = 0, as it should, for 0 < 7 < R (no need to calculate this
curl—the second term is constant, and the first is essentially the field of a dipole, which we know is curl-less,
except at 7 = ()), and

Ky=M(R) X f =

AT R3

e R’ 4)smﬂcp

(-m X F) + uA(mxr) x,,,m(

But this is exactly the surface current produced by a spinning sphere: K = ov = gwRsin 6 ¢, with (owR) &
Xl (— - "'R") So the field it produces (for points inside) is (Eq. 5.68):

2 2 A 1
Bsurface = 5#0(0'0’3) 1’-‘0Xmm ( 41._33) .

current I"
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Everything is consistent, therefore, provided A = 'g—’/zoxm (ﬁ : ;’-}1}2’3) or A (1 - %%me) = —%%. But
X = (M) -1, soA(l- 5+ 5 ) = —%%‘—;ﬁ‘}l,or.ll (l+2"—“—"-) —2(‘“’—"# A= ;{;R—%%;%;ﬁ_m and hence

T - 2(pg — wm
B="{_ [3(m-#)f - Ll oL o dnlf )
ix {7 om-tr i ZEESIIS L e

The exterior field is that of the central dipole plus that of the surface current, which, according to Prob. 5.36,
is also a perfect dipole field, of dipole moment

ﬂsz( 3 ) 27R° p 2Apo —p)m _ plpo — p)m
3R =

B 1
Dity  oarrant o 47r R3(2u0 + 1)~ pro(2p0 + 1)

4
Mgurface = Tﬂks(a'wR) =
current 3

So the total dipole moment is:

B B (o —u) dpm
Miny = =1+ — 11— =
T po o (Cuo+p) (o +u)’

and hence the field (for r > R) is

o 3p
= 13 f —
B s (2#0 7 H) (m - #)f ~ m]

Problem 6.28
The problem is that the field inside a cavity is not the same as the field in the material itself.

(a) Ampére lype. The ﬁeld deep inside the magnet is that of a long solenoid, By & oM. From Prob. 6.13:
Sphere: B=DBo - 3 2 oM = §uol\¢1
Needle: B =Bp—puoM =10
Wafer: B = poM.
(b} Gulbert type. 'This is analogous to the eleciric case. The field at the center is approximately that midway
between two distant point charges, Bo = 0. From Prob. 4.16 (with E = B, 1/¢g = po, P - M):
{ Sphere: B = Bg + 8M = FuoM;
Needle: B=By=0(;
Waler: B = Bg + uoM = oM.
In the cavities, then, the fields are the same for the two models, and this will be no test at all. Fund it
with $1 M from the Office of Alternative Medicine.




Chapter 7

Electrodynamics

Problem 7.1

{e) Let @ be the charge on the inner shell. Then E uo ;‘é— T in the space between them, and (V, — 1}) =
-EE ar = — dﬂchfb rZ _%(%_%)‘

- 2y _odreg(Va - W) _ (Va = Vo)
— /J Ei U/E e ” & Oa=-T8 | =1

TS .
g = I  |dzno (a b)'

(c) For large b (b > a), the second term is negligible, and R = 1/4nca. Essentially all of the resistance is in
the region right around the inner sphere. Successive shells, as you go out, contribute less and les‘i because the
cross-sectional area (4wr?) gets larger and larger. For the two submerged spheres, £ = 4"2 (one R as

Zxaa
the current leaves the first, one R as it converges on the second). Therefore / = V/R =

Problem 7.2
(a) V= Q/C TR. Because positive I means the charge on the capacitor is decreasing,

o =05 Q(t) = Que /7. But Qo = Q(0) = CVe, 50 | Q) = CVoe™"
= __d_Q = e~ Y/RC _ Vo _i/ne
Hence I(t) = e - CVo—== R o = | g .

(R4 ‘72
(o) W = | LcVg'.| The energy delivered to the resistor is / Pdt = f I’Rdt = = [ e WP =
; Q Y

Ve (_RC _oyre\|™ _ 12
75 (-——E—e ) g = §(TVB. v
(¢) b = Q/C + IR. This time positive I means (Q is increasing: 4 I= L(C’Vg -Q)=> .
dt RC Q-CVo
Rlc dl = In(@ — CW) = *E-c,-t + constant = Q(t) = CV, + ke™BC. But Q(0) = 0 = k = —CVp, so
dQ . Vo _
= cv. (1 _ -~t/RC & = t/RC) _| X0 —¢/RC
!Qt}-CPo(E e ) I(t) = CVO(RC, ) e

125
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(d) E f battery: /w ol dt = Yo /w e HBCqt = ‘0 ( RCe"/’tc)‘ = KRC— CV§
nergy from y: L Vol@i=rg L " : R =0V,

Since I(t) is the same as in (a), the energy delivered to the resistor is again [ $C'Vi#. [ The final energy in

the capacitor is also %CVC?. so | half| the energy from the battery goes to the capacitor, and the other half

to the resistor.
Problemn 7.3
(a) I = [J - da, where the integral is taken over a surface enclosing the positively charged conductor. Bu
J = ¢E, and Gauss’s law says [E-da = %Q, so ] =0fE-da=Z2Q. But Q =CV,and V = IR, %0

I=%CIR, or|R=2.
L al’

qed

LYQ=CV=CIR= % — -1 = -0 = |Q(t) = Qae ¥EC|, or, since V = Q/C, V(t) = Voe~t/ . The
time constant is T = RC =| €0/0.
Problem 7.4

I=J(s)2asL = J(s) =1I/2xsL. E = Jfo =1I/2rsoL =I/2rkL.

b—a
V— /- E- 2"*&(0—‘!)). SO R— 2’,‘[kL
Problem 7.5
£ = &R dP 2R
Il=——:P=FR=—-——; —=¢ — =0= R=2 =7,
r+R’ (r+R)? dR [(r+h:)2 (r+R)3] P RERE (Rug
Problem 7.6

& = § E.dl =[zero] for all electrostatic fields. Tt looks as though £ = § E - dl = (a/ep)h, as would indeed
be the case if the field were really just a/cg inside and zero outside. But in fact there is always a “fringing
field" at the edges (Fig. 4.31), and this is cvidently just right to kill off the contribution from the left end of

the loop. The eurrent is
Problem 7.7

(@) =-% =-BIE = -Blv; E=IR=|I= B};v (Never mind the minus sign—it just tells you the

direction of flow: (v X B) is upward, in the bar, so downward through the resistor.)

272
®) F= 118 =2 | ta the [T

R
dvv BN _dv_ B | T
et ot =78 U 52 =K
(c) F=ma = m— et (Rm)vzbv vpe

(d) The energy goes into heat in the resistor. The power delivered to resistor is I*R, so

dW 2 BAR . F B acian 5 BN AW . 2 %ad
Tk IR = frE R= T Vo€ y where @ = TR @ - anve
e—?at o0

= amvg—;(—! = %mvg. v

o0
The total energy delivered to the resistor is W = amuv? / e 2t = amud i
0 70
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Problem 7.8
I Lo 1
(2) The field of long wire is B = yo*ti), so0 & =/B-dn= $od, f —(ads) = forb a2 ik,
2ms 27 § 2n 5
5
dd uola d s+a ds tola 1 ds 1lds tolan
E=—r—F—=—-"—7—In| — d —=wv,s0— — )=
(b) dt or dt ( )' MEH =N T e st 2rs(s + a)

The field points out of the page, so the [orce on a charge in the nearby side of the square is lo the right. In
the far side it’s also to the right, but here the field is weaker, so the current flows [munterclockwise.]

(c) This time the flux is constant, so Ié = (. |
Problemn 7.9

Since VB = 0, Theorem 2(c) (Sect. 1.6.2) guarantees that [B-da is the same for all surfaces with a given
boundary line.
Problem 7.10

®=B-a= Ba’cosf
Here 6 = wt, s0
&= —% = —Ba*(-sinwi)w;

[8 = Bwa’sinwt. |
Problem 7.11 A

& = Biv = IR = I = Jfv = upward magnetic force = IiB = £5-v. This opposes the gravitational force
downward:

(view from above)

a

-ﬁ *md—q-)'@— — Y wherea=£ —an=0=u=== mah
e T 7T R A SR TASNENELT BE

2|

dv
g—av

=dt=>—§ln(g—av)=t+const.=>g—av=Ae'°‘; att=0 v=0 s04=9g

av=g(l-e®); v= %(l —e %) =y (1l —e ).

At 90% of terminal velocity, v/1; =09=1-ec"% =3 ¢ =1-0.0=0.1; In(0.1) = —at; In10 = at;

t=L1In10, or|tee% = %11110.

Now the numbers: m = 4nAl, where n is the mass density of aluminum, A is the cross-sectional area, and
[ is the length of a side. R = 4i/Aa, where o is the conductivity of aluminum. So

p=28x10 *Om

_4nAlgdl _ 16ng _ 16gnp g4 9= 9.8 m/s?
Y= AeBE T oB . B! %) n=27x10%kg/m?
B'=1T

8o v, = (16}:’98}(2.3)_(_;03)(2.8x10-5} =[1.2 em/s;| tegw = 1.2;;.180-2 a(10) = :”-8 s,

mxﬁéwloop were cut, it would fall freely, with acceleration L]
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Problem 7.12

® =0 (2\.23 = raeB.cos(u;t)' g B .« = BﬁB--wsin(u'ﬁ I{t) = £ oA Sy sin(wt)
— AR AR ! BRI e
Problem 7.13
a a
® - dea:dy—-kt"f d:r:f v dy = -l-ktzab. E= LB 1kta’.
0 0 4 dt =
Problem 7,14
= = Suppoze the eurrent, () in the magnet flows counterclackwise (viewed from
above), as shown, so its field, near the ends, points upward. A ring of
GRS P pipe fielow the magnet experiences an inereasing upward flux. as the magnet
. T -15—7 ' approaches, and hence (by Lenz’s law) a current (Fzq) will he induced in it
pipe—=-| 3 such 25 to produce a downward Aux. Thus g must flow elockwvise, which is
: jo— apposite to the enrrent in the magnet. Since opposite currents repel, the foree
rfiﬂgr?gt—‘ O on the magnet. is upmward. Meanwhile, a ring abowve the magnet experiences
E oy a decreasing (npward) flux, so dis indueced current is parallel to 7, and it
| attracts the magnet upward. And the flux throngh rings next fa the magnet
L_T_B:\ is constant, se no current. is induced in them. Conclusion: the delay is due
ring —- - ] to forces exerted on the magnet by induced eddy currents in the pipe.
\, N ’md-‘ .

Problem 7.15 :
pond 7, (3 < a);

In the quasistatic approximation, B = { 0, (2> a).

Inside: for an “amperian loop” of radius s < a,

5 d® dl wuons dI -
% o 2, ol L (T TR L Do a7
® — DBrs* = puonilns=”: fE dl = E2ns 7 panms T E 9 & @
Qutzide: for an “amperian loop” of radius s > a:
2
. ; v “dl =
& = Do = ponlna®; E2rs = —HonTa’ = = —m;a i

Problem 7.16

(a) The magnetic field (in the quasistatic approximation) is “circumferential”. This is analogous to the current

in a solenoid, and henee the field is longit.udinn.l.l
o ool 5

(b) Use the “amperian loap” shawn. s
Qutside, B =0, so here E = (0 (like B ourside a solenoid).

So fE-dl=Fl=-3=_4 [B.da=—2 [*Lel]jy /\\
=
\

a = -

z

B =—4edly(2), But 4 = —Iwsinwt,

"
|
o

_ Hodow @\, |
so | E o sm(wt)]n(s)z.
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Problem 7.17
(a) The field inside the solenoid is B = ponl. So ¢ = wa’uonl = & = —wa®pon(dl /dt).
2 onk
In magnitude, then, & = ma®uonk. Now € = I, R, 50 | Iresistor = ﬁ-};ﬂ-.
B is to the right and increasing, so the field of the loop is to the left, so the current is counterclockwise, or

Inu the right,l through the resistor.

(b) A® = 2ra’yynl: I = @

& 1d® 1 : : _ 2ma’ponl
= = AQ= EAQ, in magnitude. So |AQ = 55

Problem 7.18

26 F
g fnd B_uol g tolo [*ds _polaln2 . . o dop _d® __jpouln2dl

P 2r dt Tl L 2y d
_ Mgaln2 _ Ipoaln2
i Lo d g~

The field of the wire, at the square loop, is out of the page, and decreasing, so the field of the induced
current must point out of page, within the loop, and hence the induced current flows | counterclockwise. |

Problem 7.19 NI =
!Lgn : . . a
In the quasistatic approximation, B = { 3rs @ (inside toroid);

0, (outside toroid)
(Eq. 5.58). The Hlux around the toroid is therefore
~ polNI /‘”‘" 1 poNIh wy _, polVhw dd _ Mo Nhwdl  poNhwk
i 2% I L 2 ln(l+ )~ 2ma £ dt 2ma dt = 2ra

The electric field is the same as the magnetic field of a circular current (Eq. 5.38):

_ il a
3 (a? + 33)3/7

with (Eq. 7.18)
| e Nhwke
47 (a® + z2)3/2

1 do N hwk Mo Nhwk a®
» =————. SoE="F(- —
Jig dt 2ma 2 2aa ] (a® + 22)3/2

Problem 7.20
{a) From Eq. 5.38, the field (on the axis) is B = Egina_‘_":w;i, so the flux through the little loop (area wa?)

pomlia®b? B
2% + 22)8/2

i3 P =

(b) The field (Eq. 5.86) is B = ££ 73 (2cosdF + sinf @), where . = ITa®. Integrating over the spherical “cap”
(bounded by the big loop and ccntcred at the little loop):

& = /Bd :‘UI’“‘ (2c0s8)(r* sin @ d dg) = ""I“ 2«/’ cos§sinf dd
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2,18 rla?b?
where r = /b% + 22 and sinf = b/r. FEvidently & = "’!’,—"’ s"‘zﬁ | £

L m, the same as in (a)”

1omalh?
2(0% + 22)3/2°
Problem 7.21 7

dd dl
DO —_ ] —_— = - o I
St gl =N ) ]“

Ja

It’s hard to calculate M using a current in the little loop, so, exploiting the equality of the mutual inductances,
I'll find the ﬁLx through the little loop when a current I flows in the big loop: & = M. The field of one long

(C) Divid'mg off I (‘17] = Aﬁz]g, Qz = 4'\'!2111) Aﬁz Ale

a

wire is B = 9",_‘ = &y = ‘t—,%"ffa }ads = “—g‘li—‘!ln'z, so the total flux is
Ialn2 In2 . kaln2 | | ;
¢ =2¢; = % = M= lloaﬂ_n = | &= %, in magnitude.

Direction: The net flux (through the big loop), due to I in the little loop, is into the page. {Why? Field
lines point in, for the inside of the little loop, and out everywhere outside the little loop. The big loop encloses
all of the former, and only part of the latter, so net flux is inward.) This flux is increasing, so the induced
current in the big loop is such that its field points out of the page: it Alows | counterclockwise. |
Problem 7.22

B = ponl = &, = penlwR? (Aux through a single turn). In a length 1 there are nl such turns, so the
total flux is @ = pyn?xR*11. The self-inductance is given by ® = LI, so the sclf-inductance per unit length is

L = uon*r R .
Problem 7.23 1
-—€
The lield of one wire is By = 2L, 50 ® = 2.4 .7 [ ds — poll}, (d=¢} The ¢ in the numerator is

2w 8?

E
negligible (compared to d}, but in the denominator we cannot let € — 0, else the flux is infinite.

L= u: In(d/e) | . Evidently the size of the wire itself is critical in deterinining L.

Problem 7.24
" 7 I h
(a) In the quasistatic approximation B = ;Jé% ¢. So® po / ~hds = uo In(b/a).
Ko N h
2

This is the flux through one turn: the total flux is V times &;: & = lr\(b/a)Iu cos(wt). So
d®  poNEk (4 x 10~7){10%)(10-2)
dl - 2Za 2

= |2.61 x 10 1sin(wt) | (in volts), where w = 2760 = 377 /s. I, =

fmes

In(2)(0.5)(2x 60) sin(wt)

& 281 x1072 |
& = Tsm(wt)

lu(b/a)lowsin(wt) =

= |5.22 x 10 ?sin{wt) | (amperes).
(b) & = —L%; where (Eq. 7.27) L = Eéi:'-'ln{b/a) = (4”10-7.)(105){10-11 In(2) = 1.39 x 1072 (henries).
Therefore &, = —(1.39 x 1073)(5.22 x 1077 w) cos(wt) = | —2.74 x 1077 cos(wt) | (volts).
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Ratio of amplitudes: 2i 10" _ — N 1 v/,
Probhlem 7.25

With 7 positive clockwise, £ = LZ{ = @Q/C, where @ iz the charge an the capacitor; I = %?, 50
%? = —-L‘—CQ = —w?Q, where w = 7&; The general solution is Q(t) = Acoswt + Bsinwt. At t = 0,
@=CV,s50 A=CV; I(l) = %? = —Awsinwt + Bwsinwt. Att=0,7=10,s0 B =10, and

/C t
-— /iy =| - — ———— -
Iit) = -CVwsinwt |4 I sin (\/L—C_)

If you put in a resistor, the oscillation is “damped”. This time —L%—f— = g +IR, so L%? + R%? + %Q =.
For an analysis of this case, see Purcell's Electricity and Magnetism (Ch. 8) or any book on oscillations and
waves.
Problem 7.26

{a) W= 3L’ L= pon®*rR*l (Prob. 7.22)|W = ;/zgn"’frﬁ’?ll2 .

) W =3§(A-Ddi. A= (ponI/2)R @, at the surface (Eq. 5.70 or 5.71). So W, = 'L'”h!l 2n R, for one
turn. There are 1l such turns in length [, so W = -pc.n 2aRUI. ¢

(c) W = 2#0 fB? dr. B = ponl, inside, and zero outside; [dr = nR’l, so W = bﬁ;ﬁu’ﬂwﬁgl -
L;,q)n‘";rRzII -

(d) W= 2;‘0 [f32 dr — §(A X B) +da]. This time [B?dr = pin*I*x(R? — a?)l. Meanwhile,

A x B = 0 outside (at s = b). Inside, A = L‘%,“—'a& (at s = a), while B = uonl é.

AXxB= %pgnzﬂu(tﬁ X Z) S
T points fnward (“out” of the volume) L Ps
/ i T T
$(A x B) -da = [(3pin*I%a8) - [adg dz(-8)] = — jugn?I*a®2xl. > z
W = 21 [idn*PPr(R? — a?)l + pn?PProtl] = Luond PRPal. ¢ \_/
Problem 7.27 5 = i
pord s - 1 ﬂo"21 /'l s pon’I? _IZ - i 2,2
B= T = fB 2#0 7 | 7 hrdpds = e h2wln = | =| gHon I"hlin(b/a).
L = 2 2n2hin (b/a) | (same as Eq. 7.27).

Problem 7.28

}[B s 3(211’3) = pofene = /lof(sz/}P) = B= _;0'}1;3.
[2 r uol ‘ Mol 1
2 = 2 \ - e g
W = / B*d 2 P wm / (2na)lds = T )I Tl

sl = _| |4 !
So L = 87rl’ and L = L/l =|uo /8w, |independent of R

Problem 7.29 ,

(a) Tnitial current: Iy = &/R. So P IS o B e~ B4 or | I(t) = S0 -ru/t,
d dt L R

(ﬂ,V

dt

€o (0 + L/2R) = —L(EO/R)Z.

_5_02/ ~2Rt/L & _£ —aryt\ ™
W= z J e dt = " 2Re ]
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(c) Wy =4LR = 4(&/R)’. ¢
Problem 7.30
(a) B; = ‘;—2—’;1, [3(a; -2)2 — a], since m; = I ;a,. The flux through loop 2 is then

$; =B -a; = f;::;, I,[3(a; -a)(nz -2) —m, a3 =MI,. (M= 4"@3 [3(ay -2)(az -4) — a, - ay).
(b} & = — '\I“d‘t f _dT|1 ==66h =MLY 511 (This is the work done per unit time against the mutual emfl in
loop 1—hence the minus sign.) So (since Il is constant) W, = M I Iy, where I is the final current in loop 2

’W =

L2 [3(my - £)(m3 - 3) — m; - ma]

Notice thal this is opposite in sign to Eq. 6.35. In Prob. 6.21 we assumed thal the magnitudes of the dipole
moments were fized, and we did not worry about the energy necessary to sustain the currents themselves—only
the energy required to move them into position and rotate them into their final orientations. But in this
problem we are including it all, and it is a curious fact that this merely changes the sign of the answer. For
comnentary on Lhis subtle issue see R. H. Young, Am. J. Phys. 66, 1043 (1998), and the references cited
there.

Prohlem 7.31

The displacement current density (Sect. 7.3.2) is J; = €92 = L = _L; 2. Drawing an “amperian loop” at

radius s,

2 2
}(B-dlzB-:Zﬂs:pgldm —.poriﬁ-m’:uu%:sz;:-“ﬁ- B ol g

Problem 7.32

cr(t) _Q(t) = I R S
WE=o 8 0= =2 7t
dE 32 32 POI x
53 2 2 _ . e -
(b) I, . = Jirs® = €0 73 IF' }{B -dl = poly,,. = B2x3 = “Ola_z =B = 2“(1234)_

(e¢) A surface current flows radially ontward aver the left plate; let 7(s) be the total current cressing a cirele
of radius 5. The charge density (at time ?) is

U203
ms?

alt) =

Since we are told this is independent of s, it must be that I — I(s) = 32, for some constant 4. But I(e) =0,
so Ba? =1, or 3 = I/a®. Therefore I{s) = I{1 — s%/a?).

Mo 4
v
21ra23¢

2
3
B2rs = poJenc = poll = 1(s)] = po =5 = [B =

Problem 7.33 5
#olow cos(wt) In (a/s) 2. But Iycos(wt) =1. So|Jq = éli?ﬂm"’!hn(a/s)ﬁ.

2 27
a
(b) I = / Jy da= “"“’“’21 / In(a/s)(2ms ds) = poeow? ] [ (slna — slns)ds

=t [~ s ] <[

(a) Jg = €

= pgcow?I [(ln a)—— -5




133

Iy g lloio-’v'-"‘!G'a
. 4
W= = %%i_?-é?, orw=06x10"/s =6 x 10" /s;| » = 2 ~ 10'°Hz, or 10* megahertz. (This is the
microwave region, way above radio [requencies.)
Prohlem 7.34

Physieally, this is the field of a point charge —¢ at the origin, out to an expanding spherical shell of radius

ut; ontside this shell the field is zero. Evidently the shell carries the opposite charge, +g. Mathematically,
using producr, rule #5 and Eq. 1.99:

(c) Since jgeg = 1/c%, Ig/T = (waf26)%. Tfa =10 ®m, and & = ;Lo so that gt = L,

5 1 ! 1 ¢ I . q S/ 1 R 0 ’
« 1 — 1 . —_————— — — —— . 11— T e — - - c— — ™. — 1 —_ ‘.
V. — o(vt T V ( e D r) 5 ¥V .B(Lt ’)] 0(5 (r)a(vt T % 5 (l l') a 8‘\vt 7)

Bul 8*(r)@(vl — r) = 6*(r)6(t), and Z%G(vt —=r) = =é(vt = r) (Prob. 1.45), so

p=6V-E= I —q&s(r)O—U)1;7r%6(vt —r_):]

(Fur ¢ < 0 the field and the charge density are zero everywhere.)
Clearly V- B =0, and V x E = 0 (since E has only an r component, and it is independent of # and ¢).
There remains only the Ampére/Maxwell law, V x B = 0 = uJ + poeodE/6t. Evidently

__9E_ [ ¢ 9 T el 2
A = €05 = to{ 47rq-,r23t[0(vt—1)]}‘— 47rr2v6(vt—r)r.

(The stationary charge at Lhe origin does not contribute Lo J, of course; for the expanding shell we have J = pv,
as expected—Eq. 5.26.)
Problem 7.35

From VB = opp, it follows that the field of a point moncpole is B = #2924 The force law has the
form F o ¢, (B — 5v X E) (see Prob. 5.21—the ¢* is needed on dimensional grounds). The proportionality

; 1
coustany must be 1 to reproduce “Coulomb’s law™ for point charges at rest. So |F = gy, (B i S E) :
¢

Problem 7.36

Integrate the “generalized Faraday law” (Eq. 7.43iii), V x E = —ugJ,, — %—‘f-, over the surface of the loop:
f{V xE)-da:fE-dl:S:—ﬂngm-da— %/B-da:—polmm —Z—T.
But £ = v—!,({l, s0 < = %{Imm + %Q or [ = %AQM + lA@, where AQ),, is the total magnetic charge

passing through the surface, and A® is(ﬁxe change in flux through the surface. If we use the flat surface, then
AQn. = g and A® = 0 (when the monaopole is far away, ® = 0; the flux builds up to pqm /2 just before
it passes through the loop; then it abruptly dreps to —poqm /2, and rises back up to zera as the monaepole
disappears into the distance). Tf we use a huge balloon-shaped surface, so that ¢, remains tnszde it on the far
side, then AQ,, = 0, but. & rises monotonically from 0 to fio¢m. In cither case,

Holdm
L= —L .
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Problem 7.37

¥ v éD 3 Vocos(2mit) | _ €Vp S
E = o N JS=alB= EE = Jg = ke ( E)= B [— S 27w sin(27ut))].
The ratio of the amplitudes is therefore:

i T

—_ = — = = (27 3y ¢ - -12 =k =
T e [2(4 x 10%)(81)(8.85 x 107'%)(0.23)] 2.41.

Problem 7.38
The patential and field in this configuration are identical to those in the upper half of Ex. 3.8. Therefore:

I=/J-da=r7/E-da

where the integral is over the hemispherical surface just outside the sphere.

But I can with impunity close this surface:
(because E — 0 down there
anyway—inside a conductor).

Sol =0 f E-da = -—-ch = f ve da, where o, is the electric charge density on the surface of the hemisphere—
to wit (Eq. 3.77) oe = 3¢p Lo c030

n/2
I= ;3605'1) /cosﬂa’ sinf df dp = 30'E0a"'27r/ sin @ cosf df = 3o Fyma®.
0 a

—

-

X/'2

sin® ¢ so Y
s %
)
But in this case Ey = Vp/d, so |l = -30—”(—}'—09—-
Problem 7.39 z

Begin with a different problem: two parallel

wires carrying charges +A and —A as shown. / E /
b b
/ Y
Field of one wire: E = ,i" vt potential: V = 2" In(s/a). / 2

In(s_ /),

Potential of combination: V = 2"0

r N (y+b 2+Z
or V (y,z,l - 4—:_\-5'1!1 {H!,_zj'}
Find the locus of points of fixed V' (i.e. equipotential surfaces):

vy =, o WO+
B R L
n+1

Plu-1)+08 -1 +22(e—1)—2b(u+1)=0=>p* + 2 + b - 2pbB =0 ( = —);

e =5 uy® = 2ub+ b2 + 22) = y* + 2ub + b* + 27,

u-—1
(y—b8Y° +22+0 - =0= (y - b8%) + 22 = 11.2(;':r‘2 -1).
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o ; . 1 . : (P +2u+1) = (p?=2p+1) 2
This is a cirele, with center at yy = b8 = b(“:—‘Ll) and radius = by/B82 =1 = b\/ (2t “'*(“)_]*;’, ptl) — “‘_/l’-‘.
This suggests an image solution to the problem at hand. We want yg = d, radius = a, and V' = V;. These

determine the parameters b, u, and A of the image solution:

d__m _MED) w1 e
a  radius 2 T 2% i i

7R §
dofu=(u+1P = +2u+1=p* +(2-4a*)u+1=0;
40 -2+ /41 -2a?)2 -4

©= g =2a% -1+ V1-4da?+4da* - 1=20° —11L2ava? - ;
L“.‘i"l =Mji—=yA= Axenla That’s the line charge in the image problem.

A In (202 = 1£2ava?-1)

I:/J-da:afE-da—oiQenr—i.\!.
60 Cr.

o

. .. I agA AroVy
The current per unit length is @ = - = — = - -
I e In(2a2-1=2ava? 1)
the cylinders are far apart, d 3 @, so that o 3> 1.

5 1 1
b——a 2 = 2 - 2 — 2 o 2 _——_—— — .-
()=22*-1x2a*y/1-1/a?® =2a° - 1= 2 [1 o e + ]

1 40’ - 2-1/2a% + .. =z da® (+ sign)
=2°(1£1)-(1x1)F—%--. = )
( )—( )F ia? {_1/4&2 i)

. Which sign do we want? Suppose

The current must surely decresse with increasing a, so evidently the — sign is correct:

g AnaVy
" In (202 — 1+ 2ava? - 1)’

where a =

Problem 7.40
(a) The resistance of one disk (Ex. 7.1) is dR = %% = £y dz, where r = (%2) z + a is the radius of the
disk. The total resistance is

L
o (M Sl
(b

= L : = = - -
o . #b—a) -a+a) a

| =2 5) { )
& n(!f’f ) (bu-ba) " 'f_lLb

(b) In Ex. 7.1 the current was parallel to the axis; here it certainly is not. (Nor is it radial with respect to
the apex of the cone, since the ends are flat. This is not an easy configuration to solve exactly.)

(¢) This time the [low is radial, and we can add the resistances ol nested spherical shells: dR = £ dr, where

A
]
A=f r’sin0d8d¢=21r1'2(—cos9)|g=21rr2(l—c;0b'0)‘ / i
0
a

S —
L
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o P e | o P T —Ta '-i-b_-
= 2n(1 — cosé) /r° o2 ar 27(1 — cos) ( Fafs ) : oW AL e sind.
- ﬂ|:b a) sinf T __b-a - T )
b g VI +(b-aP T+ (-ay
plb —a)? 1

2mab [m " ,]

) 2 1(6-a)? p(b—u)? 1
Not T e VIE+(b-a) = =
[Note that if b —a < L, then /L? + (b-a) [l 32 ] and It 27ab (b—a)?/2L

pL i
—»asin (a)]

Problem 7.41

( Vin(s,9) = iskb" sin(kg), (s <a);
From Prob. 3.23, < %
Vour(s, @) = is"‘d‘. sin(k¢}, (s> a).

k=1
(We don’t need the cosine terms, because V is clearly an odd function of ¢.) At s =a, V¥, = Vou, = Vod/2n.
Let‘s start with V]n. and use Fourier’s trick to determine by:

w

Za"bk sin(ke) = =} Z a*by / sin(ka) sin(k'¢) dop = % ¢sin(k'¢) dé. But

/ sin(k¢) sin(k'¢) d¢ = wdgrr, and

-

/ pEk A0~ [(k' sin(k'd) — L cos(¥9)|| =2 ecos(k't) =~ 23 (-1)¥. So

k
Vo [ 2n ] Ve £ -I%"
ky _ Vo |_am, o k| =_Yof % B
wa by = 5 [ p (—1) J 5 Or b = 7 ( a) , and hence Vin(s, @) ; ( ) sin(kg).
Similarly, Vo (8, ¢) = —— Z (———) sin(k¢). Both sums are of the form § = Z (—z)* sin{k¢) (with

k=1
x=38faforr <aandzx= a/q for r > a). Thl‘i series can be summed explicitly, using Euler’s formula

(e = cos@+isind): S = Imz —(—z)*e "“—Imz (—ze* )k.
=i F k—l

But In(l +w) =w — %w + %w“ - —u =~ Z (—w)" so § = —Im [In (1 + ze*®)] .

Now In (Re'®) =In R + if, so S = —6, where

Im (1 + ze*?) - 5 p [(1+ze®) — (1+2e®)]  z(e—e*)  zsing

tanf = - = . —— = :
s Re (1 + ze*?) S(l+ze®)+(1+ze )]  i2+x(e+e )] 1+zcosg
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£ ( _ W L ssing .
Vin(s,¢) = tan (m) . (s<a)
Conclusion:
_ W, _y( asing
Vour(s, 9) = _ tan (8+aws¢) , (s> a).
/ 7
(b) From Eq. 2.36, 0(d) = —eo {5;?; - a;:, m} |
MWVour _ E)_ 1 (_a sin ¢) C "é
> A =

' [1 by (ei%%z)’] (s + acos )’

%

T

sin ¢

(s + acosg)? + (asin ¢)2]

[ asing ]
(a + scos¢g)? + (ssind)?

«Vo

= Vo nsin g )
@ \s?+2ascosp+a?)’
Vn _ T 1 [(a + s cos¢) sin ¢ — ssin P cos ¢)
8 ~ = silia \% (a+ scos¢)?
[14’ (m;%) ]
Vo a sin ¢
7 \s?2+2ascosp+a?/’
aVi, - Vo _ W sin ¢ _«%
8s |,_.. 05 |,_. 2ma\l+cos¢/’ ()=

7ma (1 + coso) | 7a

tan(¢/2).

Problem 7.42

(a) Faraday’s law says VXE = —%?. soE=0= %? = 0 = B(r) is independent of L.
(b) Faraday’s law in integral form (Eq. 7.18) says § E-dl = —d®/dt. In the wire itself E = 0, so ® through

the loop is constant.

(c) Ampére-Maxwell=> VxB = uoJ + poco%y, 50 E =0, B =0 = J = 0, and hence any current must be

at the surface.

(d) From Eq. 5.68, a rotating shell produces a uniform magnetic field (inside): B = %uoawaz. So to cancel

3 By

such a field, we need owa = —55 Now K = av = cwasiné @, so

K= -%’- siné @.

Problem 7.43

(a) To make the field parallel to the plane, we need image monopoles of the same sign (compare Figs. 2.13

and 2.14), so the image dipole points | down (-z).

(b) From Prob. 6.3 (with r — 22):

3uo m?

2r (22)%

F =

3uo m?

27 (2h)

=My =h=

i (

Ipom?

2rMgqg

)1/4
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L
(c) Using Eqg. 5.87, and referring to the figure: o
4
_ Ho Bl
If; '(r—jﬁ‘ {[3("12 f])fl = mﬁ] + l%( mz- rg)l‘g +m2]}
= %[(z.mﬁ (iR B Bt AR = <Ry = opa,
31;0";3 cos@(f, + ;). But #; +#; =2sinf#. e
L S sinfcosff. But sinf = L, cosf = —, and r; = \V/r? + A2
2m(ry )3 r
uommih T

2 (PR AR

Now B=po(Kx2)=22xB=j,2x (Kx2)=,5|K-2K-:2)| =pK. (Iused the BAC-CAB rule,
and noted that K - 2 = 0, because the surface current is in the 2 ¢ plane.)

4n(2h)?
Evidently the torque is zero for 8 = 0, w/2, or . But 0 and x are clearly unstable, since the nearby
ends of the dipoles (minus, in the figure) dominate, and they repel. The stable configuration is = w/2:
[ parallel Lo the surface | (contrast Prob. 4.6).

In this orientation, B(z) = —;;‘(‘-,{'%F %, and the force on m,; is (Eq. 6.3):

—v [ tom®
oy [ 41r{h-+-z)3]

1, 3mh T s Smh r -
K= l—‘;(z xB) = - 21 (rZ | h2)5/2 (2 xf) = 27 (r? + h?)5/2 ¢. qed
Problem 7.44 I . z o
Say the angle between the dipole (m;) and the z axis is # (see diagram). l;(.,.
m
The field of the image dipole (m;) is _/ ;
#0
h
for points on the z axis (Eq. 5.87). The torque on m, is (Eg. 6.1) -
Nm
ey il Ho re = P 2
N=m xB= m 3(my - Z)(my x ) — (1 % mg)]. %\_{_
But m; = m(sindx + coséz), my = m(sinf % — cosfz), somy 2= -mecosf, m; x &= -—msinf§, and
m; X my = 2m?sinfcoséy.
pom?
N = m [3m*sin@cos 0y — 2m*sinfcos0¥)| = sinfcos0y.

3puem?

E g =3 g
n da(h+a)t

z=h 4T(2h)4

At equilibrium this force upward balances the weight M g:

2\ 1/4
3uom?® _ |1 [3pom?
e i At b (41ng) :
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Incidentally, this is (1/2)'/4 = (.84 times the height it would adopt in the orientation perpendiculer to the
plane (Prob. 7.43b).

Problem 7.45 . 3 .
f=vxDB;v=wasin0¢; f =waBgsin@(¢p x z). £= [f-dl,and dl =adf0.

So & —wa?By [7*sin6( x 2) - 6db. Butf.($pxi)=2:(6xP) =3 = cosb.

r/2 ) e
£= wazBo/ sinfcosfdf = u;a’BQ[sm2 0] 3 -l-wazBU (same as the rotating disk in Ex. 7.4).
0

0 2

Problem 7.46

(a) In the “square” orientation (0), it falls at terminal velocity |Vsquare =

mgR
B2[?
“diamend” orientation (), the magnetic force upward is F = I Bd (Praob. 5.40).

(Prob. 7.11). In the

The flux is & = B [i? — (d/2)*], and d/2=1/V2 — y, { 1 - z I
sod=B[?-(/V2-y)].

E=-4 - 90 (I/V2-y) & But ¥ = -0, -—
Sof=2Bu(l/V2—y)=IR=>T=2B"(I/\/2—y); F=2- i,;" (1/v2 - y)2 = mg (at terminal velocity).
Vdlamond = Mg .| (This works for negative y as well as positive, if you replace y by |y|.)

4B (1/V2—y)

2
aw... Usquare __ mgR 1B? (l/‘/i-y) . AL - . w «3: » .
Thus 90 3212) n = (\/5 2y/1) | At first (y ~ 1/+/2) the “diamond” falls faster;

toward the halfway mark (y ~ 0), the “square” falls twice as fast; then the diamond again takes over. The
total time it takes for the square to fall is:

|| B3

ts —_— —
quare =
Usquare mg R

(assuming it always goes at the terminal velocity, which—as we found in Prob. 7.11—is close to the truth, if
the field is strong). For the diamond, 1 is

0
dy sp? 2 8B 1 2712 8B 1 [ 2v2 B2/°
- == (12 -y) dy=— |= (1/v/2 - :
Udiamond mgR {_ (/\/- y) 4 mgR |3 ( /\/- y) vz ng32\/— 3 mgR
1/\/2

B0 D/ Miiniond = 3/2v2 = 1.06. The “square” falls faster, overall. If free to rotate, it would start out
in the “diamond” orientation, switch to “square” for the middle portion, and then switch back to diamond,
always trying to present the minimum chord at the field's edge. z4

(b) F=IBl; ®=2B [ a’ —2%dz (a = radius of circle).
E‘——-iz—2B a? = y? % = 2Bv\/a? — y —IR 12

e /a2 —y2;1/2 = \Ja? — 2. SoF—‘“" -y2) =myg. -

e MR
'Ucu-cle— ‘132(02 _ys), r—y—.
[T dy _ 4B? s B I a s |16 B%a®
tcl.'cla—' ‘/4-3 _7 = vngR —a(a Yy )dy‘_ ng (u Yy 3” ) : ng ) 3 ng'
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Problem 7.47
(a) In magnetostatics

V.B=0,VxB =gl = Blr)= &r};‘—"d‘.
For Faraday electric fields (with p = 0), therefore,
B 18 [B('i)xa
V-E=0, VxE=-> = Ert)=-% L de’

(with the substitution J — —-l—--m— )

(b) I'tom Prob. 5.50a,
1 [B{r',t)x2 OA
A(l‘,!} S / —2'—411', so E = —E-.
(Check: VxE = -2(Vx A) = , , and we recover Faraday’s law. ]

(c) The Coulomb field is zero inside and =% F = 72 T —1' i outside. The Faraday field is — 42,
where A is given (in the quasistatic approximation) by Dq 5.67, with w a function of time. Letting w = dw)/ dt

ﬂ’%b—or sinf ¢ (r < R),
E(r,6,4,1) =
o k2 poRieosing -
em" T+ 3 = ¢ (r>R).
Problem 7.48 ol _—(;Bﬁ WJ S -
yBR = mv (Eq. 5.3). If R is to stay fixed, then qR—di— = m:i% =ma=F=g¢gE, ot B = RFt- But
dd dd® 1 d¥ dB 1 1 .
)[E dl = — ,soE2~rR s, bo—ma Rdt,urB——i(x—m‘t')+wnbtdnt. If at timet =10
the field is off, then the constant is zero, and B(R) = ; ;11‘{2 0) (in magnitude). Evidently the field at R
must be half the average field over the cross-section of the orbit. gqed . Bp
Problem 7. 492
Initially, 22 = 1 9;? =>T=im?= %;#g!? After the magnetic field is on, the electron circles in a
new orbit, of radms r1 and velocity v;:
2
m-ul_lﬁ P e )
1 dmey 1t R D=l 2rml % 24mey 1y i3 2qv1r|B

But r; =r+dr,so (r)" ' =r"1(1+ "'—'-)_1 & 7~! (1 -2, while v; = v +dv, B = dB. 'lo first order, then,

1 LA | qQ dr 1 B qur L. ﬂ
= T (1——;)+2q(t'r)dB, and hence dT =T, - T = — 5 d 2—4n0 oz dr

Now, the induced electric field is E = ;‘fff (Ex. 7.7), so ma— =qE=1% ‘ff, or mdv = L.dB. The increase in

kinetic energy is therefore AT = d(gmzﬁ) =mvdy = TdB. Lompa.nng the two expressions, I conclude that
dr =0. qed
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Problem 7.50

E=-— ‘2? = —@. Sathecurrentin Ry and Ry is I = EMQ o : by Lenz’s law, it flows eounterclockwise. Now
2
the voltage across R; (which voltmeter #1 measures) is V; = IR, = Raflﬁ (Vb is the higher potential),
1 2
—aR?
i — r oz z ).
and Vo IRy = it i (Ve is lower)
Problem 7.51 (= [-ooa Mg 240k
al dv d>v _hBdI hB (hB d*v 2 ’ hB
8—03/&——14'3; F=1IhB = ‘HIdt dt2 —;—-(Tt-——;—n- (—L—)v, F——w U, with w—m.

Problem 7.52

A point on the upper loop: r; = (acos ¢2,asin ¢z, z); a point on the lower loop: ry = {(bcesd;, bsing,,0).
=(ra—r1)? = (acos ¢s — beos¢1)® + (asinga — bsing;)? + 2°

= a® cos® ¢ — 2abcos g cos ¢y + b* cos® ¢ + a®sin® ¢o — 2absin ¢y sin ¢a + b¥ sin® ¢ + 2°

= a® + b® + 2% — 2ab(cos ¢ cos Py + sindy sin ;) = a® + b* + z° — 2abcos(py — &)

= (a? + b* + 2%)[1 — 2B cos(py — 4,)] = %”[1 — 28 cos(¢2 — ¢)].

dly = bdgy &y = bddy[— sin 1 X + cos p1 §]; dlz = adda b, = adgs[—sings X + cos ¢ 9], so
dly « dl; = abdp; dea[sin ¢y sin ¢z + cos ¢y cos pz| = abeos(pz — ¢1) dey dd.

_ dy-dly py ab cos(gpy — )
_47rff 2 T Az \/ab/B //\/I—Qﬂcos(¢g-¢,) dda de, .

Both integrals run from 0 to 2x. Do the ¢, integral first, letting u = ¢3 — ¢1:

2m—diy 2x
cosu COsu

—_—du= | ———m—x
V1 =28cosu - 1—=23cosu X
U

-

(since the integral runs over a complete cycle of cozu, we may as well change the limits to 0 — 27). Then the
¢ integral is just 2r, and

2x 2a
cosu _ o COS U
M= L b \/ 0o
4T i o V1-—- 2Buos # / V1 23

(a) If @ is small, then 0 « 1, so (using the binomial theovrem)

1 2r 2

2n
—_— = | + Bcosu, and / —(ﬂsu——dua‘ cosudu+ S cos® udu = 0+ 3,
vI—=23cosu o 1-28cosu 0 2

ppTath?

and hence M = (o7 /2)\/ab@3. Moreover, 8 = ab/(h? + 2%), so M = 2 4 2

(same as in Prob. 7.20).
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(b) Morc generally,

‘ t.. 3 5 1 3 : Siag 8
1 ,\_1’2=]- 3 4 2:__ ol —— | Y2 2 Y3 o, .
(1+¢) 56 b 3¢ = o oo g ¥ ¥er ] T +ﬁcosu+2,3 cos u+2,6 cos”u e,
S0

27 2x 2 2w

M = %\/abﬂ{/ cosudu+ 2 oos2udu+-ﬂ2 cos” udu + = ;5 cos® wdu + - }
0 a a

- a0+ 8 + 580 + 30 Gy + - - %\/abﬁa (1+38+ 08 )| e

Problem 7.53
Let ® be the flux of B through a single loop of either coil, so that ®; = N;¢ and ®; = Na®. Then

dd dd & lVg
== = =Na——, 50 == :
E) N] dt ’ 52 1 th, SO 51 Nl qed

Problem 7.54
{a) Suppose current Iy flows in coil 1, and /> in coil 2. Then (if ¢ is the flux through one turn):

¢, =01 'A{I:!:qu’; ¢2=’2rq+1w11=N2¢, or®=1,— L, + h— L I2£+11£.
1\' '\f]_ NQ NQ

In case [; = 0, we have % = %,g; if Iy =0, we have —',;,i = M - Dividing: £ = %2, or L, L, = M2, qed
(b) =& =G = L5 + M2 =V cos(wt); —& = 4__3 =Ly + M4 = LR, qged
(¢) Multiply the first equation by Ly: Ly L, % ~ L-;%%-M = LV coswt. Plugin Ly%2 = —LR — M3

L.V, . "
MG~ MRI, — M2 Gt = IVicoswt = | Ly(t) = —20 coswt. | L4 + M (Bl wsinwt) = Vi coswt.
di, WV by Vs L L,
1= 1 (coswt — =2 ) il s = .
@ = I, (rqut pwsinwt | = I (t) I, wsmwt+ R coswt
X Vout IQR MR CUSWtR Lg 1V2 " . .’\rg
= == = =——= f the amplitudes is —=.
(d) Vv Fechio ~ e 2 il The ratio of the amplitudes is n, ced
2
(&) Bn = VinDy = (Vj coswi) | —) (—smu,t-i- -% coswt) (1]) (: sinwt coswt + % cos ;.vr) 3
% L
FPout = Vourla = ()*R = ( ;22 cos® wt. Avora.go of cos? wt is 1/2; average of sinwt coswt is zero.

_1 ’ L2 (L2)2 7 (L2)2 4 ) (V1)2L3
So (Ru) = 3040 (125 )1 (Poud = 307 [WR] 3007 [ ] = ¢y = X2

Problem 7.55

(2) The continuity equation says %tg = — V. J. Here the right side is independent of ¢, s0 we can integrate:
o(t) = (= V- J)t+ constant. The “constant” may be a function of r—it’s only constant with respect to ¢. So,
putting in the r dependence explicitly, and noting that V.J = —p(r, 0), p(r,1) = p(r,0)¢ + p(r,0). yed
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(L) Suppose E = ﬁ f dr and B = £2 [=X2 Jx"dr We want to show that V-B = 0, VX B = ugJ +uoeo 22 A
V-E= =p, and VXE = —2B provided that J is independent of ¢.

We know from Ch. 2 that Coulomb's law (E = Tre f4 dr) satisfies V-E = -‘—p and VXE = 0. Since B is

constant (in time), the V-E and V X E equations are satisfied. From Chapter 5 (specifically, Eqs. 5.45-5.48) we
know thpt the Biot-Savart law satisfies VB = 0. It remains only (o check V xB. The argument in Sect. 5.3.2

enrrics ’hmuy‘l until the equation following Eq. 3.52, where I invoked ¥/ - J = 0. In its place we now put
Vi J=—p

VXB = uJ - f;—° / J -V)i‘z- dr  (Eqs. 5.49-5.51)
v/g 4 ]
(_Jtpvl)% (Eq 5.52)

lntegration by parts yields two terms, one of which hecomes a surface integral, and goes to zero, The other is

—V‘ = -f-( . So:
42

OE
5 e

_ f_&_. o ) 1 [»
VxB = ug = /0’2 (~Mdr = pyJ +pueoat {—4”60 dr} = pod + po€o——

Problern 7.56 Yy

1 (=Xxd o7
a) dE, = e 4 /
(z) dE, e D sin @
ginf = —z;,z=\/z§+s~’

%

B e / zdz _ A -1
F o dmeo J (248732 dmey [V a2

o - A 1 1
* T 4reg Vit —e2=s? T+ |’

(L)
i 1 % - PEREA 3 s e p
‘I)b'—«imfu 0 {\/(vt—f)'l-l-s’ V(vt)? 182}27“(“—260 [\/{vt Rt +8-”
=li[\/(vt—f)2+a?—\/{vt)2+az-[c-—vt)+(vt)].
2(0 i
dd e B} v(vt — €) v(vt)
Ii=¢ep—— =| - ~ - +2v .
(L) 4= fo di 2{\/(vt—€)2+02 \'/(vt)2+u’ v |

Ase— 0, vt < € also — U, 50 Iy — %{21)) = Av = [. With an infinitesimal gap we attribute the magnetic field
to displacement current, instead of real current, bul we get the same answer. qed

Problem 7.57

ax_ 1.8  &f) Blf) ad df d df B ﬁ -
(a‘VL_;‘&(s Bs )+ N e 0=>ds 7 —0=>sds—A(aconstant) =
a3

A— =df = f = Aln(s/sg) (8¢ another constant). But (ii) = f(b) =0, so In(b/sp) = 0, so sp = b, and

ds
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V(s.2) = AzlIn(s/b). But (i) = AzIn(a/b) = —(Ipz)/(7a?),s0 A = -

(b) E=-VV =

UV O_Vi lpz 1 st 12 Ip ln(s’b\
T8 8T ra? sin(a/b) = ' ma? In(a/b) -

CHAPTER 7. ELECTRODYNAMICS

Ip 1

TN e
x|V @)

Ipz In(s/b)

ma? In{a/b)’

|

m’;;m(ggm(;) 2).

(©) 0(2) = €0 [Bu(a®) — Eu(a™)] = €0 [L ()= O] o

wa?In(a/b)

euf pz
wa® ln(a/b)”

Problem 7.58 a l

P

— e .—

(a) Parallel-plate capacitor: E = 1 7 V=Fh=—"h=C= g =—z3=3|C=

€0 eg wl

S

(h)E:;ngk’=;zU£;¢=Bhl “‘—‘Ihz Lr=r="482

(c) [C£ = pyeo | = (4 x 10°7)(8.85 x 1071%) =|1.112 x 10717 s* /m.

(Propagation speed 1/vLC = 1/, /Jigco = 2.999 x 103 m/s = ¢.)

(d) D=0, E=D/e=0/e s0 just replace e by €; |.CC
Il =K, B=puH = puK, so just replace uo by p.

=ep;| [v=1/yen.

Problem 7.59

(a) J = o(E + v x B); J finite, 0 = 00 = E+ (v x B) = 0, Take the curl: VXE + Vx(v x B) =0. Bus

B
Faraday's law says VXE = — ‘;l? So bat—Vx(va) ged

(b) V-B =0= f B .da = U for any closed surface. Apply this at time (¢ + dt) to the surface consisting of

S, S, and R:
/ B(t+m)-da+fs(¢+dt)-da—f
S R S

B(t +dt)-da=0

(the sign change in the third term comes [rom switching outward da to inward da).

dd»:f B(t+dt)-dn«/B{t)-da:/@(t+dt)—B(t£;-da—/ B(t + dt) - da
S S & ~ A

aB
Srdt

(for infinitesimal dt)

b= { / 9B da} i / B(t+dt) - [([dl x v)di] (Figure 7.13).
s Ot R

Since the second term is already first order in di, we can replace B(t + dt) by B(t) (the distinction would be

second order):

d@:dt/‘q%—?vda—dtﬁB-(dlxv)—_dt{/s(oaB) da - /Vx(va) da}

(v x B)-dl



ad B
i [%?-Vx(va)] -da=0. qed

Problem 7.60

(a)

V-E

v.B

VxE

Vv x B'

(b)

VE 1 g
(V- -E)cosa+¢(V -B)sina = o PecOsSC + cpop. Sin @

u
1 COS & + Clg€yPm 5in ) 1( cosa + : sin &) L. &
— & = S - —\f RON = ) = P
eo\/’e fo€0m ) € Pe ch J 5Up¢ v
1 1 -
(V-B]cosa—E(V-E)sinazuopmwsa—c—pesma
€o

1 . : ’
to(pm cOS & — i e a) = pg(pm COSQ® — Cp. SINQ) = poppy. ¥

(VxE)cosa+¢(V x B)sina = (—-poJ,... - 2]2) cosa + ¢ (poJe -+ poeoa—E) sina

ot ot
2} : - oB’
—po(Im cosa — e, sina) — 5 (B cosa — ZEsma) = —ppd), — o v

E
(V xB)cosa — —1-(‘7 x E)sine = (que + yoeo%—t—) cos e — % (—;zoJm f:)?) sin a

W

1
to(Je cosa + EJ"' sina) + [Lofu% (BEcosa + cBsina) = upJ. +p(}€o%}%. v
(B +v x B') + ¢ (B' leV « E)

1
(qc cosa + oIm sinn) [(Ecosa + eBsina) +v x (Bcosa— %Esina)]
L \

1 1 : ;
+ (gv cosa — cge sina) [(B cosa — —Esin a) — Vv x (Ecosa + cBsin n)]
C ¢t
Qe [(E cos® a + cBsinacosa — cBsinacosa + Esin® a)
j B ! :
+v X (Bcosza--c-Esmacosa+ zE&nacosa-FBsmza)]
| 2 2 e
+qm[ -Esinacosa + Bsin® o + Beos* a — ;Esxnacosa
C ‘ .
Locopam: -~ Jo g des
+v x ( -Bsinacosa - zEsin“a - —Ecos® ¢ — -Bsinacosa ]
¢ ¢ c? c

g (E+v xB) 4 qm(B~%vxE)=F. qed




Chapter 8

Conservation Laws

Problem 8.1
Example 7.13.

Ez?:c %g
i s=i.(ExB)=4’f L
B=£oC
2r 8
1 I
P= /S dd"'/bZ"wda—— —ds—zl\—]nb/a)

b

A 1 A Sl =
Bul V —[b-dl— e /;da—ﬁhn\b,a), so|P=IV.]
G

[

Problem 7.58. "
E-—z
€n 1
=LExB)=2y,
" W O Jo o
B=ppKx=—%k
w
P=/S-da=3wh-?h butV—/’E d1-~h qolP—IV
Problem 8.2 :
s @ o _ s It',_
(a) E = az, g="==5 QB =5 E) = ey Zz.

8E Ims®
B2rs = poco— T —as = “0607,;‘;2 = B(s,t) =

wla -
IOAE

s L s i It \* 1 (mls it g
(b) tem = ) (COE +ﬂOB) e [‘0 (neoa"’) iy (2.”“2)] Irigs [(m") + (8/2) ]

1 1 It pols It
= R = [ 25 -3 . B
p,o( ) Ho (weoaz) (21ra,2)( ke 2‘736004q

146

o
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Plim 0?0, It I*t 1t Ouem
8  onlad L w2eqat’ Gl V a8} = w2epa2 Ot
2

2rlenat e
; = Mol 2 2 = powl® 25_
£6) Upsa = /u,mu.21rsds = 21rw2wza4L [(ct)® + (s/2)%]sds = - [(ct) 5

ls_
Ti7

T " b, s __/ R T oy | Pwib®
= |5 |(et)® + 15| -| Over a surface at radius b: Pin = S-da= T (b5 - (2mbw3)] = e
dler _ wowI?b? I‘wtb‘ %

d¢ ~  2mal 2%t = Teont = Pp. v (Set b= a for total)

Problem 8.3

P T-d 2 faq
—f’r' a—ﬂofgaf T

The fields are constant, so the second term is zero. The force is clearly in the z direction, so we need

1
(T-dn); = Tisday+Tsday, + Tovdas =% (BzB, da + B.Byday + B, B, da, — > B’ da,)

b [B,(B -da) — ,115" da,] ;
0 2

Now B = %pooni (inside) and B = :::n(?cosar +5in880) (outside), where m = §7IZ"(awR) (From

Eq. 5.68, Prab. 5.36, and Eq. 5.86.) We want a surface that encloses the entire upper hemisphere—say a
hemispherical cap just outside r = R plus the equatorial circular disk.

Hemisphere:
Be = A8 [2wt.6'(r) +bu|0(0) ] = [2ws 6 —sin®6) = (Jcos 6—1).
3 47 R3 ‘ R3
da = R?’sinbdfdet: B- da— (2ww)1e%meded¢, da, _h:?smode«w cos 8;
anR3
B = (4 R3) (4 cos® 8 + sin® 9)= (%) (3cos®d+1).
(’Y"d&)z e (4wR3 [(3cos’9—l)2cosﬂR’sm9d9d¢——(3c0920+l) R’qmﬂmq()dﬂriqb]
cwR\?
= ( 3 ) [2R28m9c050d0d¢] (12cos?6 — 4 - 3cos? 0 — 1)
2\ 2
= % (U";R ) (9 cos® @ — 5) sin 8 cos 8 df dp.
R? WR\[ 9 5 1
(Fhemi o 180, (1 21r 9c0339 S5cosf)sinfdf = pym Lo ~Zcos* 0 + = cos®h
% 2 3 3 4 2
0

Il
r®

owR2\? +g_§)__& awR"’)
o*\ "3 1°2)° s 3 ‘
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Disk:
B, = %,’ioﬂh’w: da = rdrdd$ = —rdr ddz;
2 2 2
B-da = 3;10(7)?,;.-1'(17‘ dp; B = (‘i’lo”Rm) :
n 1 fi9 : 1
(T-da), = — (zpooRw | |=rdrde+ =rdrdp
to \ 3 2
R\ [
; au
(Faisk), = —32po (T) 277/1‘117' = —2mpo (aws
n
Total:

CHAPTER 8. CONSERVATION LAWS

do, = —rdrde.

S (2 on)zrdrdg’)
" 2u0 s \

R2)2

owBN\? . 1Y . owR?\?
F=-nuo 3 2+Z/ Z—|—wuo 5

Z | (agrees wilth Prob. 5.42).

Problem 8 4
(a) '1 da), = T,, da; + T, da, + T;. da,.

But for the zy plane da. = da, = 0, and do. =
—=r dr d¢ (I'll calculate the force on the upper charge).

(& da), = o (EF 3 132) (e,

2

+41
L1

Now E = ; 2q cosf P, and cosf =
Teg 22

2 _ q ’
e (‘.J'n'co)

re

L
(r? + a?)

. Therefore

g

1 L T 2 17 udu
q X T q u : a2 D
= = 2 S, B =
= 3 (2"'6:)) o / (r2 +a2)® drey 2 / (u+a?)? agim)
0
. @ 1 a’ i 71 0+ r a4t _[| gt v
T dmep2 | (m+ a*’-) 2(u+a?)’ 3 T 4mey 2 a®  2at| | 4re (20) |
(b) In this case E = —-4—2—sm0z and sin@ = S
qa 4 1 at € ga > rdrde
F*=F?= d hene - P ;
: (21“0) R and hence (T - da), 5 (27“0) R Therefore
s ] rds = L sogabil L (s bap | S eyt TR P 2 7
Y 2 21:'(0 (2 +a2)® 4w | 4 (42 +a2)? A T 4meg 4a* dre; (2a)2°
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Problem 8.5
(a) Bz = Ey, =0, E; = —0/¢o. Therefore
Ty =Too=Tog=voo=0; Toy=T Sopa_ 0. 5 pil lpe) g  o°
oy — dxz = 4y = = U T = Lyy 2 250’ £% 2 2 _2€o'

w a3 [t & 0
S X bioud |

(b) F = % T - da (S = 0, since B = 0); integrate over the zy plane: da = —dzdyz (negative because

sutwerd with respect to a surface enclosing the upper plate). Therefore

F ¢

I = /Tudaz = ——A and the force per unit area isf = — =|——132.
.A 260

(¢) —T:: = |0?/2¢ | is the momentum in the z direction crossing a surface perpendicnlar to z, per unit
area, per unit time (Eq. 8.31).
(d) The recoil force is the momentum delivered per unit time, so the force per unit area on the top plate is

2
f= 55 %| (same as (b)).

Problem B.6
(2) Pery = €0(E x B) = @EBY; Pem =|¢EBAdy.
0 o0
(b)l—/ Fdt = fWI(le)dt-/ IBd(3 x %) dt = (de)/ ( 96
= —(Bdy)] Q(oo) Q(O)] = BQdy. But the original field was F = o/ep = Q/enA so Q = A, and hence

[=|eFBAdY; | as expected, the momentum originally stored in the fields (a) is delivered as a kick to the
tapacitor.

(c) fE k= —% = —i—f!d (for a length ! in the y direction). —!E(d) + lE(0) = —ldd—:- =
E(d) - F(0) = d%. F = —cAE(d)$ + s AE(0)$ = —a A[E(d) — E(0)]§ = - 4(1‘%’ ¥ I= fmth »
0

- i g
~(rAd$) / —dt = ~(zAd$)[B(cc) — B0)] = 7AdBS. But E = 7, s01=[caFBAdY,] as before.

Problem 8.7
B = yynl z (for a < r < R; outside the solenoid B = (). The force on a segment dr of spoke is

dF = I'dl x B = I'ponl dr(i x 2) = —I'ponl dr ¢.

The torque on the spoke is

R
N = /r x dF = I'pmzf/rdr(-—f x @) = I'ponI% (R* —a®) (-2).
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Thercfore the angular momentum of the cylinders is L = / Ndt = - % uonI(R*—a*)z / I'dt. But [ I'dt =@,
50

L= —%uonTQ(R2 —a*)z| (in agreement with Eq. 8.35).

Problem 8.8
(a)
0, (r<R) 2ugM %, (r <R)
E = soBi= (EX 6.1)
47:60-%.? (r > R) 2222 [2c0s07 +5in66], (r > R)
(where m = %ﬂR"AfI): p=¢c(ExB)= (:0)2 (# x B)sinf, and (f x 8) = @, 0
l
g i 04 |
L=rxp= e sind(F x ¢). ;
But (f x ¢) = —6, and only the z component will survive integration, so (since (6): = —sind): |

m

9 - 7
L=l [0 (2 singdrdodg) /d¢=27r; /sin39d9 =3 /:2 dr = (_1)
0 0 R

@072 =
I= ’a"‘)?‘(z )( )(;) = %;LUMQRgi.

(L) Apply Faraday’s law to the ring shown:
d‘b 4 2 . dl"! F?\
fE dl = E(2nrsind) = —E—-mrama) p,o dt \ R )

supodly, o g
=|E 3 dt (rsind) @.

= 1

a R

The force on a patch of surface (da) is dFF = cEda = —&—A—(r sinf) da @ (cr = . )

3 A R*
The torque on the patch is dN =1 x dF = -’—J%ZdM (r 2smO) da (i x ¢). But (# x ¢) = ~@, and we want

only the z component (6, = —sinf):

N= —%%‘t{ z [ r?sin®6 (r*sin6 d0 dp) .

r 2n o=l NEg
2
Here r = R; /51113949:%;/ d¢ = 2m, soN———;ﬁﬂ R"( )(‘2#) pUQRde'[2|
0 0

Ji= /th = ---—QR2 /dM = 25’;0 MQR?>%2| (samc as (a)).




: i it :
(c) Let the charge on the sphere at time t be g(¢); the charge density is o0 — -—u 1he charge below

- .’ st 5 dn R?
(“south of”) the ring in the figure is

e

=0 (22R?) / sin@’' do’' - -g— {—cos8)|; = g{l + cos ).

0
Sn the total current crossing the ring (lowing “north”) is I{t) — —-;-Zq {1+ cusf), and hence
T A 1 dq (14 cost) -
K(t) = Dqu = 91’ ) = Iehdt smd 8. The force ou a paich of area da is dF = (K x B)da.
R A 1 AT
Bave = [é—pnﬂf ok ?TR (2cos€r+bu100) 0] "UU (2% + 2cosAf + 5ind8):

1 dg podM (1 + cosd)

KXB='l1ert 5 e [2(8 % z) + 2cos 0 (0 x §)).
—-é
dN = RixdF = HDM ( -(1+—m:£‘12[ tx(@x2) —cosh(fxd)Rsinbdodp
dt sin 6 s QR
0@ 3) —2(i- 6) o
oM dq) . 2 JoMR? i@‘) . 4
Ton (d., L+ cos 9)R¥[cos B 8 + cos 8 0] df dp = = a (1 | cosf)cos@dfde 6.
2%
The z and y components integrate to zero; (_67)= = - sin#, so (uzing /dq’z = 2r):
0
n
oM R (dg / - poMR? fdg\ [sin*8  ecos®é)\|"
N, = — - =y b § > 4
S . (dt (2m) | (1 + cos®) cos @ sin 8 df 3 o 3 3 .
o
pOMA? (dg\ (2 _ 240, ndg 200 «y 0364
= ——=]=]= =—-—MR*"— 4.
3 (dt 3 9 ~g Tk o N 9 i dt
Therefore

0
L:/th: —%MRzﬁqu= 230 MR*Q % | (same as (a))
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Tused the averuge lield at the discentinuity—which is the correct thing to do—but in this case you'd get the

same answer using either the inside field or the outside field.)

Problem 8.9 - ; ‘
(a) & = _%rf_‘ ® =wa’B; B=pnly; E=1R. So I, = = {;zofraQn) ‘f;;".
iy A ded dl, 1 dr, ol b2
14)}£D-dl_—3:>5t27m) =has “E:E G s _¢ B =" 2 (b2 + 2 ),\il_nz(Eq 5.38).

1 bl jonn dl,\ (ol 1 dI, ab’n
= i O 8§l eelCpgg Lo, WU o
S ﬂo(E x B) - ( SET 7w +33)3; (¢ x 4ltu1'f- & (52 | 220 r

|
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Tower:

x o0
_ = [ 19 g b Ll ol
/sl /S da = / (S){(2ma) dz = 21.'poa b*nl, & e 32)3/2 dr

1y 2
TBE) TR

14 >
= k:r;zoaQndﬁ) I, = (RI)I, = I.’R. qed

—O0

2 oR 1
== -

The integral is —| =
SR PE T Bl T

di

Problem 8.10
According to Eqs. 3.104. 4.14, 5.87, and 6.16, the ficlds are

1 2
_E)-P’ (r < R)' gﬂ'ﬂh{! (T < R)1
E = B= :
- SR fto M 4
o ’_—3[3(p B)F—p|, (r>R), g [Bm-f)f-m], (r>R),

where p = (4/3)7R*P, and m = (4/3)7R*M. Now p = ¢o [(E x B)dr, and there are two contributions, one
from inside the sphere and one from ourside.
Inside:

1 2 2 2 5 B
P = en/ (—:-;—CL:P> X (Epgl\’.[) dr= -§p0l‘P x M) /dr = gpo(P X M)arrR3 = 27;«;1:’1'{3(1\:1 x P),

Qulside: ; y
RS o N (B - D - SO, B - R o
Pout = L e / 3 {B(p ©)F - p] x [3(m F)F — 1]} dr.

Now # % (pxm) = p(&t-m)—m(#-p), s0 #x [F % (pxm)] = (f-m)(Fx p)— (£ p)(F x m), whereas using the BAC-
CARB rule directly gives # x [Fx (pxm)| = F[f-(pxm)] - (pxm)(# #). So{[3(p-#)# —p] x [3(m-#)F —m]} =
3(p #)(Fxm) 1 3(m #)(Fxp) | (pxm) =3 (#[# - (p x m)] - (px m)}+(pxm) = —2Ap>xm)+3[F(pxm)).

£ 1 2 :
Pout = 162 ,/ 6 {2(p x m)+3#[F- (p x m)]}r?sinbdrdd dé.

To evaluate the integral, set the z axis along (p x m); then ¥ - (p X m) = |p x m|cosf. Meanwhile, =
sinfcos p % +sinfsin ¢ § + cos9 2. But sin ¢ and cos ¢ integrate to zero, so the X and ¥ terms drop out, leaving

_ ko 1 . . 5 2 0o -
Pout = 7575 (/ﬂ o dr) { 2(p x m)/sxn9d9d¢+3|pxm]zfcos 05m0d0d¢}

o LA : L D

1672 ( 3'_3) . [ 2(p x m)4w | 3(p X m) 3] = 12ﬂRa\pxm)
A e e vesd) SR 1T T

TP (SnRP) X (snR 1\'1) =% R (M x P).

=i 3 —| 4, p3
Pes = (3 27) 1R (M x P) =| “tgR¥(M x P)




Problem 8.11
{a) From Eq. 5.68 and Prob. 5.306,

vl R Be=, B=%,uqaRwi with o =

L g _ Mo
P =
HE 4reg Inegre ar

e .
47 R’ 4
(2 cos6F +sin@6), with m = gﬂowh’,“.

The encrgy stored in the clectric field is (Ex. 2.8):

| %

i AT
Wb_&rfu

The energy density of the internal magnetic field is:

1 ; R i e \? pgwie pow’e? 4 poe’w? R
R = ‘B2 = = - = ___ a0 W = ok i ——
AT 240 (3"" 1 Rz) nazre ° Ven = poge™R Rdm
The energy density in the external magnetic field is:
_ 1 g m 2 2 efw? Rl 1
l UB——;:‘!E]G?';-G—(‘ICOS # +sin 9) W (3L 8291—1:]
2 21 T " R4 /1 22 R
e oew - po€w
Ws, = 4 A5 (e OSSR
- W, (18)( 16)x2/ T dr /(3“’” Ga) “"Mgfd‘b (18)(16)72 (333) L T
0
2 2
3 ' poe’w? R o w R 1 1pe3w R
Wn = Wp Wy = ——24+1)=——; W =W ‘g = Labibatitoo o des
n Ria + W, = 1087 +1)= on Wg+ W e H + 6
. y 1 2 poe’wh |
(h) Same as Proh. 8.8(a), with Q@ =+ e and m — Ee.wR o B e Tk
hpe? h 9rh (9)(m)(1.05 x 105%) = o
S WwH. = = - =192 /s.
T R el e Y Ty T b M
b1 e[ 2 fwr\? " 2 (wR 4 2 (9.23 x 10"
1 [ — — - - — = Pl [} hacasndeleCrivenn GRRty = 2. 4:
“1(0R[+9(c)] M 1*9_.:) l+9(3x10" ) 21010
(2.01 x 10%)(1.6 x 10-19)2 —— 9.23 x 10-10 -
=2, = = =[3.1¢ 02 rad/s.
= B8 < 1)L x @ X 10 — LB X107 mi| w=gor—g-mr = 518 x 10% rad,

Since IR, the speed of a point on the equator, is 300 times the speed of light, this “classical” model is cleatly

mrealistic.
Problem 8.12 z
o e T
" dweo 13!
13 = Hotm T _ fiodm (r - d3) #
ar 3 ar (r? +d? — 2rdcosd)3/2’ d
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Momentum density (Eq. 8.33):

Ho9:Gm (i x 2)
=¢(E xB) = -
o = ef ) (47)2 3 (r?2 + d? — 2rdcos 9)3‘/2

Angular momentum density (Eq. 8.34):

f104e Imd rx(rx#)
(47)% 33 (r2 + &2 - 2rdcos 9)3"2

Butrx(rx2z)=r(r-2)—r’z =r’cosft — 1’

L= (rxp)=—

The = and y components will integrate to zero; using (¥), = cosé, we have:

L = _ HoGegmd i/ r(cos’d — 1)

2 .- d e Y
(an)? —resinfdrdfdd. Let u=cosh:

r? (r? +d? — 2rdcos 6)%?

_ Hogeqmd r(1-v?)
T (@mr S )//(,udz Mu)“"“'d =

Do the r integral first:

o0

/’ rdr = (ru—d) X u ST . 2 1
(@ —2rda) R AL-PWIT P —ordul, A1) d(—wd A1) dT-w)

Then
d_1 f(1-?) ' 2\ |
_ 10%edme . 1 — U — Holedm . — Holedm u — | H0%em ,
L————Bw zdf———(l—u) du T z/(1+u)du 3= z(u+ 2)-1 yr
_1 - —
Problem 8.13 E5ieavh VATl S
(a) The rotating shell at radius 0 produces a solenoidal magnetic Held:
- PR T . __Q _ Mo .
B = uoK 2, where K = opwib, and o = Thl’ = 571 zZ(u<s<b).

The shell at a also pradueces a magnetie field (jow,@/27l) 2, in the region s < a, so the total field inside the
inner shell is

B= ‘-;"-? We — W) B, (3 < a).

Meanwhile, the electric field is

s - W T

T Qe s 2megla | 2

B - pows@\ .. .. pown@® ;o  pows@? :
Sl e (211‘5013) ( 2nl ) (8= 4r2l?s Wb R 4r?l?s k).
Nowr x = (s&+2%) x ¢ =3%— 23, and the & term integrates to zero, so
o Q? pow@® o tows@*(0* — a*)
= 2 = b lﬁ = 5
L= = St arl
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(b) The extra electric field induced by the changing magnetic field due to the rotating shells is given by
1 do

bzra——ﬁ #E——%d ¢, and in the regiona < s < b
= M )y o 2 ILOQ‘_UO % 20 10Q =2 I“OQ dwg gdwy \ 7
= Gy (We — ) ma® — S5 (a® —a?) = T (wad® —wne®); Ble) =~ (o - 50 ) 6

il 0 ) — _HoW [ pdua  adws) o
)d)‘ and E(b) = 47r!b(a T b = &b.

The torque on a shell is N =r x gE = ¢gsE 2, 50

= _loQa) fdws dwp .. _/m __po@%?
Na — Qa( ) ( dt df Z, Lu - . N“ dt — 47[! (l-va Wh) z.

47l
5 Ity @ gdwi ) .. P L T T T
N = Qb( 4rrlb> (a dt -b p ) z; L —./n N;dt = i (aPw, — bPwy) 2
" k@’ ST ey SN 2 o _I‘OQZM 2 _ 2 e
Lioc = Lu+L,= 7 (a wa = bPwp — a®wa + atuy) 2 = e (b* —a*) 2.

Thus the reduction in the final mechanical angular momentum (b) is equal to the residual angular momentum
m the fields (a). v

Problem 8.14 7 %
B=ponlz, (s<R); E= et L where 2 = (z — a,y, z).

bt e 1 i (7 "
p = eo(E x B) = eo(ponl) (4;) Shxz)= ';0:,‘3 yx—(z-a)¥]

Linear Momentum.

1 S B B
p = / pdr = Foir © 32)2 -E-Iyz :):2}31,2 dx dydz. The X term is odd in y; it integrates to zero.

e poan (z —a) o . T
= f[(:c—mz o zzld/,dzdyd,.. Do the z integral first :

o N 2
RCEDET)

[(z —a)? + y’l\/(x SaPEYTE 2R
3 poqnf - a)
= /-—-———[(r 2 + ] drdy. Switeh to polar coordinates :

:r_scos¢ y=ssing, drdy = sdsdp; [(x — a)® +y% = 5> +a® — 2sacus g,
puan (scosd — a) s
9[(82+ sdsdd

— 2sacosd)

e [*"' cospdp 2 (1 A ) _ /2" de . ¥
‘ o (A+ Bcos¢) B vA:—B2/)' Jo (A+ Bcosg) T JAT-B%
Here A2 — B? = (8% +4?)? - 45%% = s* + 2s%a® + a* — 45%% = (s - a%)?; VA2 - B? =a® — 5.

o wwwnly [ (e +aty o0 _ tognl _ /" | pogni?
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Angular Momentum.

il nl . ” o -
= axp= u;q:q rxfyx—(r—a)y]= uoqn {z(x—a)x+zyy—[x(;r—a)+y‘]z}.
The X and y terms are odd in z, and integrate Lo zero, so
=3 __poqnl A 2°+y° —za - ;
L = Fpeas / Z—a)l = + PP drdydz. The = integral is the same as before.
! _poqnfi 22 + 4% — ra g __poqnfi §—acosg o3
- or (z —a)? +y?| B e (s? +a* —2sacos¢)” ¢

I's s? 1 a® + s* gie I's R g2 — g2 P
SRR pommrodUE (laiy s mme ) ELL Al 1 i . o = [zero.

Problem 8.15
(a) If we're only interested in the work done on free charges and currents, Eq. 8.6 becomes

W
d /(E Jg)dr. ButJJr_VxH—a—(Eq 755),s0E-Jy=E- (VXH)—E-%?. From product
rule#ﬁ,V-(ExH)—H(VxE)—E-(VxH),whulerE:—%—?\so
E-(VxH)=-H- %%—V (E x H). Thereforc E - Jr; = -H- %-‘;——E 8()1: V - (E x H), and hence
dW an oB ;
dl = /‘,(E W+H W)dn—fs(EXH)'da.

This is Poynting's theorem for the fields in matter. Evidently the Poynting vector, representing the power per
unit area transported by Lhe lields, is S = E x H, and the rate of change of the electromagnetic energy density

. Ouem , dD B
is 5 =k ¥ +H 5

1
For linear media, D = ¢E and H = I—LB, with € and pu constant (in time); then

10 10
BB+ 5(B:B)= 3o (E-D+B-H),

Belgi: e O ds B < 3
5 gt Sie

S0 Uem = 3(E-D+B-H). ged
(b) Tf we're only interested in the force on free charges and currents, Eq. 8.15 becomes f = p/E +J; x B.

d
€5

BuLp;=V~D.audJ;=VxH—%—?,sosz(V-D)-\‘-(VxH)xB—(%)xB. Now
a oD oB JB aD a : 3
E(DXB) 5 xB+1Dx (m),fmd-m- VxE,mmxB_m(DxBjli{VxE;,nnd

hence f=E(V-D) -Dx (VxE)-Bx(VxH) gt(D x B). As bhefore, we can with impunity add the
term H(V : B), so

={[E(V-D)—Dx(VxE)]+[H(V‘B)—Bx(VxH)]}—%(DXB).

The term in curly brackets can be written as the divergence of a stress tensor (as in Eq. 8 21), and the last
term is (minus) the rate of change of the momentum density, o = D x B.




Chapter 9

Electromagnetic Waves

Problem 9.1

6!1 : —b{3—vt)?, azfl aae -b(z—vl) 2 =biz—ut)
os = —2Ab(z—ute = 2Ah[ — (2 — ut)% ] ;
8fi T ~b(z=vt)?, 33f1 o’ —b(z—vt)® | - 2,-0(s wt)?| _ 332f1
" - 2Abu(z — ut)e T i 2Av [—ve + 2bu(z — vt)?e ] =y v
) 2 D
%.2_3 = Abcos[b(z — ut)]; 0 'f2 = —Ab® sin[b(z — vt)];
6]2 e ; . aof?. SRS [ % 2 O {1 . .f2
ks Abuv cos[b(z — vt)]; . Ab*u* sinfb(z — vi)| = 0 =
8fs _  —2Abz—ut) Bfy_  -24b _ BAP(z-w)
8z [bla—vt)2+1] 837 T [z —vt) + 12 " [blz—ut)? + l]" ’
8fs _ _2Aw(z-wvt) (i i L T ~2A4bv* A2 (2 — ut)? o2 & fy
| o [lz-ve)2+ 1P 82 [b(z—ut)2+1]2 " [b(z —ut)? + 1]3 e
', % - _2Ab2ze—b[bz9~l vt); 82f4 = —944° [e—b(bz’-f-vt) A 2b2z2c—b(bzz+v.(.)] :
dz 922
% o _b(bz +ut), a f4 == 2 —b(&zz-i-lt) 26 f1
i Awe T Aiis e Itk
%{9 = Abcos(bz) cos(bvt)®; -‘-9—3;3 = — Ab® sin(bz) cos(but)?; %ft—- = —3A%4%1? sin(bz) sin(but)?;
[)B‘Tj; —  —6AbY 3 tsin(bz) sin(but)® — 9ABC WOt sin(bz) cos(but)® # v° f°
Problem 9.2 3
2
9f = Ak cos(kz) cos(kut); & = — Ak?sin(kz) cos(kut);
8z Dz
of > i 20 f
% = _Akusin(kz = =012
Bt Akusin(kz) sin(kvt); FTE Ak*0? sin(kz) cos(kvt) = v? P v

~ Use the trig identity sinacos § = %[sin(a + ) + sin(a — B)] to write

f= ; {sin[k(z + vt)] + sin[k(z — vt)]} .
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which is of the form 9.6, with g — (4/2) sin[k(z — vt)] and h = (4/2) sin[k(z + vi)).
Problem 9.3 )

(Ag )2 = (Age'"i’) (.‘!38_’.63) — (Aleﬁl + /12(3’.52] (/11(2—“.' N Age‘*‘s“)
= (A1)? 4 (A2)° + 414 (e ™ + e71¢"2) = (4;)2 + (A2)? + A1 Az2008(8, — &)
As = | VA + (Az)? + 241 A cos(B; = 83).

Azeile = Aj(cos oz +isindz) = A (cosd; + isind)) + Ay(cosdy + isindy)
Azsind; A sind; + Aysindy

= (A & — Az d2) + (A, si 3 8l . lanog = — —
(A) cosdy cosda) +i(A) sindy + Assindy).  lands e Sy e

- (AJ sind; + A,sin 5-‘-)

03 =

A cosdy + Az cosds

Problem 9.4

2 2
The wave equation (Fq. 9.2) says % = 1%(;_{ Look for sclutions of the [orm f(z,t) = Z(2)T(t). Plg
gtz 1 T L&#Z 1 W

this in: TE_Z? = ;Q'ZE;- Divide by 27" : -Z- 7 T 2T di?
right side only on £, so hoth must be constant. Call the constant —&2.

. The left side depends only on 2, and the

2
fo -k2Z = Z(z) = Ae™** + Be~i,
2
—itf = —(ke))T = T(t)=Ce™*" 4 De~i,

(Note that & must be rzal, else Z and 7' blow up; with no loss of generality we can assume k is positive.)

= ikz =ikz\ (e ikut —ikoly _ i(kz+kvt) A(kz—kut) i~ kst kut) 1| —kz—kot)
flz,t) Ae'™ + Be (Ce™ + De Aje + Aqe + Age + Age ;
The general linear combination ol separable solutions is therefore

&
flz,t) = f [Al(k)e"““'*“") b Ag(k)et® =t  dy(k)eil ketw) +.44(k)ef<-k:-"'*)]dk,
0

where w = kv. But we can combine the third term with the first, by allowing k to run negative (w = |kjv
remains positive); likewise the second and the [ourtls:

0
flzt) = f [Ar(rettsren 1 gy (yerive—st] gy,
Because (in the end) we shall only want the the real part of f, it suffices to keep only one of these Lerms (since
k goes negative, both rerms inclhide waves traveling in both directions); the second is traditional (though either
would doj. Specifically,

o0
Re(f) = / [Re(A1) cos(kz + wt) — Im(A; ) sin(kz + wt) + Re(A4z) cos(kz — wt) — Im(A,) sin(kz — wt)] dk.
The first term, cos(kz + wt) = cos(—kz — wt), combines with the third, cos(kz — wt), since the negative k ia
picked np in the other half of the range of integration, and the second. sin(kz +wt) = — sin{—kz —wt), combines
with the fanrth for the same reason. So the general solution, for our purposes, can be written in the form

o0

Fiz.t) = A(R)e*™®2 w) g qed (the tildes remind us thal we want the real part).

-
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Problem 9.5 P { 9a; &R 1 Ohn 8 10
- i n I ol 21 JL g
Equation 9.26 = g;(-1t) + hr(tnt) = gr(—uvyt). Now 552_’ A _I—ﬁ%‘_; _5;’3_ iz aa_tﬁ % - _;_EJ;C
1 8g;(—mt) i 1 8hp(t) _ 1 dgr(-wat)
v Ot vv O v Ot
(where x is a constant).

< o) v ‘
Equalion 9.27 = — = gi(—mt) — hglvt) = im'(—vzt) + K

211y

) gr(—mt) +&'

). Now g4(2,1), gr(z,t), and hgr(z.¢) are each [unctions of a single variable 2 (in the

Adding these equations, we get 2g;(—vt) = (1 + :—]) gr(—val)+k, or gri—vat) = (1
pi 'L T V2

(where &' = —x
v+ U2
first case u = z — vy ¢, in the second u = 2 — vat, and in the third v = z 4 v;¢). Thus

gilu) = ( i ) agr(viujv) + &',

v + U2

el

: i ; : 1 ; 7 .
Multiplying the first equation by v; /v: and subtracting, (l - %—) gri—uvit) — (1 + —I/I hrivnt) = & =
Un

Z 2

: 1o — 1 vy vz — ¥y - !
hpimt) = — —mt) - Kk ,orlhg(u) = [ —— -u) + K.
avt) ('ul +vg)gl( 1t) (?;1+1;3) A (T)1+Ug)gl( i

[T7e notation is tricky, so here’s an example: for a sinusoidal wave,

o = Arcos(kz — wt) = Arcos(ki(z - v1t)) = griu) = Ay cos(kiu).
gr = Arcos(kez—wt) = Apcoslke(z—1at)] > gr(u) = Apcos(kau).
hy = Ap COS(—kl.Z e u.o't) = Ap COS[—h (Z T Ult]] =4 hR{'u) = AR cos(—kl'u).
2u Vg — )
Here k' = 0, and the boundary conditions say ﬂ = e ; éﬁ B i (same as Eq. 9.32), and 1—1—!@ = ko
Ay v oy A v + e 2

(consistent. with Eq. 9.24) |
Problemn 9.6

(a) Tsinfy — Tsinf_ = ma= T(

@f

of
" )”"EF

b . OF
ol 82

0z

0

’ G 9 . : + % .. & imw®\ -
(b) A7 + Ar = Ar; TliksAr — iki (A1 — Ap)] = m(-w?A7), or k(s — Ag) = (kg = ”’}“’ ) Ar.

: ; $na i3 R /o e . 2k, 3
Multiply first equation by &y and add: 2k, 4y = (kl + ko — ;T) Ar, or Ar = (k; T imw'—’/T) Ar.
T . o . — i T) - (k1 —ky +imw? [T -

g A k1 + ke —imw? /T = ks —ima? T ) T

Tz 9 "
If the second string is massless, 80 vy = /T /s = 20, then ky/k; = 0, and we have A — ( ) Ar,

1-i3
. 1+i8\ - mw? mkv)? mk T k1 (1 - i,é’) : )
= 4 3= = = - 43 = ~_IN — | =A _l¢1 +h
Ar (1—‘4}9) Ay, where 3 W7 pRE T u;’m m#l ow | = i e, wi
A'(l—w Ty AL e R e e T

20 i6 PR S e (28
tan ¢ = g Thus Age®R = ' A;e®r = AR=A;,| dp = & + tan &)

o 2 i 2= 2 ( 2 )— : o
Similarly, (—1 iﬁ)—Ae = A —(1_,-’3) 1+48 -]+/32=>A—\/1+33.
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2(1 +:i3) 2(1 +i5) i 2 : 5
- 'o e ~ = I v tlf = - S - i T - ,L,ﬁ‘ u’
e =m-ma +i8) {1+ e \/11-526 s
i — 9
- = As; |67 = 67 + tan™' 8.
! \/1 'i
Problem 9.7 i = -
o f ’9]’ dzf >f af 6,
@) F=T—FAz- 2 ;
i 1')‘.-:2'A Yot e FTthR Taz = o Vo ai
el —utdﬂf - it g DAt
(L) Let Ft.z t) = F(z)e ; then Te D = p(—u? lF'c' +¥(-iw)Fe =
2 2 F L= LTy e 2] 1 S
qu*q —w(pw + i), L5 = —k*F, where k* = i(pw +iv). Solution : F(z) = Ae™* + Be™**%,

z? a7 et 5

Resolve & into its real and imaginary parts: k =k + ik = k2 =% — KB+ 2ikx = -}-(pw +iy).

P WY, 2 (UYL R R iTY - 3 Lt

2kk = T k= K=K =k ("T) T T or k¥ = B*(uw*/T) = (wy/2T)* — 0 >
’(uu‘/T‘ + (w? [T)? + 4wy /21 )7] = l [1 41+ ('y/,u.u)z] But k is real, so k* is positive, so

— - - ]
we need the plus sign: £ = L.\/ \/ L+ 1+ (7”&: K= ‘Jk_?l‘ = \/2:7‘ [l + v 14 (v ,'!.u)‘-} .
Plugging this in, F = /l(’"""’"‘" + Be~ikHinl: = gemnreths 4 BertpTik: Byl the B term gives an expo-

nentially increasing funetion, which we don’t want (I assume the waves are plopa.ga.tiug in the +z directior),

s0 B =0, and the solution is | [{z,{) = AB"“"e“""‘““"’.l (The actual displacement of the string is the real pars

of this, of conrse.)
(¢} The wave is attenuated by the factor 2%, which becomes 1/¢ when

| 2T 1
= S i olla /1 + \/l +(v/ pwﬂ this is the characteristic penetration depth.
B ¥ s S T = 'k —k— iKY -
(d) This is Lhe same as before, except that k3 = k = ix. Irom Eq. 929, Ay = m) Al
\ 2
‘\r{ by — k- ik (kl —k+m\ (k= k) + KT o [ BYE bR
4, ) (k Th+in) \hitk—ix) (+RELRE |"ET VR4

(where ki = w/vy = wy/p1 /T, while k and « are defined in part b). Meanwhile
(kq -k - ih‘,) = (_k‘_ —k— Z‘K,)l:kl + ko Q:K.) E (kl)g — k2 _K,z — 2il§k[ s (SR s tan"‘ ( —2’%’1& )

ki ki (k1 + k)® + &2 DR (F1)? — k? — K2
Problem 9.8 :
(a) fu(z,t) = Acos(ks — wit)¥; fh(‘.,t) = Acos(kz — wl + o § et
90°) ¥ = —Asin(kz — wt) §. Since f2 + f2 = A%, the veclor Seige —1\,\ 1 /
sum f = f, 4 f; lies on a circle of radius 4. Al lime ¢ = \/.’1 \

W T

0, f = Acos(kz)® — Asin(kz)y. Al time ! = 72w, [ = s
Acos(kz 00°) R— Asin(kz—90") y = Asin(kz) X+ A cos(kz] ¥.

Evidently it circles Equnf,erclockwise . To make a wave circling

the other way, use 4y, — —=90°.

(b) €

77 P
/ _//%x Al /7//)/3;,4{1/__. 3

/)

///< (/’ é//
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(¢) Shake it around in a circle, instead of up and down.
Problem 9.9

% f=2 km=(—%ﬂ (X +yJ +28) = —imkxﬁ: Lxh=9.

E(z,l) = Eocos (%’z +.uf,) z;, B(z,tl)= %COS(C-B-I'UJ‘) y.

(a) {b)

(") |k = %’ (§+?—3H) o x\;2z. (Since 11 is parallel to the z z plane, it must have the form ax+ 3 2;
- V

since i -k = 0, F = —a; and since it s & unit vector, a = 1/\/5.)

+$)'('z->‘c—y5"+z2)-—L(x+»u+z\- kxh= L
i ' 3c R ALY Vb

[l - 13

LN
o
(==
o
+
[SV]
<y
|
N
N

w
k P=— ‘}‘l’-
\/3«:(

N)

a0, 8,8 = By SN S P
‘b(.z,,g, L) bcua[ﬁc(.z-i-y ) wt](v,i)

| B(z,y,2,t) = %cos[ﬁ(z+y+z)—wt]( +\/2f-5$

&)
o TR

Problem 9.10

i e 2 4.3 x 1078 N/m?. | For a perfect reflector the pressure is twice as great:
e 30x108 L i R } pressure is twice as great:

8.6 x 10" N/m?. | Atmospheric pressure is 1.03 x 10° N/m?, so the pressure of light on a reflector is

(8.6 x 10°€)/(1.03 x 10°) = | 8.3 x 10~ atmospheres.
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Problem 9.11

"o
(fg) = %[ acos(k-r —wt+d,)bcos(k -t — wit + dy) di
0

3
- | [coa(2k - r — 2wt + 8, + &) + cos(8, — &) dt = %

1
a7 |, cos(da — &)1 = Qabms(ﬁ, —~8).

Meanwhile, in the complex natation: f = ae'® ™% 5 = e’k * @ where a = ae'e, b= be™. So

1+ T ~ ; - N )
fgs = 1&,("-""“"“b’e“(k'r_“"” ey %abe‘w" —651’ Re (%fg“) — leCOS(éa — 5()) = (fg) qod

2 2
Problem 9.12

1 1 1
de = € (EiEj == iﬁng2) + ;1,0 (B,‘B_,’ - 55,'sz) ;

With the fields in Eq. 9.48, E has only an z component, and B only a y component. So all the “off-diagonal”
(i # 7) terms are zero. As for the “diagonal” elements:

: - 1
Tz = ca (EiﬁEt = lE‘) + —1— (—lbﬂ) = '1 (EoE2 - —BQ) = ().
E Ho 2 2 to
‘ - : : ! a2 1
Tyy = ro(*2E2)+%(ByBy_§BZ)=§(_E“E +EB)—0.
n = (b s L {Le)m s
Ho 2

So [Tz = -eob‘g cus(kz — wt + 8) (all other elements zero).

The momentum of these fields is in the z direction, and
it is being transported in the z direction, so yes, il does make
sense that T, . should be the only nonzero element in 75;. Ac-

cording to Sect. 8.2.3, — ' _da is the rate at which momentum |‘4) =
—m—
cAt

crosses an arca da. Here we have noe momentum crossing areas
oriented in the = or y dircerion; the momentum per unit time
per unin arca flowing across a surface ariented in the z direc-
tion is —7,, = u = e (Eq. 9.59), so Ap = peAAL, and hence
Ap/At = peA = momentum per unit time erossing area A.

Evidently lmument.um flux density = energy density. v
Probhlem 9.13

Eop\? \ k= .@)2 3 L e (Eor)z ;
=|== 5q. 9. = | — . 9.82), = —, = — | = Eq. 9.87
R (Eo; ) (Eq. 9.86) = |R 54 (Eq. 9.82), where 3 R 1 =5 (Eq )

(o i . v 3 v U1 2 (11U
= T=B(—-) (Eq. 9.82). [Note thatc?—gzﬂw—zzﬂ(_) _2:&:.(3,]
14+ €U Mg ety pp \t2) vr v

1 1 :
m{w+l—2ﬂ+62) = m(uzﬁ +8Y)=1.v

- 057500 s TG 1 me] =
I'+B= g [18+ (1 - 2)*]




Problem 9.14

Equation 9.78 is replaced by Eo, X + Eo,fip = Eo.,n:r, and Eq. 9.80 Lecomes Ko,y — Eo,(2z x fig) =

BE.J, (z x fir). The y component of the first equation is Ko, sinfr = bc., sinfp; the @ component of the

second is Eon sinfg = —0BEo, sinfp. Comparing these two, we conclude that sinfr = sinfy = 0, and hence
fp =07 =0. ged
Problem 9.15
Ae'%* 4 Be'* = Ce** for all z, so (using 2 =0), A + B = C.
Differentiate: iaAde®? + ibBe'™® = icCe*®, so (using z = 0), ad + bB = cC.
Differentiate again: —a®Ae*?* — b2 Be'* = —c*Ce*?*, so (using z = 0), a’A + ’°B = ¢*C.
WA+ VB = ¢(cC) = clad + UB); (A+ B)(a’A +0’B) = (4 + B)c(ad + bB) = cC(aA + bB);
0?A? + b’ AB + a®’AB + b’ B? = (aA + hB)? = a®A® 4 2abAB + BB, or (a® + b* — 2ab)AB =0, or
(a—b)>AB = 0. But A and B are nonzero, so a = b. Therefore (A + B)e'®® = Ce'*.
a(A+ B) = ¢C. or aC = ¢C, so (since C # 0) a = ¢. Concluston: a =b=rc. qed
Problem 9.16 A =

Er = Ei‘o,e‘ e,
BJ = —E‘olei(k' "'“’"(—cosﬁli-ksiual i); 3

% BR
Br = Byelthnr-vlly x \, :’
A Ea ¥ AR o
Bp = —Ey, e!*aT=t(c0s8) % + sin b 2); % 1% B

1 d y
Er = E{OT ghikr r=wlly. .
BT = _v;E'OTBi(k-r'r—wt)(_ 00392 X <+ sin 61 2}, y
“w

() e Ef = B4, (iii) E! = B, B,
Boundary condilions:

(ii) Bf = Bf, (iv) 2B} = 1Bl

sin @
Low of refraction: q;: 82 iy [Note ki-r—wt=kg -r—wt=ky -r—wt, at z= 0, so we can drop all
sin 1

exponential factors in applying the boundary conditions.]

Boundary condition (i): 0 = 0 (trivial). Boundary condition (iii):

+E0R = EUT

T ot Y Lidais Tl Tisx . X c sin@s\ =
Boundary condition (ii): EE‘)' siné; + ;;:Eo,. sinf; = -IEEO.J. sinfy = Ey, + Ey,, = (%) Ey,..

But the term in parentheses is 1, by the law of refraction, so this is the same as (ii).

Boundary condition (iv): & [-I—E'o,(—-cosﬂ1) + —]'—E'o,, cosBl] = -I—Eo.,(— cosfs) =
® L 0 H2U2

- 5 _ (muvicoslq = cosly , _ pv = = =
By, — By, = ("2”2 cnsﬂl) Ey,.. Let|la= P i s A= PRy Then | Ey, — By, = a3Ey,.

é i fll oL 2
Salving for Eg, and Ey,: 2Eq, = (1 + af) ko, = Ey, = (1 + aﬂ) Eo"

o s &, s 2 1+ af 1-af3\ -
Bon = Eor EO'_(1+0,9 1+aﬁ)5n,=>50,,—(1+03)fm
Since o and 3 are positive, it follows that 2/(1 + «f) is positive, and hence the tmnsmitted wave is in phase

2 .
Bor = (1257 o

with the incident wave, and the (rezl) amplitudes are related by

.| The reflected wave is
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= l—ab '
EOu ~ ‘_ Eﬂ;-

in phase if @f < 1 and 180° out of phase if a3 < 1; the (real) amplitndes are related by T

These are the Fresnel equations for polarization perpendicular (o the plane of incidence.

¥ \/1 — sin? a/3? 32 —sinc 0 ) e
T'o construct the graphs, note thataf = §~—— — = ——————— where @ is the angle of incidence,
§ cosd cozé

V' 2.25 —sin® @

so, for =13, al =
oz f

14
Yl
-8
-7
-0 T;

- Y et
gt Eil
1
-3 4
2 -

0° 10 20 30 40 50 60 TO S0 90 8,

Is there a Brewster’s angle? Well, Fy, = 0 would mean that a3 = 1, and hence that

r

(1= (v2/v1)? sin’ @ 1 . c

a = V :Tzw‘ O['l—("—z) 5in20= (52'—".—‘) (‘,0820, S0
cosd ,3 J IR %G1 1 Hi1t

1 T . s . e 3
l= (—" '_sm‘2 8+ (u2/ 1) cos® 0]. Since py & jig, this means 1 & (vy/v))?, which is only true for optically

indistinguishable media, in which case there is of course no reflection—but that would be true at any angle,
not. just. at a special “Brewster's angle”. [Tf p, were substantiallv different from u;. and the relative velocities
were just right, it would he pessible to get a Brewster's angle for this case, at

2 2 ¢ 2 ¢ e \ \
(7«‘_1‘ (Iﬁ) T (/v2)" =1 _ (eeafpncy) =1 _ eafe) — (pa/p2)

=1-cos’0+ = — = = - s
ﬁz) T (pa/m:)? =1 (po/m)* =1 (B2/m) = (pa/ a2}

But the media would be very peculiar ]
By the same token, dy is either always 0, or always 7, for a given interface—it does not switch over as you
change 8, the way it does for polarization in the plane of incidence. In particular, if 8 = 3/2, then e > 1, for

V225 — sin’ @

e > 1if 2.25 - sin® @ > cos2 0, or 2.25 > sin?@ + cos’6 = 1. ¥

al =

In general, for 4> 1, a3 > 1, and hence dg =x. For A< 1, a8 < 1, and g = 0.
2
1+3

)Eﬂl; EﬂR o '

+
=

At normal incidence, @ = 1, sc Fresnel’s equations reduce to F,, = (

consistent with Eq. 9.82.

: o iocn . ™ Eoy % 1-ap z
Reflection and Transmission cocfficients: | R = (E;w) = (f+_a/?) :

Referring to Eq. 9.116,




2 2
catla Fo, . 2 )
T= ¥ — .
ewla(bo,) ‘“”(Haﬁ
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(1-ad)’+408 _1-2a8+a’+4ab _(1+ab)”
(Laflt =0 (1+aB)? ~(1+af)? "

R+T=

Problem_ 9.17
Equation 9.106 = J = 2.42; Eq. 9.110 =

V1 — (sin8/2.42)2
o= 3
cos? -
() = 0= a=1 Eq 9100 = (’?") =

Eo,
1-242 142
= —— =[-0415;
1242 342

/Eﬁ’!‘ \ 2 2 =
(FJL.,) “a+8 343 =058 ]
(b) Equation 9.112 = 65 = tan™*(2.42) =
(t) Eog = Eop 2 a—-0=2;a=3+2=442;
(1.42)% cos? 8 = 1 —sin” §/(2.42)%;
(4.42)%(1 — sin® #) = (4.42)* — (4.42)sin> @
= 1-0.171sin’8; 19.5 - 1= (19.5 - 0.17) sin* 6;
18.5 = 19.3sin” &; sin® @ = 18.5/19.3 = 0.959;
sin® — 0.979; |6 = 78.3°. |
Problem 9.18
(a) Fquation 9.120 = 7 = ¢/7. Now ¢ = ¢gc, (Eq. 4.34), ¢, = n? (Eq. 9.70), and for glass the index of
refraction is typically around 1.5, s0 ¢ & (1.5)2 x8.85 x 10~ =2 x 10~ C?/Nm?, whilec = 1/p =~ 1072 {dm
(Table 7.1). Then 7 = (2 x 107")/10712 = (But the resistivity of glass varies enormously from one
type to another, so this answer could be off by a factor of 100 in either direction.)
(b) For silver, p = 1.59 x 108 (Table 7.1), and € & ¢p, 50 we = 27 x 10¥ x 8.85 x 1071% = (.56.
Since ¢ — 1/p — 6.25 x 107 3 we, the skin depth (Eq. 9.128) is

[2 / } 2 - g
Vi~ Sl sl e dr e 2 X 1 m= bl T

a—B8
a+8

d=

e

E ]

I'd plate silver to a depth of about | 0.001 mm; | there’s no point in making it any thicker, since the fields don’t

penetrate much beyond this anyway.
(¢) For copper, Table 7.1 gives 0 = 1/(1.68 x 107%) = 6 x 107, weo = (27 x 10%) x (8.85 x1012) =6 x 1077,
=St

Siiice o 3 we, Bq. 9.126 = k = 'V, ”‘2’“, so (Eq. 9.129)

—owid Lol : =4x10"*m=[04
A_2era/A0 _er T X 108 X Bx 107 xdmr x 107 0~*m =[04mm.|
iFrom Eq. 9.129, the propagalion speed is v = -‘;{- = é‘—:;,\ =Av=(4x107% x 10°% = :40{)m/s. ' In vacuum,
8
A= E = M:Tto = v =c=|3x 108 m/s. | (But. really, in a good conductor the skin depth is so small,

compared to the wavelength, that the notions of “wavelength” and “propagation speed” lose their meaning.)
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Problem 9.19
(a) Use the binomial expansion for the square root in Eq. 9.126

. e 1l sa0\?2 ”2__'¢ula_gg
AEWx?!:l'FE(—) -—l] —-w»’ 2—75-5—2\,(
T
So (Eq. 9.128) d = == ;vl—i. ged

(Table 4.2,
poll—9.0x 10
(Table 7.1).

=l119)‘<104 l

€ = Er€Q — 80.1 €
= po(l+xm) = (Table 6.1),
o= 1/(2:5% 10%)

) /(80 1)(8.85 x lO 12y

For pure water, { =) = o

So d=(2)(2.5 x 10° -
V drx10-7
(b) In this case (7/ew)? dommates so (Eq. 9.126) k = &, and hence {(Egs. 9.128 and 9.129)

2r . 2w

k_n

A=

Meanwhile &

= 2nd, ord = o
2

F wv 2 » €t
1.3%x107 8 = m So the fields de not penetrate [ar into a metal—which is what accounts for their opacity.

qed

fw wpo
V

_ [ (108)(4x x 10-7T)(107)
2

fe 2 -

= 8 x

107;

d =

1

1
= axi0r

']

(¢) Since & = k. as we found in (b), Eq. 9.134 says ¢ = tan™'(1) = 45°. qed
fi1om)r -
- /”_’L Far a typical metal, then, Bo. = 4o )\‘;‘)l: 1079 _
0

, Bo ., |/
Meanwhile, Eq. 9.137 says E(T a2 \ euw \ =
(In vacuum, the ratio is 1/c = 1/{3 x 10°) = 3 x 107?s/m, so the magnetic field is comparatively

10-7 /1.
about 100 times larger in a metal.)

Probhlem 9.20

1
el? 4 iBQ) = —e7 2" |eE3 cos? (ks — wt + 6g) + ,733 cos®(kz — wt + 65 ~ ¢)]. Averaging

(a) u = 3
over a full cycle, using {cos”) = 3 and Eq. 9.137:
ORI, o i ._1 nz ¢ 1o (02 Ly f o\?
(u) = 5e Eo - 2MB ] [&E Eotpvl-i-( w) =3¢ eEg (11 v*l + ((u) .
‘ g & k® %k i
— ¢ 2 - 12 —2ﬁz 3 ‘
But Eq. 9.126 = 1 + \/1 + ( w) = "ll —3, S0 so (u) = “d.:oa? =8 wgb So the ratio of the

magnetic contribution to the electric contribution is
(um-\s>_302/#_ 1 [ A / v—ii .

(tictec) Eje /16»/1 * (Cw) - VH' (C'w‘) =k

: 2 ’ 1 <

(b)S = —(ExD‘ = lEgBoe'Z"‘ cos(kz—wl+0p) cos(kz—wi+dp+9) & (S) = — FyBye~** cos¢z. [The

cos @ cos(0+¢)} do = (1/2) cos.] So I = —bob'oe

Bl g g
—_— R ed
2Wbue q

Moo =

2T

average oftho product of'rhv cosinesis (1/2r) [

;u foge e (I—‘ cos¢), while, from Eqs. 9.133 and 9.134, K cos® — k, so

I=
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ﬁobleni 9.21

W .12 i ?
. s y o= ]— * B -
According to Eq. 9,147, R = E }—[{ = . q 5 , where 3 = s ot ko
Fo, 1+4 1+6/) \1+0" 7o)
= ':"Vl (ks + ixa) (Egs. 9.125 and 9.146). Since silver is a good conductor (o 33 ew), Eq. 9.126 reduces to
i)
[eapa [ @ jowps 5 _ Mt /cuu E [ a 5
iy & oy X E — = _,~ 1 = gty —— :
Ky 2 ks Wi Ve , 808 = l'-zu-’\ (1114) ““\//2;;».;(1 + i)
= [ o [0 1o 8 [(6 x 107} (47 x 10-7)
| e 7 —_— b — o ‘_' — — e T
Let v = 1\' T uoov Sl c\/ %0 (3 x 10 )\ll 374 % 1015 29 hen
l=gy=ty\ (1=v+iv (L) oot ik o ight i
= = = : 3% ol is r :
R T i'y) (] e {f/) TR .| Evidently 93% ol the light is reflected

Problem 9.22
‘a) We are told that v = av'A, where o is a constant. But A = 2~r,k and v = w/k, so

< dw — 1 DT .| -
- 7k = avV2ak. F Y Q150 = = S O ——— = e iy T I
o = ak /27 /k = aVv2wk. From Eq. 9.130, v, - = vV 27—2\/2 5%V T SAaVA St or |t 2uy

dk 2
. Hpz—Et) P E p’ hk’ w E v hk
b —————L =ilkr ~wt) =2 k=", w= — N —m = =
(b} h bk =wt) h = e ZHvﬁ 2m Tsiglig 14 k-—p “2m: 2m
vy = %{- == -22%}6 = -’;%k = -’% So|uv= %vg- Since p =ArrwC (where 1, i3 the classical speed of the particle), it
follows that [v, (nol v) corresponds to the classical veloctity.
Problem 9.23 '
: =
1 ud Bk . . [ &
) = e e = =qE = — | — = )z = —kgpsi = — z w3 S S i

> SO T -19)2 ~
LU Qi W) _ = [7.16 x 10" Hz. | This is [ultraviolet.]

2 2'.'7\/ 47(8.85 x 10-12)(9.11 x 10~7)(0.5 x 10~10)3
iFrom Eqs. 9.173 and 9.174,

2 Zanpilil G50 ; s _ Avogadro’s # _ 6.02x10% 25
T f,, ,{ N = # of molecules per unit wolume = Avesaco 8 F - SOl =260 % 10
ero s f = # of clectrons per molecule =2 {for Ha).
2,69 x 10%7)(1.6 x 1071%)2 = - ;
- (2.60 % J(1.6 LB, = =|4.2 x 1077 | (which is about 1/3 the actual value);

(9.11 x 10—7")(8.85 x 10-12)(4.5 x 101¢)?

2 8\ 2 ¥ :
B o= (%7€} = (Zx3x10)" 1) g x 10-15 w?| (which is about 1/4 the actual value).
o 15 1010

Su even Lhis extremely crude model is in the right ball park.
Problem 9.24
Equation 9.170 = n=1+

Ng® (W -’
2meg [(wi — w?)? + Y2w?
2 N 2 —9%) IR . : 3

;Z - gﬂi—u { 3‘ - (‘-’nD ') [2(wd - w2)(-2w) + 7‘2w]} =0=2uD = (W} —w?) [2(wd — w?) — 77 2w;
(wg ~u2)2 +4%W? = 2(wu—w°

Let the denominator = L. Then

2

N

g = (wo—u—'} or (‘-vo .,‘ =7 (w 'OJ'-. ‘) =y Uo = (Un 2} = Zuwo7i
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w? = Wi Fwoy, w = wo/1F v/ wo & wy (1 Fy/2we) = wo F7/2. So ws ‘wo+'y/2 wi = wy — ¥/2, and the

width of the ancmalous region is IAw We — Wy = 7. ]

Ngw 2 Ng®
From Eq. 9.171, o = n:]coc = w,_,.)’_z T s0 at the maximum (w = wy), Omax = m(:m.
5 s Ng*uw? 5 w?
s : Dy 2 =

At wy and wa, W =Wy Fwoy, sv a = = q’wg T max (m) But

w? ;wg'rwov:l(lxv/wo),_\_,l it oy (e b l e e .
w? + '.ug Qu}g F wyy 2 (1 F ‘7/2w0) 2 @y 2wy B 2wg =
SO @ = L0max at wy and we. qed
Problem 9. 25 1

duw 1
k=— T T
2meo Z (o - w")} Y =T T (dk/dw)
ak _ 1 N¢* fi —(—2w) 1 Ng? (wf +w?)
-d;_;[l+2m.fo (w? —u +WZL( - w?)? —; 2mrng’(wf—w2)2 ’
] )
(wi + w
vy [ 2meo Z 5 (ul - .2))2] .| Since the second term in square brackets is posttive, it follows that
=1
whereas v = = = ¢ |1 + Ng’ Ji is greater than ¢ or less than ¢, depending on w
gt k 2meg (w? —w?) | . .

Problem 9.26 T >_'__“ S

(2) From Eqs. 9.176 and 9.177, Vx E = _B_B = iwByefti—«t). ¢ x B = i@ Eﬁoe““‘_“'”.

at 2 Ot 2

In the terminclogy of Eq. 9.178:

(¥ xB), = a‘% % (ag;, b :rka,,) eiths-wn  go (ii) aa—ﬁ; — ikE, = iwB,.
R TR ey PR L T N
(VxE), = B2 e (v.kﬁ‘m e ) So (iii) ikE, — = iwBy,.
0E, 8E OE,, 08k, \ . OB, O8F,
7 x E Y z _ ¥ ® _1(kz-.at) [ ““y L i fea D
( I oz dy ( Jz dy ) . o bz Oy ke
~ dB, 8B, By, s o dB iw
= = = s _ kB l(k- wt). z L e )
(¥ x B), By r 3y ik By, By p E,
= - aé; aB; .. o = 330. i(k:—ut) M . aB; - i@)
(V XB)V— W— % = (1kBo. - E‘) X SO (Vl) lka— E’ ———c?Ey
% 8B, 08B 8By, OB N i, aB 8B it
A% ! T IO = t(kz—ul). ekt ISR SR S0 I
(V X B,_ Oz 0y ( Oz Oy ) e So (i ( ) ay o2 E.
This confirms Eq. 9.179. Now multiply (iii) by k, (v) by w, and subtract: ik*E, — Ic% —w%%i +iwkBy =
3 iw® T _ L, OF, a8, : by i oE, a8,
2kay+ ?Dz #l(k —:2‘) Ez—ka—z-i'wa—y, Ol'(l)E _(w/c)z—k2 (k B + w ay )
B. fw? 2
Multiply (ii) by k, (vi) by w, and add: 3;* ik? E, +iwkB, »-u‘::j = iwkB, - ’g- E, =i (:2- = k’) E, =
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éE,; 9B, t OE, aB,
-k By +WE'O Gi) B, = i — 12 (L By wax)'
3 . , ¥  wlE, |wk o O0B; _  w? wk
Multiply (ii) by w/e?, (vi) by k, and add: = — zZQ—Ey + tk*By — k = = 1.25 B, — "c_'zE!’ =
~'(icz—uiz BBZ_£% or (iii) B, = 2 3133_'._;'_6132
¢ : B R e -k \" 8z "2 oy )
s G s : wk w JE; BBy o spon w? iwk
Multiply (iii) by w/c?, (v) by k, and subtract: QFE;, ~F e -k Oy ik By = iz By + g Er: =
, w* w OF; a8, i 9B, wiE,
il k” =—— +kb— i — .
(A (-J)B“ e? fx ay ' o )by = ["/'n)"—k-( By Ta 81:)
This completes the confirmation of Eq. 9. 18
1 . _OE. 0O0E, OFE. (0E,  OEy ghsmot) _ g OBz OBy | n _
(b) V-E = o + 34 +- gt e + By + ik, = ) = B + By +tkE, = 0.
i %L, 8 B, i O0%E. a’B, .
i -9 - k - kE. =0,
Jiing B 0180, (w/e)? — k2 (k Jzz Y (ape) ) (w/e)? - ( %y 81:83.1) P
SZEZ azF"Z o op %K 2
e T my [iw/e)® - ¥*] ;: 0.
- B,
Likewise, V- -B =0 = 2 +—2 4+ikB,=0=
2 ‘gL % 2
i 8B w®E\ @ 0°B, w OF, A
(wic)é — k2 (K w2 E(’?ray) T (wfo)? — k2 (L oy? ta 8:1:3;/) k=0
#B, O°RB, G
- w /e R s = O.
a2 ey + [(w/e)® — k%) B,

This confirms Eqgs. 9.181. [You can also do it by putting Eq. 9.180 into Eq. 9.179 (i) and (iv) ]
Problem 9.27
Here E, = 0 (TE) and w/c = &k (n = m = V), so Eq. 9.179(ii) = Ey = —cB;, Eq. 9.179(jii) = E, = cBy,

- 3 OBy _ . (.. w i w 0B, L

B4 9.1790y) = % = z(wy c—zza) =il (my CB,,) = 0, Bq. 9.179(vi) > % = z(kB + Ey)

i (sz - EB,) =0. So % = % = (), and since B; is a function only of x and y, this says B, is in fact
c dz oy st

a constant (as Eq. 9.186 also suggests). Now Faraday’s law (in integral form) says f E.dl =- - - da,

and Eq. 9.176 = i]? = iwB,s0 § E.dl = iw [ B-da. Applied to a cross-section of the waveguide this gives

f!'. dl = iwei* "‘"‘)/B da = iwB.c'**=“ (ab) (since B, is constant, it comes ontside the mteg;ral) But

if the houndary is just ingide the metal, where E = 0, it follows that | B, = 0.|So this would be a TEM mode,
which we already know cannot exist for this guide.
Problem 9.28 1

Here @ = 2.28cm and b = 1.01cm, so v = -2—T-wm E= 2: = 0.66 x 10V Hz; 1pg = ’2% = 1.32 x 10'° Hz;

& 10 o L MR PN
% - 1.49 x 10" Hz; uog_lzb 2.97 x 10" Hz; 11, 2\0 +

1.62 x 10" 11z. Evidently just four modes occur: ' 10, 20, 01, and 11.
To get only one mode you must drive the waveguide at a frequency between vy and g
066 % 10" < » < 1.32x 10" Hz. [ A = 5 0 Ajp =2a; dyp=a. [228cm < \ < 4.56¢m. |

g = 3— =197 x 10V Hz: vy =
2a
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Problem 9.29 .
From Prob. 9.11, (8) = 2_11—(5-: x B*). Here (Eq. 9.176) E = Eqe'**~!),| B* = Bje~ (k-1
0
TE ., mode (Eqs. 9.180 and 9.186)

B = (w/c_),:k k"( Zm)Busm mm: cos(—bg)
B, = (w/c)’ k’( :” Bocos(m“. m(—z-‘l)
B = Bucos( I)cos(n;:y)

B = - m( . (5%):
5 - At (=)o ()
E,. =

8 = zLo{a,}Z;ip(-)b“’(m”) s(To) 0" (1) &
e () (122 i (122 (12
e ("m)sm( Y+ (3)s

/ (S)-da = Szllo[(..(;STB:?] b[(%‘)2+ (2)2] In the last step I used

Jy sin®(mrz/a)dz = [ cos?(mnz/a) dz = a/2; f: sin’(nry/b) dy = f:cos"(n:ry/b) dy = b/2)
Similarly,

s °|.\

\./

l = = 1— ~
u) = - |eE-E*+ —B-B')
) = (BB

= s (5 ont (2) it (252) # (2 (252 st (7))
+ ‘—l-}tg{Bg cos’ (m;r'r) cos’ (2;;?-/-)

+ [_(h%% [(u)?oosz 77»:w)sing (_l%g) 1, (%)zsin" (%) s

%

, and, for the

' (222) o (220 ).

b

)] }

2.2 32 P B k2x 232 ' 5
o= (e o) (2] o e [ (2
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These results can be simplified, using Eq. 9.190 to write [(w/c)? = k?] = (wmn/c)?, €opo = 1/c? to eliminate «,
and Eq. 9.188 to write [(mm/a)? + (n/b)?] = (wma/mc)®:

/(9) -da = mbc BZ; /(u) da = Bg.

8,0 Win IO-‘)

Evidently

energy per unit time _ [(S)-da _ E o B
energy per unit length = [(u)da =~ w = w OFF =il = 0y (B DL102). . Gied

Problem 9.30

Following, Sect. 9.5.2, the problem is to sclve Eq. 9.181 with E. # 0,B. = 0, subject to the boundary
conditions 9.175. Let E,(z,y) = X(2)Y'(y); as before, we obtain X (z) = Asin(k;z) + Bcos(k,r) DBut the
boundary condition requires E; = 0 (and hence X = 0) when 2 = 0 and 7 = @, so B = 0 and k, = mn/a.
But this time m = 1,2,3,... , but not zero, since m = 0 would kill X entircly. The same goes for Y (y). Thus

o = Ensxn(’":z)sin (%) withn,m =1,2,3,....

The rest is the same as for TE waves: iw,,.,, = cmy/(m/u)? + (/b)? | is the cutofl frequency, the wave
velocity is v = ¢/v/1 = (Wmn/w)?, and the group velocity is vy = ¢y/1 = (Wmn/w)?. The lowest TM mode is

11, with cutoff frequency w;; = ery/(1/a)? + (1/b)2. So the ratio of the lowest TM frequency to the lowest

TE frequency is exy/(1/a)” + (1/6)° =11+ (a/b)?.

(cx/a)

()VE —""(SE)-Ow/ VB = (Bo) 0v:VxE = a:(z._;aq).i: <0 sm(q‘_._' g&;
0B _Ewsm }.z wt;(b,/ (sincek=w/c);vx}3 _B_I_?ﬁ‘_*__l__a_, B,)% Eoksm(kz “'t‘gé
8' o1 5 82 88 . -

E k
:2?;];: ?zw = zs wt) g § v. Boundary conditions: El = E, =0v:B+* =B, =0 /.

(b) To determine A, use Gauss’s lcm for a cyhnder of radius s and length dz:

E da=E, M(? )dz——Qenc=—.Xdz=> A = 2reg By cos(kz — wt).

To determine I, use Ampére’s law for a cnrcle of radius s (note that the displacement current through this

k ;
luop is zero, since E is in the § direction): fB-dl = %ms(—zs—)(?.rs) = piolene = | I = i

cos(kz — wt).

HoC

The charge and current on the outer conductor are precisely the of these, since E = B = 0 inside
the meral, and hence the fotal enclosed charge and eurrent must be zero.

Problem 9.32
s 4] - x Je . 5
f(z,0) = [ A(k)e**dk = f(2,0)* = f A(k)*e”** dk. Let = —k; then f(2,0)* =
-00

[ A(=0) et (—dl) = / A(=l)eit= dl = / A=y s gk (vemsning tie duniniy Varable L= &Y.

oC -0

f(z,0) = Re [f(z,O)]:%[f(z,O) + fe,07] = / [A(k) + A(-k)"] e dk. Therefore
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L Aw + A-kr] = o e, 00" dz
2 l i / 27 Z, 2.

Meanwhile, f(z,l) = A(k)(—iw)eitkz=wt) gi = f{z,()) =/ » (—iwA(k)]e™* dk.
-0 -0
(Note that w = kv, here, so it does not come outside the integral.)

flz.0) = / [iwA(k)*)e”** dk = / [i|k|vA(k)*]e"** dk = [ [ijvA(=1)]e™* (~l)
-2C -0oC Joo
roc = oC %

= [ koA Ien dk = f liw A(=F)*]e"* dk.
f(z,0) = Re [fl.~,0] = [,f\z 0) +f\z 0)* ] / - —zw4(k) +iwA(=k)" ]e"‘

5 [0 - A-kr] = o / J(z,00e7 ™ dz, 0 %[A(k)—!t(—k)'] / m[ f(w,o)] e g,
l oC

A(k) = 5; [f(z 0) + f(z 0)] ez gz,

Adding these two results, we get

Problem' 9.-(_33 »

Fpin) . 1) ’ e e
(a) (1) Gauss’s law: V- E = b 0. v
(1) Farnday's law:
aB 1
5 = VxE=- ade(qmopo)e » ~(rE°)§
29 ~
= rs':uli% [Eoﬁ% (cosu - ésinu)} P — ;% [EosinB (cosu - }a}r sinu)] f.
But ir:osm = —ksinu; 25:inu= kcosu.
or ar
— 1 é:Zsinl?oos@ cosu——l—sinu f'—-lEosinH —ksinu + —l—-siuu— -l-cosu .
rsind r kr r kr? r
Integrating with respect to ¢, and noting that / cosudt = S sinu and [ sinudt = ;1) cosu, we obtain
w
B = M nu+ —l—cosu Eosma —kcosu : — COSU + luuu a.
wr? kr wr k kr?
(iii) Divergenece of B:
10 ) R 7 L
vV-B = =3 (r*B;) + — eag(sm()Bg)
e _l_i __2E0c059 (sinu+ icosu) + : _3_ Eosin” 0 (—kcosu+ Lcosu+1 inu
T r2or W by rsind 08 wr kr? =i
_ 1 2Fycos# k 1 1
=Ty = cosu e cosu — —sinu
1 2Egsin@cosé ( 1 1
- kcosu+—cosu+-smu
rsin#f wr kr2




2F; cosf
7o €OS (kc

wr? kr? T kr?

(iv) Ampére/Mazwell:
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1 1
U8U — 75 Cosu — —sinu — kcosu + icosu+ -}smu) —-0.v

112 8B, .
vxB = 1 |gem -y b
1(8 [Eysing@ 1 1 d [2Eyc0s8 ( . i -
- T{E[ 3 (-kcosu+’u Costu + — smu)]—%[T(smu-{-gcosu)]}qb
Eosing ( o 2 1 1 IS 2 2 ”
= —— [k®sinu~ —=cosu— —sinu— —sinu+ —cosu+ - sinu+ ;—cosu | @
wr ke r2 72 P 2 kr3
k ~ 1K 3
= *Eosm_e (ksimn— 1(:031;) @=- Ll (ksinu-l—-l-cusu\ .
w T r g T )
10E 1 Epsinég w - 1 wEpsinf il \ 2
SH - 2 o (w ~1u+i——cosu)d>_02k = (I\ mu+;cos /d:
= EFPEI—IG (ksin‘u+-1~cosu.)q3=VxB. v
¢ T T

(b) Poynting Vector:

R i:ExB)+b°81n0 cosu—-l—sinu M sin'u-+-—1—cosu 17
Ho kr wr2 kr

MHar

Eqysind 1 | 8 N
+ ~kecosuw+ —cosu + —sinu ) (=) |
wr kr? T ~
E3sind [2casf [ . 1 2 e ;| N
= - sinucosu + —(cos” u — sin®u) — = sinucosu| @
Howr= r kr k*r?

1
ker? T r - k23 kr?

: 5 R e 13 I
— sinl [ =kcos* 4+ ——= o8 u + — sinucosu + — Sin wcosu

1
sinmcosu — —; sin’

Lo bl
A

kr?

E2sinfl [ 2cos6 1 , 1 7 :
Liowr? { o [(l—k—"’—z) smucosu+g(cos u — sin u)] ]

' 2 1 ; . ] .
- smB[(——+——2—q) sinucosu = kcos® u + —,(smzu—cos'*’u,l] r}.
o

Averaging over a full cycle, using, (sinucosu) = 0, {sin? u) = {cos?u) =

. we get the intensity:

9 2 sin” ¢
l=(S}_Fhqn (Ebmﬁ) = Eme—,,—f.

powr?

It points in the £ dircrtion, and falls off as 1/r?, as we would expect for a spherical wave.

sin® 9 E?
= =_0.9 =
g)P= /I da = ?I—lut‘ = sinf@dfdo = i "r/U sin®#df =

Jpoc

4WFO
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Problem 9.34

e

@
z<0: Bi(z,) = Bre™= 0%, By(a.t) = L Brehe 0y
Er(z,t) = Epet-h12-wtl g Bplz.1) = _zi_l_ERel(—k‘z—ut) 9.

TN, { E.(2,t) = B~ %,  B.(3,6) = LB, ettty

E,(z,t) = Elei(-kz:—wt) %, Bz t) = _u_l;E‘ei( k2z wt) 3.

z>d: { Er(z,t) = Ere'®s* «0 %, Br(z,t)= LEpeihez-vtly
Roundary conditions: Eg' = Eﬂ, leI = B), at cach houndary (assuming ju, = jg = pg = pg):
E;+ Ep = E, + Ey;

b2
I
=

1 - 1 - 1 - Y DS = - A -
— B — —FEp=—F,- —FE = E - Eg=4(E, — F), where 8= v, /v;.
™" 1451 V2 V2
B ezkad g E!e thad — E'Te"“d
4 G 1

" 1 ; " - .
?—E,e”"d - v—Ege thad _ U—Eﬂ!"“‘d = Epe'*2? _ Be~%2d = aBret*s? where o = vy /3.
‘2 2 3

~ We have here four equations; the problem is to eliminate Er, E,, and E, to obtain a single equation for
E7 in terms of E;.

Add the first two to eliminate Eg : ‘21%‘1 = (1+0)E, + (1.~ 0)Ey;
Add the last two to climinate £ : 2E.c*2¢ = (1 + a) Epet*=d,

Subtract the last two to eliminate E, : 2Fe ¢ = (1 — o) ETethsd,
Plug the last two of these into the first:

5
\x
Il

(1+ 0}%6‘“‘24(1 + a)E‘Te“‘!d il ~ 3)%6“"“(1 _ a)ﬁ'Te“’d
[(1+a)(1+Be ™ +(1-a)(l- B)etkad] Ereitad

[(1 + af) (e—ik,d ¢ eibgfi) +(a+0) (e—-u.-,d = et'kgd)] Epeikad
= 2[(1 + af) cos(kad) — i(c + ) sin(kad)) Epe’*s?,

-
s
Il
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vea by, s\ B 2 |2
Now the transmission coefficient is T = Jekd ,'2" =2 (M) lB:TI = ﬂ@ = a,B@, 50
na ki v \poer) |E[|2  vs |Ey]? |Ey |2
gl e IF'Ilz kad|”
T = _‘3| =g [(l + af) cos(kyd) — i(a + 3) sin(kad)] e

= L [(l + aB)? cos®(kod) + (o + 3)° sin® (k2d)] . But cos® (kpd) = 1 = sin®(kod).

= [(1+aB)? + (a® + 208+ #? — 1 - 2a8 — * 4%) sin? (kd)]

4ryﬂ
= 5 d (1+aB)® — (1 —a?)(1 — 8?)sin’(k.d)] .
o n [ n 7
Butzy, = —, fia = —, na = —, 5 a=—?-.’=—2.
™ V2 U3 g n

1 g Mi=-nnd-n3) .,
- (m +ng)* + ——25 sin®(kad)| .
dniny ni

Problem 9.35

T=1=sinkd =0= kd = 0,7,2r.... The minimum (nonzero) thickness is d = n/k. But k = w/v =
2mv/v = 2rvnfe, and n = \/Gp/mpn (Eq. 9 69), where (presumably) g = po. So n = J/e/eq = /€, and hence

TC c 3 x 108
d= = — - =949 x 10— m, or
2auyfer  2v/er  2(10 x 109)V/2.5

Problem 9.36

From Eq. 9.199,

= 1 ( 2, [(16/9) = (9/4)][1 - (9/4)] . . .
gzt TV {[\4/3) + 1P + o74) sm"(3wd/2c)}
_ 3[49 (=17/36)(-5/4) _ 85
T (9/4) b 2C)] ™ [49)(36) i i,
T - 48

49 + (85/36) sin® (3wd/2c)

Since sin®(3wd/2c) ranges from 0 to 1, Thin = m = - e = 0.980. | Not much
variation, and the transmission is goad (over 90%) for all frequencies. Since Eq. 9. 199 is unchanged when you
switch 1 and 3, the transmission is the same elther dxre(.tlon, and the [hhh sees you just as “ell as you see it. I

Problem 9.37
(2) Equation 9.91 = Er(r,t) = Eo,e'*r ™ “Y: kr.r = kp(sinfr % + cosOrz) - (X + y¥y + 23) =

kr(zsinfr + zcosflr) = zhr sinbr + azkrv sin?@r — 1 = kz + ixz, where

. wng\ Ny, wny
k = kTsmBT:(fJ)—1s1n9;=—lsm6;,
¢ / mg c

=
Il

1% Wng . w 2
kry/ sin’ fr — 1 = T-\/{m/ng)zsm2 fr—-1= ?\/nf sin? 6y — n2. So
ET(I‘, t) = EUTE_‘:Ci(kz—W‘). (](:‘d
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2 .
3 —A4¢ :
(b)) R = E—O—’-‘- s 5 . Here 8 is real (Eq. 9.106) and a is purely imaginary (Eq. 9.108); write a = iz,
EO;' C!+5
i o op fia=8\ (—ta=8Y _a®+5
with areal: R = (ia : ﬂ) (—m+ﬁ) T A —
1-aj 1-af® _|1-iaB)*  (1-iaB)(1 +iad) ‘
From Prob. 9.16, Eg, = [+t | By,, s0 R = = - ~[1]
(c) From Prob. §.16, Ey,, 1_*_&‘3'&1, so R TTob ‘1+iuﬂ (I +ia9)(1 - iaf) 1

(d) From the solution o Prob, 9.16, the transmitted wave is

= AR T | O R | Oy e L ;
E(r,t) = By eikrr—vt g B(rt) = {—E\»,,.e‘“‘r F=w)(~ cosOp X + sin 67 Z).
2

Using the results in (a): k- r=kz + ikz — wit, sinfy = c_k, cosfly = fti
Wwhg Wwny
E(r.t) = Fy e~ %%eitbe=wtl g By ¢) = iE‘u., g s sin) (—1ﬂ X+ o 2) X
g wina Wiy
We may as well choose the phase constant so that EoT is real. Then
E(r,t)] = Eoe " cos(kr — wt)y;
1 * 1 e ;
B(r,t) = —Fpe ™" Re {{cos(kz — wt) + isin(kz — wt)][-ix X + k 2]}
Uz Wwhna
= lEoe_"z [ssin(ks — wt) X+ kcos(kz —wt) 2]. qed
wl
(T used vy = ¢/ny to simplfy B.)
. a v - r
(e) () V.E = Em [Eoe™* cos(kz — wt)] = 0.
(i) v-B = i &e"‘zfcsin(km — wt)| + 2 &e‘“‘kcos(k:r - wt)
Oz | w Oz | w
= }'rﬂ ([e=**kkcos(kr — wt) — ke~ **kcos(kz - wt)] =0. v
x v 2 E
(iii) VxE = | dfoz 8oy 6/8z | = —aa—”)“c %ﬂi
0~ v 7 2
= kKEpe "Fcos(kz — wt) X — Ege™ “*ksin(kz — wt) Z.
—%—? = —E:o-e'“ [—kwcos(kz — wt) X + kwsin(kz — wt) 2]
= &kpe ™ cos(ks —wt) X — kEoe ™ sin(kz —wt)2 =V xE. v
X v V] B
iv)VxB = 90z Of0y 00z | = (3833 - 60 z) $
B, D B g =
= [—%n‘ze'”sin(kz - wt) + %e""}c2 sin(kz — ut)] ¥ =(k - n’)?‘—ie"“ sin(kx — wt) y.

4 .
Eq.9.202 = k? - x? = (‘;) [n} sin®8; — (ny sin8;)* + (ne)?] = ("%w)J = wleapta.
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= eaptawFye”"* gin(kz — wt)y.

hl

paer7r = pacalige Fwsin(kz —wt)y =V x B v.
% 9 2
f
@ S = i(1-3 x B) = lE— A 0 cos(kr — wt) 0
12 Hz @ ksin(kr — wt) 0 keos(kz — wt)
F2
- "—":de"?” [% cos’ (kz — wi) X — ksin(kz — wt) cos(kz — wt) 2] .
2
E2k

Averaging over a complete cycle, using {cos®) = 1/2 and (sin cos) = 0, (S) =

Rz G 5
21.L»-we X. On average,
-

then, no energy is transmitted in the z direction, only in the z direction {parallel to the interface). qed
Problem 9.38
Look for solutions of the form E = Eq(z,vy, z)e"'""‘, B = Bg(x, vy, z)e"“‘, subject to Lthe boundary condi-
tions E! = 0, B' = 0 at all surfaces. Maxwell’s equalious, in the form of Eq. 9.177, give
{ V-:E=0 =V:E=0 VxE=-%2 =V xEq=iuBg;
VeB=0 = V-:Bg=0; . V- xB= ‘%3 =V xBy= --—Eo
From now on I'll leave off the subscript (0). The problem is Lo solve the (time independenl) equalions
V-E=0; V xE-=iwB;
V-B=0; VxB= -l,E
From V x E = iwB it follows that I can get B once I know E, so I'll concentrate on the latter for the moment.

Vx(VXE)=V(V-E)-V2E=-VE=V x (iwB) = (——E) = —E So

; 2 ey 2
VE, = — (%) = VQE,, = - (%)) v ; V2E, = (ﬁ) . Solve each of these by separation of variables:
d2X Y JZ w\? 1. 83X 14Y 1 dZ
( - 3 XY e LN XV oF - : =
B(zy7) = X@YW2(:) = Y2+ ZX G +XY (2) xvz, 00 355 +5 T e
- (w/c)®. Each term must be a constant, so d:rX -kiX, (512/ = k Y ff = —k?Z, with

K + k2 + k2 = — (w/c)’. The solution is
E.(z,y,z) = [Asin(k.z) + D cos(k.z)][C sin(k,y) + D cos(k,y)][E sin(k.2) + F cos(k.z)].

But El = 0 at the boundaries = E, =0aty=0and z=0,s0 D=F =0,and E; =0aty=band 2 =d, so0
k, = na/b and k. = lx/d, where n and ! are integers. A similar argument applies to By and E,. Conclusion:

E.(z,y,z) = [Asin(k.z)+ B cos(k,z)]sin(kyy)sin(k.z),
Ey(z,y,z) = sin(kzx)[Csin(k,y) + D cos(kyy)]sin(k.2z),
E.(z,y,2) = sin(k.z)sin(kyy)[Esin(k.z) + Fcos(k.z)],

where k; = ma/a. (Actually, there is no reason at this stage to assume that k., ky, and k. are the same for
all three components, and I should really affix a second subscript (z for E;, y for E,, and z for E,}, but in a
moment we shall see that in fact they do have to be the same, so to avoid cumbersome notation I'll assume
they are from the start.)

Now V-E = 0 => k,[A cos(k,x) - Bsin(k,z)] sin(k,y) sin(k. z)+k, sin(k,x)[C cos(kyy) - D sin(kyy)] sin(k, 2)+
k. sin(k. z) sin(k,y)|E cos(k.z) — Fsin(k.z)] = 0. In particular, putting in = = 0, k; Asin(kyy)sin(k.z) =0,
and hence A = 0. Likewisey = 0= C =0and 2 = 0= E = 0. (Morcover, if the k’s were not equal for different
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components, then by Fourier analysis this equation could not be satisfied (for all z, y, and 2) unless the other
three constants were alse zero, and we'd be left with no field at all.) It follows that —(Bk, + Dk, + Ik;) =0
(in order that V - E = 0), and we are lelt with

E = Bcos(k;z) sin(kyy) sin(k, z) X + D sin(k,z) cos(k,y) sin(k.2) ¥ + F sin(k.z) sin(kyy) cos(k: ) 2,
with bz = (ma/a), ky = (na/h), k, = (Ix/d) (I, m, n all integers), and Bk, + Dk, + Fk, =0.

The corresponding magnetic field is given by B = —=(i/w)V x E:

Bj. = —5 (%2: ab%!) & —5- [Fky sin(k.z) cos(k,y) cos(k.z) — Dk, sin(k.z) cos(kyy) cos(k:z)],
B e i 5 (aiz 3 %) i _%[Bk, cos(kz) sin(kyy) cos(ksz) — Fhy cos(kyz) sin(k, y) cos(k,2)],
B, = —5 (% - aég"') = —C% [Dk; cos(k.x) cos(kyy) sin(k. z) — Bky cos(kz) cos(kyy) sin(k, 2)] .
Or:
B = - g(Fky Dk ) sin(k.z) cos(k,y) cos(k,z) x — s(Bkz = Fk,) cos(k.x) sin(kyy) (:(;s(l;',::) ¥

~ = (Dk, - Bk,) cos(k.x) cos(k,y) sin(k. z) 2.

These automatically satisfy the boundary condition B+ =0 (B =0atz=0and z = a, By=0aty=0and
y=b,and B, =0at 2 =0 and z = d).
As a check, let’s see if V- B =0 :

YoB = —l(Fky — Dk, )k cos(k,z) cos(kyy) cos(k.z) — i(Bk; — Fk;)ky cos(k, z) cos(kyy) cos(k,2)
w! W
- i:Dk, — Bk, )k cos(k, ) cos(k,y) cos(k. z)
= —(Fksk, — Dkk, + Bk k, = Fkiky + Dk k. — Bkyk:) cos(k;z) cos(kyy) cos(k:z) = 0.
w

The boxed equations satisfy all of Maxwell’s equations, and they meet the boundary conditions. For TE
modes, we pick I, = 0, so F = 0 (and hence Bk. + Dk, = 0, leaving only the overall amplitude undetermined.
for given I, m, and nj; for TM modes we want B; = 0 (so Dk, — Bk, = 0, again leaving only one amplitude
undetermined, since Bk, + Dk, + Fk, = 0). In either case (TE;mn or TMmy), the frequency is given by

w? = (k2 + k2 = k%) = & [(mafa)® + (nw/b)® + (in/d)?], or |w = er\/(m/a)? + (njb)? + (I/d)°.




Chapter 10

Potentials and Fields

Problem 10.1

oL v 9 a*v a : 1
2 = 2y s fye WY ; et e B LL o 5 i
OV + e V4V — ppeo i +m(V A) + ppey Tz V4l +8t(v A) Eop. v
2 ;
D°A-VL = VA —MGOBBT? -V (V-A - poen%!;-) = —upd. v

Problem 10.2

() W = ;[ (coE2 + iB2) dr. Attty =dfe, z>2d=ct),so E=0, B =0, and hence | W(t,) = 0. |

| Aty =(d+h)/e,cla =d+ I

- L B — lhea
f. BE=-"%d+h-n2, B=_"%U+h-2)y,
| 5 B? = = E?, and
c
2, 1 m 2, 1 1.0 2
eoB? + —B?) = ¢ ( E? + —— < E? | = 26, E°.
Ho Hoco €
Therefore
gL g tAiN 2 2 3
W(ty) = 1(260)%0 / (d+h-2)dz(lw) = sy | d+k=%)
2 4 4 3
p

(b) S(z) = (B x B) = —— B2 x (2§)] = £ ——E% =
ko Mot HoC

2
R

(plus sign for z > 0, as here). For |z| > of, S =(.
So the energy per unit time entering the box in this time interval is

daw
W—P—fS(d)'da—

Note that no energy flows out the top, since S(d + &) = U.

2
“——ojc‘w (ct —d)*.

i 179

d+h

|

d

eopgel lwh?
12 :
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12 '.d'l"h)a’c . —
2 2 37 (d+h)fe 21 29 |

” . pocr® lw = poc tw [(ct — d) poalwh® |

o = | Bl PO 4 —d)2di = ] oW

() ;[ 4c d/ e B 4c [ 3¢ dfe 1222 |
-1 x

Since 1/¢* = pyeg, this agrees with the answer to (a).

Problern 10.3

()A 1 q_‘
1 ==VV = — =| =——1. | =VXA =
E ¥ at 4501‘21- B X

8 A =0 would, of

This is a funny set of potentials for a | stationary poinl charge I q at the origin. (V' =

411'60 r
course, be the customary choice.) Evidently p = ¢é°(r); J = 0.
Problem 10.4 i -
¢ OA v ”
E = -VV- i —Ap cos(kz — wt) ¥(—w) =| Agw cos(kz — wt) §,

Br= "UXA=% -6% [Ao sin(kz — wt)] = | Aok cos(kz — wt—)_i_]

Hence V.E=0v, V-B=0/.

VxE=1% :—3_ [Agw cos(ka — wt)] = — Agwk sin(ke — wl) &, —%? = —Agwksin(kzr — wt) z,
B
sc VXE = —%t- v .
~ 6 r 2 .. aE o T ~
VXB = -¥ P [Apk cos(kz — wt)] = Agk* sin(kz — wt) ¥, i Aow” sin(kr — wit) .

So VxB = meo%—? provided | k* = poegw?, | or, since &8 = 1/p9¢q,
Problem 10.5 : .

by DA 1 q L T 1 gt ( L 1l
7 o— 1 — S — —_— | —— — D e —— e ——— —_—— ]
V=1 i 0 ( ) A=A+ VA I+ ‘Coqt =

o] dneo T drenr’ dmey T2

This gauge function transforms the “funny” potentials of Prob. 10.3 into the “ordinary” potentials of a sta-
tionary point charge.

Problem 10.6

s
Ex. 10.1: V.A = 0; % =0. |Both Coulomb and Lorentz. |
& , ;
Pioh 103 Wik s e s | o | By il
4rey r2 € at

.L]
Prob. 10.4: V-A = 0; %7 =10.
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Problem 10.7 oV 5V
Suppose V-A # —Hofog (Let V-A + Mot = $—some known function.) We want to pick A such

e
that A’ and V' (Eq. 10.7) do obey V-A' = —mco%.
ov' ov 9%\
' oV _ . 2 L AN 5. 2y
VA" + poeo Bt V-A+V ’\+"°€°3t "°“°at2 d+ 0O

This will be zero provided we pick for A the solution to )\ = —®, which by hypothesis (and in fact) we know
how to solve.

We could always find a gauge in which V' = 0, simply by picking A = fut Vdt'. We cannot in general pick
A = 0—this would make B = 0. [Finding such a gauge function would amount to expressing A as —V ), and
we know that vector functions cannot in general be written as gradients—only if they happen to have curl
zero, which A (ordinarily) does not.)

Problem 10.8
JFrom the product rule:

v. (%) % %(V-J) £3- (v,-i), v (‘%) = %(V'-J) +3: (v'%) .

)
But VZ = -V'%, sincea=r—-r'. So

v. (%) = %(V-J) -3 (v'%) = }:(v-J) i %(V'-J) -V (g) :

But
3 vy B 84, 8. _8Ldy 84,0 8I0t
T o Oy Bz Ot. Oz Ot Oy Oty Oz’
d
3 Bt _ 18 O _ 15 o __1&
8z = ¢dx’ dy  cdy' 0z  ed?’
SO
_ 1[8L. 8  8J, & BL.&] 18
bl T R T T e R A
Similarly, 5 oo
B ol RO | it
Vi e (V)

[The first term arises when we differentinte with respect to the ezplicit v/, and use the continnity cquation.|

thus
IN_1[.13 oiy] 4+ 102 10 oyl —w. (L) =_12_ :.(i)
V.( )_a | &0t (Vc)]-&-‘ ot cét, (V'L)] ¥ (a)_ ¥

(the other two terms cancel, since V4 = —V"2). Therefore:

et | B AP Lot l2Y gl o i;/e _&fi.
VA'47r_at/4dT /v (5)41-]_ s el < el

‘l
Th» last term is over the suface at “infinity”, where J = 0, so it's zero. Therefore V-A = _“060_6;_ v

oL
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Problem 10.9
(a) As in Ex. 10.2, for t < 7/¢c, A =0;for t > r/c,

Viet)2—r2 flet)? —r= \/Fﬁ-—r’
= p)
Alr,t) = (&5)2 / k(t—vrZ+z /(')d s !lokz ; / dz ‘ 1 /’ s
4” VT +z 27[ ?'IJ + -d fod X
v 0
s P SN oY
& (I;O-,-k -) [ ( a (:t) - ) V (ct)? —7'2] Accordingly
A ok, [ [+ /EF=T
4 t = —_——_—=
E(r,t) oL s {lu( - +
4 - (1) epl 28 ) _ 1 2
ct+(ct)2—rZ ) \r 2 \/(ct)? —r2 2c Sy —r2 3
Lk f (e JEE__a
“ TYerE-r -
& ';(f (Ct i (d)* = ) (or zero, for t < v/c).
By & 2k
or
1_ [(—2r R Ty N
s .”0"" wd I ["2 (ct)2—r2 et \/“d) . 3 (:-2_,.) )
P Ct + /(et)? — 1‘2 r2 2 (ct)? — 12
—ct’ 2 ok (—ct* +r%) . ok =1
= ey —_— —! / -t ¢ P
{ V("‘)"Tz V\d)3*72}¢ 2n rc\,’(ct)?—r?‘p @'c"’ ()=~
(b) A(r,2) = —— [ ) _4/6) dz. But 2 = V2 + 22, so the integrand is even in z:
_ (Podo 8t —»/e) ..
A(r't)—(&n 2)2/; 3
Now z = \/42_,»2 =>dz=l_€‘_ﬁ_=_ML and z__.0=§,'=r, pim oo =T S

202 =92 ol =47

_ Bl (Pl Sy Ad
A(nt) =52 z/r 45(: C) ——
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Now & (t — 2/c) = ¢d(2 — ct) (Ex. 1.15); therefore A = Koo 5 ¢ o Mda, so
2 ), V-
Alnt) = “;iuc \/(ct)lzﬁ z (or zero, if et < r);
E(r,t) = ?;: I-l';—;}:]f (_.1.) [(ct)zzf;]a/z 3= 2'.7[(::;20:‘3:3]3/ z| (or zero, for t < r/c);
B(r,t) = a;t’ e _”OT-(:-)C (_%) [(Ct)z‘-_z:?]sﬁ > 21‘_[(;?:“_‘":;]3/2 @ | (or zero, for t < r/c).

Problem 10.10

%/I(%'r)‘”_#okf(t /% l'o‘k{ ?—%/‘dl}

But for the complete loop, [dl =0,s0 A = sl { /dl+ /dl-f- 2x / = } Here [} dl = 2a% (inner
circle), [, dl = —2b% (outer circle), so
A= 1058 “““ [ (2a) + = ( -2b) + 21In(b/a) } $=|A= “0“ In(b/a)%,| E = -‘?3_‘: == -%In(b/'a]i

The changing magnetic field induces the electric field. Since we only know A at one point (the center), we
can't compute V % A to get B.
Problem 10.11 ;

In this case j(r,t) = g(r,0) and J(r,t) =0, so Eq. 10.29 =

E(r,t) = i / [P(r ,0) +p(r O)tr f’(r',O)] adt', but by = t_f (Eq. 10.18), so
I p(r', 0)+p(r 0t _ o, 0)/c) , p(r',0) e, L W § 0 F
— 4150/[ o2 pre ] dr' E/TﬂdT. qed

Problem 10.12 _ _
lu this approximation we’re dropping the higher derivatives of J, so J(¢,) = J(¢), and Eq. 10.31 =

B(r.t) = ﬂ/l [J(r',t) (- I, 1) + Zj(r‘,t)] x &dr', but t. —t = _E (Eq. 10.18), so
= Jir',t) x2
= | =

Problem 10.13
At time t the charge is at r(t) = alcos(wt) & + sin(wt) §], so v(t) = wa[- sin(wt) & + cos(wt) §]. Therefare
2= 2% — afcos(wt,) X + sin(wt,) 9], and hence 2* = 22 + a? (of course), and 2 = /2% + a2.

A-v= %(4. v) == {-wa — sin(wi,) cos(wt-) + sin(wt,) cos(wt, )]} = 0, so (1 - ?C—v) =1,
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Therefore
r 1 q qua Z /z'g_'+ 02
Viz,t)=|— == A2 ) = | ————= [ sin(wt,) % + cos(wt,) §), | where |t, =t — ———.
( dreg 22+ a2’ | ) 47reoc2\/z'~’+—a?[ (tr) (wtr) §) r :

Problem 10.14
Term under square root in (Eq. 9.98) is:

I = &2 -22%r v)+(r-v)? +c2r? — 't — v?r? + P
= (r-v)*+(c - v )r? +2{vt)? —2c*(r -vt). putin vt =r—R2
(e v+ =)+ + R =2r-R) = 2¢%(r* = r-R) = (r-v)? = r®v? + 2 R%.
but
(r-v)! =% = ((R+vt) v)’=(R+vt)v*
= (R-v)2+4'% + 2(R-v) %t — B2 = 2(R - v)l? = v2(%?
= (R-v)? — R%? = R cos’# — R%?® = —R%? (1 — cos?9)
—R%y®?sin“ @,
Therelore g
I =-R%*sin’0 + F*R? = &*R? (1 - z—zsin2 9) :
Henee

1 q
€0 gy /1 - % sin® 8

/(r,t) = qed

Problem 10.15

Once seen, from a given point
z, the particle will forever remain
in view—to disappear it would
have to travel faster than light.

[Light rays in + z direction|

A person at point
x first sees the
particle when this point is reached I—— —
Le.at ® = ct or
t= x/c

Region below wavy line represents space-time
points from which the particle is invisible
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Problem 10.16

First calculate ¢,: &, = — |r — w(tr)|/c =

—c(t. —t) =z — Vb + 22 = c(t, — t) +z = /b + c2t3; s
/] —
c%ﬁ - 2c?'t,t + 1 + 2zct, — 2zt + =0+ czt:f; | w(t) 2
2ty (z — et) + (27 — 2xet + c22) = b ' P ’
b — (z — et)?
2t (z—ct) =b%— (z—ct)?, or t, = T(.(zt(#
Now V(= t) = e and2c—2-v=alc—u); 2=rc(t - t,).
' imeg (2¢ —2-v)’ '
- 1 1 T2y = c’t, o 2ty (e lim Aty +elz—ct)—ct, elz—ct)
ey -t +r e+ (z—ct) § ct, + (z — ct) T ety +(z—ct)'
_e(t—t)elz—ct) At -t )(z—ct) _ B —(z—ct)? _ P+ (z—at)?
- V= cty+(z—ct) e+ (z—ct) ¢ B i) = 2(z — ct) e~ s Az —ect)
— YR a8 < - DL 7 e
. 2ct(z — ct) — b* + (2 — et) & (z —ct)(x +ct) - b e (z? — At — b?) Thercfore
2¢c(z — t) 2¢(z — ct) 2¢(z — ct)
1 [0+ (z—ct)? 1 2¢(z — et) . b2 + (z — ct)?
wc—2-v | 2z—ct) | A(z—ct)[2t(x—ct) =1+ (xz—ct)?] clz—ct)[2ct(z —ct) = b2+ (z —ct)?]

The term in square brackets simplifies to (2ct + z — ct)(z — ct) — b* = (z + et)(z — ct) — b = 2® — *t* — .

b2 + (x —ct)?
e Y T
poViz1) dmeg (z — ct)(z? — 212 — b2)
Meanwhile
A 2 Kv— At Ki— b2 - (x—ct)?] 2(z—ct) q b + (z — ct)? %
T2 T ete+(e—et)e2T T | 2e(z—ct) | b2 4 (z—ct)? dmeg (x - ot)(x? — 2t — b?)

g b’ - (z —ct)? "
drege (z —ct)(z?2 — 22 —b%) T

Problem 10.17

From Eq. 10.33, ¢(t — t,) = 2 = €*(t — t,)? =4% = a-a. Differentiate with respect to t:

ot o ot ] ,
‘)2 — Wi v —3 5 __f' =8 —, = o ( 7 )y 80
2e°(t— t,) (1 Ot) 22 o’ orm(l m)—a 3 Now s =r —w(i;), so

i ow Oow oty _ Oly o, \ Oty _ Gt ai _
i i e ~Vory o (1 - 3—-‘-) ==V 5 == (cz—a-v)= 5t (2-u) (Eq. 10.64),
and hence % = i. ged

Jdi 2-u
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Now Eq. 10.40 says A(r,t) = c%V(r, t), so

a_A = _!. &V...vﬂ —i ga_t':v.*. ?X

a ~ 2 \3 o) - E\ot, ot ot
N R N W
it nc’)t 41re¢)4-u+v41reo(c-u)zi)t(’l'c o v)]
o . i L%__V__(CQ"__?_‘.V_,.Q‘L
 Cdrepy (4-udt (a-u)2 \ 8t Ot at /|’

But2=c(t—t,) = g—: =¢ (1 - %) S O —V% (as above), and
o ovol.  dl,
5 oot ot

Oty at,

NG anan % U R [ OO RO
= 41renc(4-u)2{a(‘ “)az v[c (1 8t)+v ot ""at]}

= m{—év-i-[(I;-u)a.;.(c?_vz_*_"a)v]%}
- {6 wa k@ -t ] 2]
= m ["czv(-l- u) +m(¢-u)a o+ 0‘&(82 5 vg +4'8)v]
: 1
g 41:0 (e —a-v)? [(ac—a-v) (_v+ EB) v E(CQ - +a-n)V] . qed

Problem 10.18

E = -

d7eg (2 - 1)

vX, a = aX, and, for points to the right,4 = X. So u
(c—v)X, uxa=0, and 2+ u = 2(c — v).

[(* —v*)u+ax (nxa)]. Herev = | N
| w(f) n

—_——
x

q 2 s g g 1{e+v)(c—2v)? g 1 fe+v
E = o (e =y~ )= = % = 2 .
ll':reo'ﬁ(c—v)"((‘ gne=n) dreg4® (¢ —v)® dmeg 43¢ \c—u %
B = %ixE:O. qed
For field points to the left, 4= —% and u = — (¢ + v) X, s0o 4-u = 2(¢c + v), and

R O (. R B e
n dmeo e+ )(c+v)x—|ﬂe0¢2 (c-i-v) B =

Problem 10.19

(a) E = —/\—(1 - vz/cz)/% . 7
dreo [1 - (v/e)?sin® 6]
The horizontal components cancel; the vertical com- Y
ponent of R is sin @ (see diagram). Here d = Rsind, so //I
1 sinféd z d R4
_= . == =coth, sodr = —d(—csc?0)dd = de;
R? d&? a0 ( ) sin® ¢ ey ¢ =
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1 d sin?é do
- ® .
E = 24 (1 —22/c?) (%)/ Einy 5> df. Lel z = cosf, so sin®f=1-
imeo 0 [1-(v/c)?sin 0]
A1 —-23/SA)y [ 1
R ey AT T
4mrentd -1 1= (wfe)? + (n/e)222]

Al-¥/A)F | 1 e

z
R drend [(t’/’(i)" (c?/v? - l)\/ c/v'lﬁ -1+ zb] o
Al =v*/) e 1 1 2 :
L 1 ;
el T =8T0 c/v)’ =iaq = = 4~rro ¥ | (same as for a line charge at rest)

-1
(b) B = — (v x E) for each segment dg = Adz. Since v is constant, it comes outside the integral, and the
saume farmula holds for the total field:

1 1 2\ 1 2\, Ko 2Av
17reo d( X ¥) = poepv

21 .
But \ow=1,s0|B = :lo i & | (the same as we got in magnetoslatics, Eq. 5.36 and Ex. 5.7).

Problem 10.20

Q(VXE) 41rcudz ar d

w(f‘ = R[cos(wt) % + sin(wt) y]: ¥
v(t) = Rw|— sin(wt) X + cos(wt) ¥);
a(t) = —Ruw?[cos(wt) % + sin(wt) §] = —w?w(l); v b 0
2= —wit); = 2 I
+= R, .
t, =t-R/g
4= —[cos(wt,) X + sin{wt,) 9];
u = c-v(t) = —cfcos(wly) X +sin{wt,) §] — wR[- sin(wt,) % + cos(wt,) 7]
= —{[ceos{wt,) — wRsin(wt,)] R + [esin(wt,) + wRcos(wt, )] ¥} ;

2x(uxa) = (a-a)u—(2-un)a; 2-a=-w-(—ww) = ’R%
2-m = R[ecos®(wt.) — wRsin(wt,) cos(wt,) + esin® (wi,) + wRsin(wt,) cos(wt,)] = Re;

= (wR)%. So (Eq. 10.65):

E = é% [u(c® - w'R?) + u(wR)® — a(Re)] = m%pna‘
a= 4—7:2;@ {—[c® cos(wlr) — wResin(wt,)]| % - ‘2% sin(wt,) + wRecos(wt, )] ¥
+ BAE cos(w:.,} % + R’w?sin(ut,) 9}
- 4:&) L {[(w? R2 ¢’) cos(wty) + wResin(wt,)] % + [(w?R? — ¢?) sin{wt,) — wle cos(wt,)] ¥} .
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% P A

—%ﬁ(—écl—); {cos(wty) [(WR? — &) sin(wt,) — wRecos(wty)]

—sin(wt,) [(W?R? — ¢*) cos(wt,) + wResin(wt,)] }

Lo 2wty) — wResin? A O T 2 S
ey T [~wRecos® (wt,) — wResin®(wt,)] & = e chsuRnﬁ e 2.

Notice that B is constant in time.

To obtain the field at the center of a circular ring of charge, let ¢ = AM27R); for this ring to carry current
9
I, weneed I = Av = AR, so A = I/wR, and hence g = (I/wR)(27R) = 27l /w. Thus B = LB B

Ameg Re? =
s
since 1/c* = eojr0, | B = % Z, | the same as Eq. 5.38, in the case z = 0.

or,

Problem 10.21
Al@,t) = Ao|sin(6/2)|, where 6 = ¢ — wi. So the (retarded) scalar potential ai the center is (Eqg. 10.19)

= Ao 1 %" Xolsin[(é — wt,)/2)| y

‘(t) = E/;dl = 4"(0[0 = Gd¢ /,ﬂ
o _ A x Z}
= = /n sin(9/2) d8 = -2 [~2cos(8/2)] ( /e‘%j’* :
= M _(lay=|te /
T 4w il weg \_L//

(Note: at fixed t,, d¢ = df, and it goes through one full cycle ol ¢ or 8.)

Meanwhile I(¢,2) = Av = Aowa [sin[(¢ — wt)/2]| ¢. From Eq. 10.19 (again)

2 4 E rd
po [y o [* dawalsiollé - wl)/2| & .
r J % 4ar Jo a
But t, =t — a/c is again constant, for the ¢ integration, and ¢ = —sin¢X +cosdy.

Alt) =

2w
= pg::wa f |sin[(¢ — wt.)/2)|(—sinp®k + cosp @) dd. Again, switch variables to 6 = ¢ — wt,,
0

and integrate from # = 0 to @ = 27 (s0 we don't have to worry aboul the absolute value).

2
- __”f’::“’“ / sin(8/2) [~ sin(8 + wt,) X + cos(f + wt,) §| df. Now
C 0



2
/ sin (6/2) sin(@ + wt,) df
o

/ = sin (8/2) cos(@ + wt,) df
a

Afry= 4r

JoAowa

1 2mr
: /; [cos (6/2 + wt,) — cos (36/2 + wt,)] df

1 2
2 [2 sin (6/2 + wty) — 3 sin (36/2 + wt,)]
0

sin(7 + wt,) — sin(wt,) — %sin(mr + wty) + % sin(wt,)
—2sin(wt,) + gsin(wt,) = —g sin(wty).

1 2x
5/ [~ sin (8/2 + wty) + sin (36/2 + wt, )] 8
0

. 9/2 2 cos (30/2 >
5[2cos(/ +wtr)—§cos( / +wtr)]

0

cos(m + wt,) — cos{wt,) — : cos(3~r +wt,) + = 2 cos(wt,,

-2 cos(wt,) + 2cos(wt,.) = —% cos(wt,-).

3

BoA0wa

(g) [sin(wt,) X — cos(wt,) ¥] = o {sin|w(t — a/c)] % — cos[w(t — a/c)] ¥} .
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Problem 10.22

/4;;;;}\
V.A
(vB=3 1Y)

-

SOURCES
p.J

d
(v-3=2£)

[ ] =sevalnate at the retarded

time. £,

i \
FIELDS
/ E.B

{
‘(VB-O VxE-—)

~vi- 2.5 - vxa \ /
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Problem 10.23
Using Produer Rule #5, Eq. 10.43 =

VA = QO(ICV v [ 2= v)2 4 (P -V - c'“’[_?)]"/?
= i, (L [P (@ - )] P [ 6 v - )
= _Mggc [{(:Qt —_T v)'3 + ('02 = 1,-2)(1~2 oy c2t2)]—.'1,’2 = {—2(czt —r-V)V(r-v)+ (02 - v2)V(r2)}.

Product Rule #4 =

Virv)] = vx(Vxr)+(v-Vir, but Vxr=0,
] o a a
(v-Vir = Uy 5 + v"'(’)y e (2R yF+z8)=1u, R+, ¥ +u,2=v, and
V() = VY(r-r)=2rx(V xr)+2(r-V)r=2r. Sao
V-A = —% [(t—1-v)% + (¢ —v")(r® = *1?)] Gl PN [2(c®t —r-v)v + (c* = v?)2r]

= %‘i (Pt —r-v) + (& —*)r? - t"l]-sl2 {(Et—r v)p? —( —%)(r v)}.
But the term in curly brackers is : *tv® — v*(r v) — e (r-v) + v (r-v) = (2t —r-v).
toqc® (v*t—r-v)

i [(C?'t —:Te V)2 + (cz — v2) (7-2 - cztg)]3/2 3
Meanwhile, from [q. 10.42,

oV L 1\ /2 3 402 3y3 _ 3,332
—Hoto 5 = poeo4uoqc( 2) [(Pt —r-v)? + (c® = v*)(r ct)] %

a >
3 [u’c")t =1 v)2 + (=B - 2P
- #00 [(2%t— r-v)? + (e — v?)(r? — (:2t2)]—3/2 [2(c%t —r-v)e® + (¢ — %) (—2%1))

_;zoq(r‘ (Gt —r-v—c't+v3t)

=V AV
A (2t —r-v)? + (& —v?)(r? = 2e2)]"?
Problem 10.24 | alt)
( 9142 1 z
F q, s
@) Fe= e el !
(This is just Coulomb’s law, since ¢ is at rest
o0 oC
g1 42 1 Qe = Qg <4 =y -
= < t/b = ——— [tan” "(o0) — ¢ -
(b) I, dweq J_oo (07 +c"t2‘ T d7e [ (ct/ )] l_go 4megbe [ (00) —tan™( oo).
- N [_ﬂ'_ i (_f_)] | $192 T
daregbe L2 2 dreg be




1 (fc—v

g2 g ( ) X. Here &

dmen x c+v

and v are to be evaluated at the retarded time f,, which is

given by c(t — ;) = z(l,) = VP + 212 = P =2l + 28 =
2,2 32

ct*—b

(¢) From Prob. 10.18, E = —

b3+c2tf R e — . Note: As we found in Prob. 10.15,

g2 first “comes into view” (for g1) at time ¢ = (. Before thal it
can exert no force on g1, and there is no retarded time. From

the graph of ¢, versus ¢ we see that ¢, ranges all the way from
—o0 to co while ¢ > 0.

2622 — 2P+ B? 62 + c%t?
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(',
‘/ 10
—

1 2% ™t
y) = -3r) = 3 1 e —
z(t) =ce(t —t,) ¥ 7 (for ¢t > 0). w(t) W T o S0
ct? — p? 2ct 2 — b2 - s
v(ty) = ( T ) (b’ +czt"’) = (m) (for ¢ > 0). Therefore
e—v [+ b%) = (2 - b)) 22 & @ 4c*t? b
c+v [t +b2) + (B2 — B2) T 20 T o2 (ferez0). BE " dmeg (B2 + c222)2 o242 s
' 0, t <0;
Fimy Qo - o 5
4reg (B + c?t2)? i
7 _9192 513 1 g 3
Yily = —dt.
(d) = 4b /n 7T o) dt. The integral is

> )
%
0

04/ W‘ l(w)[mm

9192 7
41‘!60 be’

So

(e) F1 # —F3, so Newton’s third law is not obeyed. On the other hand, I

1 1
[(b/c)* + %) ] P

”

Acb®

(

—I5 in this instance, which

suggests Lhal the nel momentum delivered from (1) to (2) is equal and oppusite to the net momentum delivered

from (2) to (1), and hence that the tolal mechanical momentum is conserved

. (In general, the fields might

carry off some momentum, leaving the mechanical momentum altered; but that doesn’t happen in the present

case.)

Problem 10.25

= —(ExB) B= —{v x E) (Eq. 10.69).

SoS= m[Ex (v x E)] = ¢ [E*v - (v-E)E].

The power crossing the plane is P = [ S - da,
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and da = 2rrdr x (see diagram). So

P = cr./(E"'-v — E2v)2nrdr; E. = Ecosd, so B — E2 = E*sin 6.

= 2:rcnv/E3 sin?@rdr. From Eq. 1068, E = g

2 R here ~ = __1
— 5 W = ——
drey ¥* p2 [1 = (v/c)?sin® 6]3'2 V1=vi)e

] 5 os20 ' R a

- gﬂtO-L.(_) lz/ rsin” § e T i S e e 1 o 1_ oot
direo o RY'[1-(v/c)?sin®6] c

3 2 ‘T/'? P | s
L / [ T 3df. Letus= sin® @, so du — 2sinf cos? d0.
‘o

2y dmen a? . 1= (v/c)?sin® 0]

vg® / ' LIy L. s £ 4 Y
16mepaZyt J, [1_(@/0)21,]3 "7 16megatnt \ 2 ) T | 32mepa?”

Problem 10.26

woriles wx B 008
\a) Fl2'.l) E 4'7751": (‘L‘t:fz %
(b) From Eq. 10.68, with § = 180°, R = vt, and R = —%:
L qugp(l —v?/c?)
t) = — q
Far (1) dmeg (n1)¢ 2

No, Newton's third law does not hold: Fya # Fgy,

because of the extra factar (1 - 02/c?).

(¢) From Eq. 8.29, p = €0 [(ExB) d7. Here E = E;+E;, whereas B = B, 50 ExB = (E; xBj)+ (Ea xBs).
But the latter, when integrated over all space, is independent of time. We want only the time-dependent part:

1 , .
p(l) = ¢ [(El x Ba)dir. Now Eq = —1—% t, while, from Eq. 10.69, By — C—?(v x E;), and (Eq. 10.68)

E; =

Bg=

Bun ¢

dmwen r

G2 (1=v2%/c?) E But R =r—vt R? =12+ 122 — 2rutcoséd: sind = rsind
dre; (1 — visin 0'/c2)3/2 B2 = 2 = 088, sind = —

3 SG

: 1-0%/c2 (r—wvt) _. 3 8 o
B Chy ) Ve i 3v ). Finally, noting that v X (r — vi) = v x r = vrsind ¢, we get
4meo [1 — (vrsinf/Re)?) i
a(1 —v2/e? prsinf = m n(l-v3/)w [1 reind (F x @)
= 2 ) . 375 9 So p(l) = o : cln 2 : T
Ameoc [R? — (ursin@/c)?]™ dmey  dmeo 7% [R? = (vrsinf/c)?]™
X (7) = f=-— (cosfcospX + cosfsin@y —sin# z), and the z and y components inlegrale Lo zero, so
1- /)% in” ¢ ;
Pt) = qlqg’)_( ,:) ir) s —75 T sin 6 dr d6 dg
(duc)en r[r2 + (vt)2 - 2rvtcos @ — (vrsin@/c)? ™

qqav(l —v*[c*) 2 / rsin’ 6 drdb
8wcen [r2 + (vt)? — 2rvt cos B — (vrsin 8/c)?]*"
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I'll do the r integral first. According to the CRC Tables,

f°° ™ e ey s 2(br + 2a) i [
o (a+ bz + cx?)3/? = (4ae — b2)Va + bz + cx2 | 'lac—b2 N \/_
2 (2\/_ b)
= ——— (- 2Vae) = —-—— 2
Vel(dae — 62) ( & JE(2\f_—b) (2/ac+ b) c( Vet
In this case 2 = r, a = (vt)?, b= —2wtcosh, and e =1 (»/e)?sin? 8. So the r integral is
2 1

\/l — (v/c)?sin* @ [20! 1 — (v/c)?sin’ @ — 2ut oosB] vt\/l - (v/c)?sin @ [\/l - (v/c)?sin? @ — cosB]

—(nlMN2cinZh 4
} [\/l (v/e)?sin 9+cns8] B ] . cosb
> ) Sod g
vtyf1 = (v/c)?sin® 6 [1 - (v/c)?sin § — cos?g]  vEein" 61 —v?/c?) V1 - (v/0)2sin?6
So
pl) = GE1-0c)8 z [N P Y
Bacleo  wi1-vi/ef) Jy sin®0 | 1 (ospreinte)

= r
!nq;z / sinOdB-f-E/ cosfsinf
8me et 0 U Jo /(C/‘U)Q oy sm
But [, sinfdf = 2. In the second integral let u = cos6, so du = —sin 8 df:
/‘ T cosésind
0

di = () (the integrand is odd, and the interval is even).

i f -
\/ (¢fv)? —sin® 8 -1 V/(e/v)? = 1+u?

Conclusion: |p(t) = m‘);htw z  (plus a term constant in time).
(d)
FiytFy = L@@, 1 aed-9/d),  ae (0 P\, «aw ,_#ae 102
14 M dmep v21° d7eg v dmequt? c? dmegcit? dat
dp podi1@2
-— = =Fpi;+F ed
di e 12 21- q

Since ¢ is at rest, and g is moving at constant velocity, there must be another force (Fpeen) acting on
them, to balance F;; + F2;; what we have found is that Fnechn = dpem/dt, which means that the impulse
imparted to the system by the external force ends up as momentum in the ficlds. |[For further discussion of
this problem see J. J. G. Scanio, Am. J. Phys. 43, 258 (1975).)




Chapter 11

Radiation

Problem 11.1 -
From Eq. 11.17, A = - “‘jf" _sinfu(t — r/c)](cos 8 — sind ), so

. -— mpow ._1-2. - i 1 _2 — 2 1_ H 1
Vel = { 201'[ sinfw(t — r/c)] LUBO} —~me g9 |~ Grsm[w(t—r/c)]

{ sm[w(t —rfc)] - — cos[w(t - r/c)]) cosf — QSlTngrcl—ogs—e sinfw(t — r/c}]}

= o€ {Zp«(:_ (—l— sinfw(t - v/c)] + — ws[w(t - r/c)]) cose}
Meanwhile, from Eq. 11.12,

av pycosh [ w? »
ot - T - rfe)] — —si b — g /)
at dmeor { c cosw(t — r/e)] sm[w(f 7 “1]}
= av
dmeo { - c°°[“’(t 7/6)]}(:069 So VA =—pocogr. ued
Problem 11.2 i
: ¥ =—— po-i-“. sl | R 1 _ _ Mow Po =
Ba. 11.14: | V(5,8) = - o B2 sinfu(t — r/q)). | Eq. 10.17: ‘A_(r_, 0= LB et

Now po x # = posinf ¢ and £ x (pg x #) = posin6(f x @) = —posihﬂé, S0

pow? T % (po X ) : __HgﬁﬁPqu‘\
Eq. 11.18: | E(r,t) = e = cosfw(t — r/e)]. | Eq. 11.19: | B(r,t) = s w lw(t — rfe)).

) pow? (po x )2
T i 7 o

Problem 11.3
P=TR= qow sm"‘(wt)R (Eq. 11.15) = (P) = 3¢lw’R. Equate this to Eq. 11.22:
590 R= | R= Brg 3| O SinCR W = —,
_ ppd® 4x%c 2 - - d)"’_ % g)z I ey
T U - 37r('l7r><10 )(3 x 10%) X = 80m 3 2 =|789.6{d/A)* S

A

195
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For the wires in an ordinary radio, with d = 5% 10 ?m and (say) A = 10° m, R = 790(5 x 1075)% — 2.x 10~%Q,
which is negligible compared to the Ohmie resistance.

Problem 11.4
By the superposition principle, we can add the potentials of the two dipoles. Let's first express V' (Eq. 11.14)

4 g ) ) 3 / z i ¢ At 3 A X s
in Cartesian coordinates: V(x,y,2,t) = — 4{'::0 (z'~’ T4 zz) sinfw(t —r/c)]. That's for an oscillating dipola
TEO

along the z axis. For one along z or y, we just change z to z or . In the present case,

p = poleus(wt) X + cos(wi — /2) ], so the one along y is delayed by a phase angle /2:

sinfw(! —r/c)] = sinfw(l —r/fc) = 7 /2] = = cosjw(l — 7/c)] (just let wi = wt —7/2). Thus

v = _ P {  sinfu(t — r/e)] - ;.ya—.z cosfuw(t ~ ""C)]}

dmege | T2 + g + 22 ty
u sinf
| s {cos ¢gsinfw(t — /)] — sindeos[w(i —r/e)]} .| Similarly,
dmege v -
A = _ﬁ‘f;_?;ﬂr‘” {sinfw(t —r/e)] % — coslw(t — r/c)]¥}.

We could get the lields by diflerentiating these potentials, but I prefer to work with Eqs. 11.18 and 11.10,
using superposition. Since z = cosf T — siné €, and cosf = z/r, Eq. 11.18 can be written

_ popow?
4r

AR

cos[w(t —r/c)] (i - f‘) . In the case of the rotating dipole, therefore,

2
_ | #opow B O EETTRN Oe |
E = e casfw(t —r/c)] (x = r) + sinfw(t — r/c)] (y = r)}, |
1 | |
B = (f x E).
L —-s

2
S= ]—(E xB)=—[Ex(ixE)]= =, [E2f— (K P)E] = E—i’ (notice that E-F = 0). Now
Ko HaC HoC Hoc

2
= (%) {a® cos®(w(t = rfc)] + 0% sin’[w(t = r/c)] + 2(a - b) sinfw(l — r/c)] cosfw(t — /)] },

where a = x — (z/r)f and b=¥§ — (y/r)f. Noting that X-r =z and ¥ -r = y, we have
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Prrg Tt o By Lo qupau il BV, 8 5
¥ e r? r g rr r T

E* = (ﬂ‘g:n:'z)z { (1 - ﬁ) cos’[w(t —r/c)] + (1 - :i;) sin’[w(t —r/c))

~ 2?‘{ sinfw(t — r/e)] cosfw(t — r/c)]}

2N 2
= (“Zp:: ) {l - (32 cos?[w(t — r/c)] + 2zysinfw(t — r/c)] cos[w(t — r/c)] + ¥* sin®[w(l — 1-/«:)])}

(““P“‘“ { 1 - 2 (x cosf(t — /0)] + ysinfu(t - /) }

4rr
But z = ruu@ccacp and y = 7sin@sin ¢.

2
= (“f:—ﬂfz) {1 — sin? 4 (cos ¢ cos[w(t — r/e)] + sin psinfw(t — T,’c}])Q}
- (“‘j::?:z)- {1 — (sin# cos[w(t — r/c) — d’])2} .

z

Intensity profile
(1- 5 sin?g)

2y 2
g = ’% (Iz‘i) {1 — (sin @ cosfw(t — 7/c) _d)])z}f' y
= (VL)
Sy = . (4‘“‘) [1 5 sin 0] T3

= Pow 1 _l
P = f{53 -da = c(‘m) /r2 (1 5 sin 0)rsm0d6d¢

r r 2 4 .4
Hopf” ——27 / sin0df — l/ sin® 0do| = HOEOY_ (o _ L. 2Y < 1_12_.0_3_1_.
0 2 Jo 23

167%¢ 8mc 6re

This i5 twice the power radiated by either oscillating dipole alone (Eq. 11.22), In general, S = ﬂi(E xB) =
0

1 1
— [(E1 + E2) x (B; + B2)] = p_ [(Ey x B;) + (E2 x By) + (E; x B3) + (E2 x By)] = 8S; + S2+ cross lerms,
0

In this particular case, the fields of 1 and 2 are 90 out of phase, so the cross terms go Lo zero in the time
averaging, and the total power radiated is just the sum of the two individual powers.

Problem 11.5
Go back to Eq. 11.33:

= oo (22 { X cosfute — rfe)) — sinfute — /) } 6.

47 T
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Since V =0 here,

CHAPTER 11. RADIATION

dA mo [sin6 1 , 7
E - i —”‘;”0 (—r-) {;_-(—w) sinfw(t —7/c)] - %w cos[w(t — r/c)]} @
0
= ”OZ;M (su: ) {r sinfw(t —r/c)] + -—cos[ (t - r/c)]}
e Bt s B
B — va—rgﬁ]*03é(l1¢H]n9)r Tar (erl'é
Mo 1 2sinbcosd [1 W, ”
p(;" {rsinO < [— cosfw(t —r/c)] — = sm[w(& - r/c}]] r
. [—i casfw(t — rfc)] + —sm[w(t —rfe)] - = (—2) cos[w(t - r/c)]] }
T c
Homap 2cos? L
= { = [ cos[w(t — r/fc)] — —sm[w (t— r/c)]}
= ‘ sin0 [ 1 s 2 ; e
e [——— cos[w(t —r/fe)] + ;(-e sinfw(t — r/c)] + (%’) cos[w(t — r/c)]] 0}. .

These are precisely the fields we studied in Prob. 9.33, with 4 —

the solution to that problem) is

2
mow*® . ; i
{_‘go__ The Poynting vector (quoting

A g q 2

3 .
pumow sin 4 2cosé : c 2 oy A
S S o) -
T < = ){ = 1 5z | Sinucosu+ — (cos®u —sin*u)| @
sinf =+ — )smucosu-r-u—)cos u+—c-—(sm2u cos® u) r},
r o wird c wr?
b o) £ —+18). Thei LT F T pompw? sin® 8
where u = —w(t —r/c). The intensity is | (S) = a2 the same as Eq. 11.39.
Problem 11.6
g s s pomiw® _ pombt ! _ mymbtet Lodra e
I'R = I[jReos”(wt) = (P) = ‘)ISR o T 1o 1 50 Rz 6@ i |omincew = ==,
4
p.o"rb“ 16n4c § 5 b L § 5 S5 B = T )
R~ o ——_A“ =37 #oc| 5 3[ )(dm x 1077)(3 x 10%)(b/A)* =|3.08 x 10°(b/A) Q.‘

Because U < A, and K goes like the fourth power of this small number, R is typically much smaller than the
electric radialive resistance (Prob. 11.3). For the dimensions we used in Prob. 11.3 (b= 5cm and A = 10°m),
R =3x10%(5 x 107%)% = 2 x 10712, which iz a millionth of the comparsble electrical radiative resistance.

Problem 11.7
With a = 90°, Eq. 7.68 = E' = ¢B,

'
B'= _E/’C$ G

p - o _pel=mof)u?
4re
B - L[ pol-mo/cp?
e 4ar

(si:O) cosfw(t —7/c)] 43} =

(Si:’e) cosfw(t — r/c)]é} =

. = mg = q,,d = —eq.d = —cpy. So

2
oo, (51:16) cosjw(t — r/c)] &. l

dme

pnmnw

Tdréd

(g) coslw(t — r/c)] 6.
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Lhese are identical to the fields of an Ampére dipole (Eqs. 11.36 and 11.37), which is consistent with our
general experience that the two models generate identical fields ezcept right at the dipole (not relevant here,
since we're in the radiation zone).

Problem 11.8

p(t) = poleos{wt) X + sin(wt) §] = P(t) = —w’po[cos(wt) & + sin(wt) §] =
S uopgtu”‘ sinv2 g <
167%¢c  r?

wilh the answer to Prob. 11.4. The reason is thar in Fq. 11.59 the polar axis is along the direction of p(tg);
as the dipole rotates, so do the axes. Thus the angle 4 here is rot the same as in Prob. 11.4.) Meanwhile,

Pi)]? = wipdleos® (wt) + sin®(wt)] = paw". So Eq. 11.59 says (This appears to disagree

' 2 4
Eq. 11.60 says | P = ”(;iﬂ (This does agrec with Prob. 11.4, because we have now integrated over all angles,
me

and the orienlation of Lhe polar axis irrelevant.)
Problem 11.9
At ¢ = 0 the dipole moment of the ring is

p2
0

2r \
pe’ = /,\rd,l :f(Aositl¢)(bsiu¢5f+bcos¢i)bd¢= Aob? ()‘r/ sin? pdd ~|»3“(/ sinq‘)cosq)dq&)
\ 0
= AN} r§+0K)=7b?) ¥.

As iv rotates (counterclockwise, say) p(t) = pylcos(wt) ¥ — sin(wt) %], so p = —wp, and hence (p)? — wipi.
¢ ‘ Apdy2
Therefore (Eq. 11.60) P = 6’::6&,4("1,2 Aol = W'

Problem 11.10 A
pP=-—ey¥y,y= -%gtg: SO p = —-%getg}“’; P = —gey. Therefore (Ey. 11.60) : P = é—o(ge)2. Now, the time
e

it takes to fall a distance A is given by h = ;}gt2 = L = y/2ht/y, so the energy radiated in falling a distance h

2
i§ Uyad = Pt = %\/wg. Meanwhile, the potential energy lost is Uype, = mgh. So the fraction is

b d r—
5 Uit _ pog’e’ E 1 poe” /§ _ (@r x 107116 x 1077%)F [(){98) _ oo
T Uper  6mc | gmgh  |6mmcV R | 6x(911x 10-)(3x 108) | (0.02) = ‘

Evidently almost all the energy goes into kinetic form (as indeed I assumed in saying y = 3y4t*).
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Problem 11.11

(@ Ve = T (c"’sa*) sinfw(t —re/c)]. View = Vi + Vo
meEpC T+

re = \/r?+(dj2)? ¥ 2r(d/2)cosb X r\/1F (d/r)cosf =7 (1 + ;—-rmse) .

—l- l(liicosg).
T r 2r

cosfy = M =r(cos€:;:%_) é (I:I: ;—rcosO) =cos€;t%coszoq:§d;

IR

=

= d 29) — d . 2
cosf F 2’_(1 cos® 0) = cos@ F 5y Sin 9.
sinfw(t — r4/c)] = =&in {u [t - Z (1 + 21 coqﬂ)]} = sin (wto - 1“2’—5«39) , where tg =t —rfe.

= sin(wtp) cos (-é(—t 0) + cos(wtp) sin (% cos 0) = sin(witp) = ‘;—2‘ cos 6 cos(wip).

- Pow _d_ ) i By % u_d . :
Ve = 41reocr {(l - - o cosO) (LOSOTF 7, Sin 0) [am(wto) + o coz»@cm(wto)]}

- Pow {(coso F i sin @ + i cos® 9) [sin(wto) + w—f cost)cos(wto)] }

4dweger 2r 2r

Pyt
47reocr
Pow

7 c o TR “il 2 st_ v .
Vi = o 0 cos(wtn) + = (cos® @ — sin® @) sin(wtq)

= Fr [rmﬂmn(wto) + -2—d cos” A cos(wtp) :l: — (ms @ — sin 9) sin(wfo]

pow?d
dmreqcir

L

[cos2 8 cos(witp) + % (cos® @ — sin® 0) sin(wta] ;

pow?d

In the radiation zone (r » w/c) the second term is negligible, so -
4megc3r

cos? # cos|w(t — r/c)).

Meanwhile

_ Bopo "
B = F s sm[ (t—ri/fc)]z

= ol { (1 . = i cow) [s'm(wto) + ;Lj cosBcos(wto)] } Z

amr 2r

;‘L""“’ sin(wty) + ﬂcossacc):;(wtu):t icosBsin(wto) z
4mrr 2¢ 2r

d
Ave = A +A- - Itopo = [ cos 8 cos(wip) + - coaﬁ&u(wto)]

2
= |_Hopow’d z
= i cos [COS(th) + = sin(wtg )] 2
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2
In the radiation zone, [ A = —%i cos & cosfw(t — 7/c)] 2.
)
(b) To simplify the notation, let a = —”Lm# . Then
2
Vo S S el LT
av 19V . 1 w
T = — — S —-7rle — R] R N 2
vV = F+ == 6 = acos 0{ = coslw(t — r/c)] + = sinfw(! 1/0)]} y
—2c05 X il
a——z—(%fs;na cos[w(t — r/c)] 0 = a% w: : sinfw(t —r/c)] (in the radiation zone).
acost Sy G A  awcosd
A e cosfw(t — r/c)) (ccs@r - snu@ﬂ) B sinfw(t —7/c)] (wsGr - 511108)
E = -VV- Ok =~ sinfw(t — r/c)] (cos2 8% — cos” 8¢ + sinemsﬁo)
ot er

= ‘—I—:- sin 0 cos 0 sinfw(t — 7/¢)] 0.

1 a 6-41' ri
B = VXA—;[E;(TAO)—-B—B]¢

[a%

= — {53; (cosf cos[w(t — r/e)](—sinb)) — — [

cos[w(t - r/c)]] } @

— %(-— sinBcosG)-:i sin[w(l — r/c)] $ (in the radiation zone) = | — % sin @ cos @ sinfw(t — r/c)] §.

Notice that B = %(f' xE)and E-f =0.

1 1 E?
S = —(ExB)=—Ex({ExE —152 - (E-PE P
uot ) e (r )= [E*® -F)E] = cr

1 aw 2
ll 5,—‘02‘(_ sinfcosé ‘

) _ 1 foawn? : I5 ow 7
E = f(S -da (—) /sm 8 cos® 8sin6 dé dop = 2#00( 27r/ (1 = cos® @) cos® fsin B df.

o
cos?d )= R e
o 3 5 15

2, 4 Mo 2 8
) w 271'15 607rc~"(p°d) w.

]: Qw |, :
= { = sin f cos @ sinjw(t T/f‘)]}

cos? 6|~

The integral ig: —

1 u;2
d
2poc & 167r2 (Po

0

Notice that it goes lxke w®, whereas dipole radiation goes like w?
Problem 11.12
Here V' = 0 (since the ring is neutral) and the current depends only on ¢ (nat. on position), so the retarded

vector potential (Eq. 11.52) is A(r,t) = = f M dl’. But in this case it does not suffice to replace 2 by

xr
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7 in the denominator—that would lead to Eq. 11.54, and hence to A = 0 (since p = 0). Instead, nse Eq. 11.30:
% o % (1 + gsinﬂcoscﬁ ) Meanwhile, dl' = bd¢'d = b(—sing’'x + cos¢' ¥) d¢’, and

I(t —2fe) = I{t —rjc+ (b/c)sinfcos ¢') = I{ty + (b/c)sin@cosd') = I(ts) + I(to) sin @ cos ¢’

(carrying all terms to first order in b). As always, to =t — r/c. (From now on I’ll suppress the argument: I,
! etc. are all ta be evaluated at £,.) Then

l h b
A(r,t) = f:: (1 + -sinfcosd ) (I - IE sin 6 cos ab’) b(—sing' X +cos¢' §) dg’
kob
dar Jy

=

[I + f%sinﬁcoscﬁ' + I; sinﬁmm,‘;’] (—sing’'® +cosd’ §)do'.
in 2x 2x 27
But / sin ¢’ d¢' = / cos ¢ de' =/’ sin ¢’ cos ¢’ de' = 0, while cos’ ¢' d¢’ = .
0 0 0
_ b [Qb y DR T
= (ny) [I smB+1 sin 8] 3 sin 3(1+21)y

In general (i.e. for points nat on the z » plane) ¥ — ¢; moreover, in the radiation zone we are not interested

2 "
in terms that go like 1/r¢, so | A(r,t) = E% [I(t - r/c)] LU é.
B 3A pob sin ¢
Bt = -5 = [I(t ]—qﬁ
1
B(r,f} ‘=Wl Mmgaa(A,an)r—rar(rAw)O
_ baob® I 3 i AP pob® ;sind -
= [rsmﬂ 2sinfcosf I( c)smﬂe] P R 6.
- =3 toh? ~sinf Lo gl o | 0 finr 2 gin%é |
3 = L ExB= o (BR0) (-6x0) = | (bD) e
=~ smB, _ Mo ()2 1\ _ BT a7
/s -da =0 (bl)/ —r?singdfdg = 7o (b 1) '2“)(3) e (V)
potie?

== (Note that m = Ixb*, so v = Ixb®.)

Problem 11.13

2,2
(a) P = fog 2 , and the time it takes to come to rest is £ = vp/a, so the energy radiated is Upag = Pl =

6xc i
r 2
poq o’ o . The initial kinetic energy was Uy, = -i-mvo, so the fraction radiated is f = Ve = | 008 :
“61c a Ukin 3rmuge
1 14 ag A
(b)ad= Eat"’ = §aa—2 = i, 50 G = 2—-& I'hen

2 2 2 =T » -19 3
_ _mod’ vh _ podfvo _ (4w x 107TI(1.6 x 1071%)%(10°) “1o
= drmuge2d  6mrmed  6r(9.11 x 10-31)(3 x 108)(3 x 109) m
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So radiative losses due to collisions in an ordinary wire are negligible.
Problem 11.14

e B v 1 ¢ i T
F= LS RSN S i | momgrim, At the beginning (ry = 0.5A),
vl (1.6 x 10—19)2 12 4 g
¢ [4#(8.85 x 10-12)(9.11 x 10-31)(5 x 10-11) T Dy

and when the radius is one hundredth of this v/c is only 10 times greater (0.075)}, so for most of the trip the
velocity is safely nonrelativistic.

- 2 2 1 2\ 2
iFrom the Larmor formula, P = ’_‘._'i.q_. (”T) - g ( a ) (since ¢ = v?/r), and P = —dU/dl,

Gac Gne \ dmeg ma?
where U is the (total) energy of the electron:
Lo o = e I At A . o g R
U= Usdn + Upor = 2mv dreg 7 2 (41:60 T dmeg v 8meg T
dll 1 gdr e 1 ¢\ dr 1 ( ? \’1
el —_—— =P = ; dh — I - — —, or
pe dt 8meq r2 dt £ 6regc® \ dmeg mr2 7 3c \ 2megme ) 12 o

2regmne’ . 2reomc\’ [© 2 2reame’ 2
dt;—3c( = ) r‘dr:>t=—3c( o /r dr = c( " ) 3
7o

-12 -31
- (3x 109 [27r(8.85 X 10(] ;()9(1(1):91)02 )3 x 108)] (5 x 10_11)3 m (\ot very long!)

Problem 11.15

According to Eq. 11.74, the maximum occurs at

d9 [ (1 — Bcosd)®
2sinfcos®  5sin’O(Bsind) _ Ty e S P
(1—Acos@)5  (1— Bcosh)s =0 = 2cosf(1 — Acosh) = 5Asin? § = 54(1 — cos? §);

2¢0sf — 28cos’ @ = 5ﬁ—o6cos 8, or 38cos?f+2cosd—58=0. So

-2+ ./4+ 60192

s 2
d sin” ] = 0. Thus

cosf = %8 ,B (:i: 1+153% — 1). We want the plus sign, since 8, — 90°(cosf,,, = Q) when
8- 0 (Fig. 11.12): | fmax = cos™’ (——V';;’,ﬁ') -

Forva e, A~ 1; write = 1— € (where e € 1), and expand to first order in €:

JI-158 -1
35

3(1 [\/1+1(1—e 1] = —(1+c)[\/m—1]

= g(l-i-e)[\/m—l] =5(1+e) [4\/1_-_('1W—1] :§(l+e) [4(1—135) -1]

16
= 1 L _Saa By K
= 3(1-{-5)(3 46)—(1+E)(1 4e)_1+f 46—] €.

Bvidently Omax 22 0, 50 COSOmax X1 — 162 =1-%e= 02 = l¢, or Omax = /e/2=| /(1 - B)/2.
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(dP{dQe,.)y sin? Bmax

B e s

(L1—Bcosbmex) E1-(1—e)(l -3 H1-(1-e—L4r)=3%c80 f=

1 1 o 1

P

e L(L—Bcoslm)®

1

BB Il fE ' (28]

(1) o

ST

CHAPTER 11. RADIATION

] . Now sin® 8,,ax = /2, and
ur

(szﬁﬁ g (g)s 2%

L Therefore

But

Problem il 16

¢ Jix(uxa)l’

Equation 11.72 savs —

ag — 16'.1"26., (- u)®

Let 8 =u/c.

U=ch—V-cA—vZ-—>h u=c—vt z) =c—vcos€=c(1-§cos€) =¢(1 - Jcosh);

a-u=ac(x 4) —av(x-z) =acsinfcosd¢;

ax(uxa) = (2 aju-— (2 -u)y;

4 x (u x a)|’

2

uw

(2-a)%u® —2(u-a)(2-a)(4- u) + (£-u)2ae?
(c* + v* — 2ev co3f)(asin @ cos d)? — 2(acsiné cos ) (asin @ cos ) (c — vcos @) + a*c?(1 — Prost
a® [c*(1 — Bcos0)* = (sin® O cos® ¢)(c* + v* = 2cvcosf — 2c* + 2¢v cos b

= %@ [(1 - Bcosh)? - (1 — 8°)(sinfcosd)?].

=u-u=c’—2cu2-

ar ‘ pog2a? [(1 — Beosd)® —

(1— 37)sin® 9 cos® 4]

an

| 16m2c (1-

Hcash)s

The total power radiated (in all directions) is:

poq*a?

fAeosf)? — (1 — p?)sin® 8 cos®

P

dQ 0 = fdnqu?dl?d:,b

16872%¢

J =

2 2T
But d¢ =2n and / cos® ddp = r.

“og a2 / [2(1 — Beosh)? — (1 — 3?)sin’ 6]
l - GCOwO)s

16m2e

Let w = (1 — Bcos0). Then (1 — w)/B3 = cos?;

2
2uw? — ——(1 mﬁ )(,32 — 142w -u?)

—_

sin® 9 = [ -

5‘2- (1 - 52

sinfd9.

=201

(1 - Acosd)s

;% [2102.62 +(1-75%%-201 - fuw + w(1

- Bw + (1 + %)w?];

-~ z 2
) +v¢ = c* + 1% - 2cucosé.

sin 0 d0 d¢.

(1 —w)?] /8%, and the numeralor becomes

- 8]
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= sinfdb = sinf df = Z;-dw. When 8 =0, w=(1-24); when@=x, w=(1+ A4).

X Mq?a?i/mﬁ)L[(1‘52)2‘2(1-@3) +(1+ A%)w?| dw. The integral is
T 16me B3 (1-2) w w w_| w. e integral is

1 1 .5
Int = (1-97°) /wﬁ dw—-2(1-j )/,,_.4 dw+(1+4 )/1:;3 as)

= [a-89 () ~20-89 (-501) = 14 (-5 i
3w? 202/
148 1 1 -2+ -(1+2+8) _ 40
wh-s ~ Q+8)? (1-972 0+8201-p7 T =By
148 1 1 (1-38+302=-0)=-(1+38+30°+6%) _ 2B(3+0%)
wh-g = (1483 (1-87°" (1+6)%(1 - 8) SR
e 1 1 (1-48+602 -4 +8)-(1+48+68°+46°+BY) _  8B(1+5°)
wth-a = (Q+A* (1-81 (1+8)'(1-8)8 T a-pR
— % -86(1+53%) o f 1\ =263+ 5% o 1\ —48
Int = - 0% (—Z) —-——-—-(l L -2(1-0°) (-—5) _(l—ﬁ2)3 +(1+0°) (—5) _—(L—,{?’]z
v 3
= 7 _“;2)2 [(l+ﬁ‘)-—(3+6‘1+(l+6‘b] 2(1 4
_ pgfa® 18 0 | pegielyt __1_
S e PIli-FR | tre . ooy = e

Is this consistent with the Liénard formula (Eq. 11.73)7 Here v x a = va(z x X) = vay, so

% - 2 ik ; 9.0 2
a* -~ (! x a) =ag*|1- 7'—2 = (1 = 8*)a? = —a*, so the Liénard formula says I’ = i 04 _u,_Q
¢ ¢ 2 6me

Problem 11.17

(a) To counteract the radiation reaction (Eq. 11.80), you must exert a force ¥, = —I:;-Ti—
For circular motion, r(t) = R [cos(wt) X + sin(wt) ¥], v(t) = F = Rw [—sin(wt) X + cos(wt) ¥];
a(t) = v = —Rw? [cos(wt) X + sin(wt) ] = —w’r; a = —w’t = —w?v. So|F, = ';—:C-uzv.
=k, ovi= l(‘::c This is the power you must supply.
; : _ g'a’ Qi S P
Meanwhile, the pawer radiated is (Eq. 11.70) Pag = - ,and a° = w'r® =Ww*R* = w®v®, s0
¢
taa = %:Ic-w v%, and the two expressions agree.
(b) For simple harmonic motion, r(t) = Acos(wi)Z; v = i = —Awsin(wt)Z; a = v = —Aw’ cos(wit) Z =
2
—’r; 4 = —wr = —w?v. So|F, = ‘,O—qw ¥ L‘:?g—wz'ug. But this time a? = wr? = w!'A? cos®(wt),
~ bac Gac
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whereas w?v? = w*A?sin®*(wt), so

Hoq® 4 42 Hod® 4 2
Psa= A% cos?(wt) # P, = 7wt A%gin? (wt
rad Bre (wt) # 6mc (wt);
the power you deliver is not equal to the power radiated. However, since the time averuges of sin’(wt) and

cos’ (wt) are equal (Lo wit: 1/2), over o full cycle the energy radialed is the same as Le energy input. (In the
mean time energy is evidently being stored temporarily in the nearby fields.)

(c) In Jree full, v(t) = %gtg viv=yglty,a=g¥; a=0. So e radiavion reaction is zero, and

1
hence But there is radiation: | Faq = l(iu'fc g°. | Evidently cnergy is being continnously extracted from

the nearby fields. 'Lhis paradox persists even in the ezuct solution (where we do not assume v < ¢, as in the
Larmor formula and the Abraham-Lorentz [ormula)—see Prob. 11.31.
Problem 11.18

(a) 7 = w?r, and 7 = 6 x 107 s (for electrons). Is v & w (i.e. is 7 € 1/w)? If w is in the optical region,
w=Zar = 2x(5 x 10M) = 3 x 10'% 1/w = (1/3) x 10715 = 3 x 10~'%, which is much greater than 7, so the
damping is indeed “small”. v

{b) Problem 9.24 gave Aw & ¢ = wit = [2x(7 x 10'%)]2(6 x 10=2") = [1 x 10'°rad/s. | Since we're in the
region of wy A 4 X 104¢ rad/s, the width of the anomalous dlspersmn zONe is very narrow.

Problem 11 19
dv da P dv da

F
\ = fi
(a) a=7a + = ” !t + — = i at:=:r P — dt + /th

. ] 2¢
[2{tg + ) —v(tg — r.)] = 7|alte +¢) —ato— )] + ;Fme, where F,ye is the average foree during the inter-
)

val. But v is continuous, so as long as I" is not a delta function, we are left (in the limit ¢ — 0) with
[a(to + €) — a(ta — €)] = 0. Thus a, too, is continuous. ged

i § da d 1 d 1 t
(b) (i) a=ra= Tm = Ta = ;dt = /—E = —/dt=> Ina = = + constant = |a(t) = Ae'", | where A
o T
is a conslandt, . d F i i P
. t v
(ii)a—ra+ — =>'r—a =0— — = ——— = —dt = Inla- F/m) = — + constant = a— — =
dat m a—-Fim -~ T m
BeliT 25| atf) = i +Be°"', where B is some other constant.
m
(iii) Same as (i): a(t) = Ce*’", | where C is a third constant.
(VVAtL=0, A=F/m+DB;at =T, Fim+ Bellm =CeTiT 2 C = (F/m)e’T/" +B. So
[ [(Ffm)+B]e¥r, t<0;
a(t) = < [(F/'m) + Be""] : Pt s T
i [( YmYe T 4 B] gl TR
To eliminate the runaway in region (iii), we'd need B = —(F/m)e~7/": to avoid preacceleration in region

(i), we'd need B = —(F/m). Obviously, we cannot do both at once,
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(d) If we choose to eliminate the runaway, then

(F/m) [1 - e-T/"] elr, <0
a(t) = { (F/m) [1 5 e“"T)"] , 0<t<T;

0, t>T.

(i) v = (F/m) [1 - e"T"'] / " dt = (Fr/m) [1 . e-T/'] YT + D, where D is a constant determined
by the condition v(—c0) = 0= D =0.

(ii) v = (£/m) [t - re“"r""’] + E, where E is a constant determined by the continuity of v at ¢ = (:
(Fr/m) [1 - e’T"’] = (F/m) [—re"r"’] ~E= E=(Fr/m).

(iii) v is a constant determined by the continvity cfvat ¢t =T: v= (F/m)[T + 7 = 7] = (F/m)T.

(Frjm) [1 - e-T/'] T, 1<,

=\ (F/m)[e+r-re-D7], 0<teT,
(F/m)T, 5T
(e)
uncharged particle:
[nu radiation reaction)
q ” ':(‘}
_ / charged particle
“/rn /

Erp o) [
m g I
|
)
‘ T fr— charged particle |
pearderution _ v (with radiation reaction) |
N f !
[ |
Tl uncharged particlke
2 1
T

() T
Problem 11.20 it i
(a) From Eq.11.80, F&{ = Bl@/2) o o B = Fint 4 gpend - B0, o
6me 6
L n
(b) Frag = i 2\dy; » 2Ady;. (Running the ys
127¢  Jy 0

integral up to y; insures that y; > y2, so we don’t count the
same pair twice. Alternatively, run both integrals from 0 to L—
intentionally double-counting—and divide the result by 2.)
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' o .. o _/zoa i IR oo s o T
= e (4/\)/ yidy = (4/\) Bxc(AL)a—_Gnca'/

Problem 11.21
(a) This is an oscillating electric dipole, with amplitude po = gd and frequency w = /k/m. The (averaged)
2, 4

pophuw

39n2c ) 81: ? f, so the pawer per unit area of floor is

Paynting vector is given by Eq. 11.21: (S) = (

_ (). 4= (HoPdw*) sin’fcosé il cnte ™ bt Bl o8
Iy = . (S) i_(321r3c) = But smﬂ-r,mse_r,andr = R* + h~.
N o d?d R%h
e 3272p (R? + h2)5/2°
diy bt 2R 5 R? »
=T an [(R2 h°)5/2] =0= iR i@y =02
(% + k%) - —R‘? =0=h= R" = | R = 4/2/3h, | for maximum intensity.
(b}
— — N ¢ g po(qd . — 2 »
B = f[;(R)da. fIf(R)ZWRdR—ZW(—Sé;z—) / Wﬁ. Let z = R*:

/.oo R? e 1/°° x gr = LT/ 2
A 0

(RE+n2)p2 5"~ 2 (z + h2)5/2 *=% r(5/2) ~ 3k
> pog?d’wt Bl pog*dw!
"\ Tazr2e ) "3h | 24me

which should be (and is) half the total radiated power (Eq. 11.22)—the rest hits the ceiling, of course.
(c) The amplitude is za(t), so U = kaj is t.he energy, at time ¢, and dU/dt = —2DP is the power radiated:

:.’ :t o) = 121'cq =g = g(xg) ugwkg (z3) = —Kz3 => 23 = d%e ™ or zo(t) = de /2,

2  12ake o | 127cm?®
== M = e
K Hog’k Bog>k
Problem 11.22 s sy
. _ ((Homgw™ ) sin
(a) From Eq. 11.39, (S) ( 392 ) 3
R/r, r = +/R?+ h% and the total radiated power (E-

2 4
: _ Bomgw
q. 11.40) is P T

(12P) R> 3r nR?

r. Here sinf =

So the intensity is I(R) =

32x ] (R? | h2)? 3 §(32+h2)2'

(b) The intensity directly below the antenna (R = 0) would (ideally) have been zero. The engineer should
have measured it at the position of maez#mum intensity:

c 2
dar _ 3P[ 2R .. 2R QR]=EL[R=+M_23=)=0=

dR (RZ+ h2)2 ~ (RE + h2)S & (RE+ h2)F
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2
At this location the intensity is I(h) = ?8)_}": (2:2)3 = 33 F; e
2 ah

3(35 x 103)
32m(200)2
Problem 11.23

(a) m(t) = M cost)z + M sin[cos(wt) X + sin(wt) ¥]. As in Prob. 11.4, the power radiated will be twice
that of an oscillating magnetic dipole with dipole moment of amplitude mp = M sint). Therefore (quoting
2

(C) Lnax =

= 0.026 W/m?® = [ 2.6 uW/cm?, IYes, KRUD is in compliance. I

1{2 4" 1,
Eq. 11.40): | P = %"—’. (Alternatively, you can get this from the answer (o Prob. 11.12.)
o M
(b) FrornEq 5.86, withr - R,m = M, and 6 = w/2: B—{{—O‘-—ﬁ, 50

3 ar -5
Af=4ﬂRB =41r(6.4x10“} (5 x 10™5%) =|1.3><10"3Am"’4]
tg 4r x 10~7

(4r x 1077)(1.3 x 10%%)? sin?(11°)
(c) P= 67 (3 x 10575 T 60 S = 4 x 10~ 5W (not much).

4w R® B/ po)?w* sin’ &
(d) P= Holdnlt (2‘:;) Sl = T (wzﬂsﬂsinw) . Using the average value (1/2) for sin® ¢,

2
&r 21 \? 1 :
[(10-3) (10‘)"(10“)] 5= 2 x 102 W (a lot).

= 3@n x 10-1)(3 x 10°)°

Problem 11.24

r
_ o [ Kit)
(a) Alz,t) = 2 / ) o
ﬂ'Uz K(tr) /
= = ———t 2 dr .
e —
ugz/b(t—\/m/c) g }) A
rﬂ } f ’ px
MA_“_,_/
The maximum r is given by t — V72 +z22/c =0 J/
rmax = V c2t2 — 22 (since K (t) =0 for t < D). //
y
)
_ K2 llok'o z I‘o"o2 53 _ .\ _ MoKo(ct—z) .
A(z,t) = 5 L m —Vr +.r3| (f T ."B) =e———
E(z,t) = -—%% = _p,olzfoc_i’ for ¢t > z, and 0, for ¢t < z.

Blx:t) = VxA:—aa‘i’i‘ M)} for ¢t > z, and 0, for ¢t < z.

ke 4
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(ii)

» o T t_1/ Z 2 > T T
A(z,t) = wj ( i /c) = 000 [t-/ —,,r—dr—lf rdr}
2 Jo Ve 4+ 2 2 o V12 a2 ¢ Jo

Z . P Z, . 2. —ct)?
ikl [t(ct —x) — 2—c(c2t" - :r')] = p,gaz(xz - 2ctz + c*t?) = Pl Z.

2 4¢ 4dc
E(2,t) = --%?—: Mﬁ, for ¢t > z, and 0. for ct < z.
A,
B(x,t) = VxA:—aaz"j‘r= —E.sg(z—d)j, for ¢t > x, and 0, for ct < a.

1 1 1 T
o 2 2 — P T e — [
(b) Let u = (\/1‘ +z 1') so du = [2 = e —_—2r da] T dr, and

C

 ETE, ; g [
t-——\/r 8 :t—f—-u.andasr:[)—»oo,u:[)—-)oo. TheuA(:c.l-)=mp f K(t—%-»m)du.qed
0

c ¢ ; 2
E(z,t) = _3_? = —“—";—2 uw jti\’(t— ; —u) du. But %K(t—%-—u) :-a%!((t—%—u)_
= i / %K (t-2-4) duz’%"'i[zf(t—g-u)”: ~EX (Kt - o/¢) - K(-oo))2

= -5k -2/, |[f K(-00) =]

Note that (i) and (ii) are consistent with this result. Meanwhile

B(z,l) = -%i=-£?yf ;%K(t—i—:- n) du. But ;R’(t—%—u)=%%1{(t-§—u).
! : _
= P [TO T . | gL T ——
- —~2—y]0 S K (-2 -u)du=-Ly K(t W||7 = Bk -0 - K(-o0) 3
= ﬁx(t —z/0), | [if K(-o0)=0],
Hoe , - c ;
8 = —(E B) = po(2)(%)R(t—x/a)[—zxy]:’%[K(t—:r/c]]zx.

This is the power per unit area that reaches x al time ¢; it left the surface at time (t — 2/¢). Moreover, an
Y . 5 ; Corruy
equal amount of energy is radiated downward, so the total power leaving the surface at time ¢ is Eg—- (K \t)]z.

Problem 11.25

. o uy | 1 g o ¥ @F el L e
PR —dgsliy prdyss Pmmas " 4rep (22)2 °7 dmegdmz? T 16mmz?’ U 87rmz"’
Using Eq. 11.60, the power radiated is P = uop Jo _mczqs ; = Hoc'q® = ”"cq 1 :
6rc  bac \ 8mmz? 6(47)3m2z1 ir ) 6mezt

Problem 11.26 1
With a = 90°, Eq. 7.68 gives E' = ¢B, B’ = —;E, ¢, = —cge. Use this to “translate” Eqs. 10.65, 10.66,
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and 11.70:

1 g

B' = —--E

= c4l’€0 (4 u)g [ —v2)u+4x (ux u)]

(—gm/ic) [
dmeg  (2-u)é

B = c(%&xE):&x(—cB‘)z—c(ixB'}.
X
c
3
(4]

/
- , .
£ (® —v*)u+ax (uxa)].

2y | ¢ o
c—vln+axuxall = —_—
(@ ? ; ] 47 (2-n)d -

= “002 - H002 _l Il g pou qul V2
6mc ¢ 6me cim ] T Gpsimi
Or, dropping the primes,
—  Hodm =
B(r,t) = = & u)3 [(c* = v’)u+2x (uxa).
E(r,t) = -—ec(2x B).
2 .2
_ Hodpt
# 6red

Problem 11.27

T 1
(a) Wext = /Fdr = F/ u(t)dt. From Prob. 11.19, v(t) = % [t S ’1')/1-}_ So
0

. ¥? r ™ —Tr et F2 W G T
Wei: = == tdi + 71 dt—re di +rt—re 7et/T |
il 0 0 ™ 2 I,
2 . - .
= I:—n [%Tﬁ +7T — rlo-T/T (,T/r s ])] = I:; (;Tz b 7T — 72 4 7_2c_T/,> .
2 ey
(b) From Prob. 11.19, the final velocity is vy = (F/m)T, so Wiin = ;mvf - %mF—TJ - 1'2; :

(¢) Wiag = [ Pdt. According to the Larmor formula, P = #_oé_:%, and (again from Prob. 11.19)

(Ffm)[1—eT/7]etlr, (t <0);
a(t) =
{ (F/m)[1—e-DIT], (0Lt<T).
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2 g2 Lix 2 0 y T 49
Wisa = o —b 5 {(l - e‘T"’) / e2t/T 4 / [l c("T)I'] dt}
brc m* o 5
va | . ] T T ; . T
= T— (] = e‘T/f) 21/' 4 / A 2c—T/T/ 8!,/1 dt+e-—27’/r/ e21‘./r dl
m \2 . 0 3 5

'T") +T— 26'T'(fr’ )T 0}

% ( iy et (') i )
s IILZ [T (] _ 9a=TIT o -2,,1) L e D= TIT (e'r/r - 1) g (82'1‘/1' . 1)]
| 2 2
T
2

T & i . T
B BT N R e S SR Ty - -
m L2 2 2

S TF?
e'g'”'] = (T -7+ Te_T"’) )
m

Energy conservation requires that the work done by the external force equal the final kinetic energy plus
the energy radiated:

22 ~2
e S0 (‘T — T4 'rn‘Tu"') F
2m m

Wiin + Wiaa = - (JTZ 47T =72 +72e"r"’) = WiV

Problem 11.28

fo- . ‘ da k k
—_rh St Tt = Y — v(— =T — = — ) -_—
(a) a =7+ mo(t) = = a(t) dt = v(e) — v(—e¢) 5 dt + — 5 J(t) dt = ra(e) — a(—€)] + =
If the velocity is conlinuous, so v(e) = v(—¢), then [ale) — a(—¢) = _-—_1:1"
Whent <0, a=7a = a(t)= Ac'/"; whent >0, a =7a = a(t) = Be!/"; Aa=B-A= —%
k iy Aet/T (t < 0);
=4 - — o al « : Y= g A
S B=4 == 80 the general solurtion is | a(t) { (4 = (kfmo)] 7, (&> 0).

To eliminate the runaway we'd need A = k/mr; to eliminate preacceleration we'd need 4 = 0. Obviously,

(k/mr)etr, (t <0); |
a.(t) { mrJe Et>0§ ,

you can’t do both. If you choose to eliminate the runaway, then

t L ¢
v(t) = / a(t)dt = _k_ et dt — _’_G_ (,ret/r)

= ie‘/" (for t < 0);
o mr mr -~ m

(k/m)et/7, (t <0);

t k s
for t > 0,v(t) = »(0) + / a(t) dt = v(0) = = So|v(l) = { k/m) {t>0)

U

t

0, (t <0),

For an uncharged particle we would have a(t) = é.-é(t), v(t) = a(t)dt =
m (k/m), (t>0).

-0

The graphs:
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a(i)
1)
I
|
|
|
l
I
charged : charged
I
e ! ”
T | i S t
nentral neutral
(b)
k2
W, ‘= /Fd:: - /det . k/&(t)v(t)dt = ku(0) = =
1 O s T
Ve = — 2 — —_ = —
Wiin FMvy = 5m (m) o
2 2 0 a 2 2
Hoq y) k / 2/ B (1 oo, k*r _k
W, = Ppgdt = —— = — / = — [ =e* B o R e
mk / i One [[a(t)] o (ww) ooe - mi (28 ) e WMT2  2m

Clearly, Wex, = Wiin + Weaa. v

Problem 11.29
QOur task is to solve the equation a = ra + % [<0(z) + é(x — L)], subject to the boundary conditions
(1) x continous at x =0 and = = [;

(2) v continnous at z =0 and z = L;
(3) Aa = =Uy/mre (plus at z = (), minus at z = L).

The third of these follows from integrating the equation of mertion:

v, f(da, U e A e
D o= dth;f[ 8(c) +6(w — L)) dt,
Av = 74 +2‘2/[-6()+5( s N 2 s
V= z x z%=0
R fe _, U
7 e _m[v[ 8(z) +8(z — L)) de = £ 2.

In each of the three regions the force is zero (it acts only at z = 0 and = = L), and the general solution is
a(t) = Ae¥™; u(t) = Aret/T + B, z(t) = Ar'e"/” + Bt + C.

(I'll put subscripts on the constants A, B, and C, to distinguish the three regions.)

Region iii (z > L): To avoid the runaway we pick A3 = 0; then a(t) =0, v(t) = Bz, =(t) = Bst + C3. Let
the final velocity be vy (= Bj), set the clock so that ¢t = 0 when the particle is at 2 = 0, and let. T be the time
it takes to traverse the barrier, 80 #(T) = L = v;T + Cg, and hence C3 = L — v;T. Then

a(t)=0; v(t)=vy, 2(t)=L+u(t-T),| (t<T).
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Regionii (0 <z < L): a= Aze¥”, v = Ag7e!/™ + By, z= Ay7°e"™ + Bat + (.

) B e T i o T
mTUf mTy
(2) = v = Asre™/T + By = _f{o_ + By = B2 = vy —ﬂ.
’ muvy mug
7 LT
(1) = L=Ae""+BT+C= ﬂ’lwﬂ— L v T + Lo (T-T)+Cy =
muy muy muy

U
Cao=L—-v;T+ YITG[(T—T)'

Uy

a(t) = ———elt=TVr,
mruy i
ot) = v+ — e(“T}"'—I]: | 0<t<T).
muyg U
= = _0 ((—T)’T = — .
o) = L+oe=T)+ b [rc Py 1'] ,

[Note: if the barrier is sufficiently wide (or high) the particle may turn around before reaching L, but we're
interested here in the régime where it does tunnel through.]
In particular, for t = 0 (when z = 0):

U, U ;
O0=L~-vT+ oo [‘re"T’r +71 - T] =>L=vT - it A [Te"T" +'1'—'r] . qed
muy muy
Regioni (z <0): a= A1e7, v = A;7e"'7 + By, = = A17°e¥™ + Bit + C). Let v; be the incident velocity
(at t - —o0); then B; = v;. Condition (3) says

Uo e_.]-/,- "'441 _ UO
mrug mrvg’

where vg is the speed of the particle as it passes z = 0. From the solution in region (ii) it follows that

vo = Uy + # (e" /T 1). But we can also express it in terms of the solution in region (1): vo = 4;7 +v;.

Therefore
,. ;
U - v,.’_i(e"’./"_l)_Al-r=vf+ﬂ(e_7/7_1)+ﬂ_ie"7/f
muy muy muyy  muy
7
= n,—ﬂ &=n,—ﬂ-(-’—)‘f)=u, —LU 11— — ~ ke T
mvy My muy Vo muy vy + (Uofmuy) [e=1/7 — 1]

= vy — L 1~ : ; . qed
may 1+ (Uy/mv3) [e=T/m -1]

If 3mv} = U, then

L=v;T —vy ['re'T"' +7 - -r] =y [T —7e” /T =T+ 1] =TUY (1 - e-T/'r) ;




v = vy — vy [l—
Putting these together,

rl _7‘/,

1
14+eTim—1]
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<
“n
—

1-1 +eT'I’) = v;er"’.

e R oo -T/T N [ 8 T)r
o7 [ = ¢ ==y =& 1= (L/7v)) 1= (Ljog7) ged
: 2
. - 33 i 4 KB; imvi (v;\" _ 16
In particular, for L = vyr /4, v; = ]—]—-,-‘I -é-vf, 20 k_’fT, = §mv3 = 1—; = =
16 161 8
‘B, = —KE; = To==U
KE; 3 KE, T 2[0 9[ -
Problem 11.30
(¢/2) ~»

(a) From Eq. 10.65, E; =

v=uRk,a=a%,s0a v=lu

dweg (4 u)d
aa=lag,2u=m -2-v=0—
that u, = (e/2)l — v = (el —12) /2, we have:

[((:2 —v)u+(s-a)u-(2-u)a]. Hereu=ca—v,2=1X +d¥,

ln. We want anly the o component. Noting

2 1
E., = é;;fom ;(c! — ) = v? + o) - a(es - lv)
1 . ) - 2
= %(m—lvw [(ed = va)(* = 2?) + ®a = vala — aes® + alws] . Bul 2 = 1* + %
HEQ e
1 z
- _8':50 e [(e = w)(c® = ?) — acd®] .
Y
qQ° 1

[(et -

For = 8meg (e — )3

Now z(t) — z(t,)
retarded time ¢, .

=1=1vT+ jaT?+

(T =22=P+d& =

ETHL - v /) = ciTz,h/2 =d* +vaT? + (

Wd 3 2d2
e o b M8 o

C(l+Ad+Bd )=>7 Z
Comparing like powers of d: A = lva-—: :

Jvay” lva'y_” _L2a7®
o o
i 52 sl TS,
|3 1

2B =

w)(c? — v?)

80T+

& + (T + 3aT* + ZaT?)

(14 24d + 2Bd? + A%d?) = d*+val - (1+3Ad) (

—acd®| x. (This generalizes Eq. 11.90.)

«, where T' =t —t,, and v, a, and a are all evaluated at the

=d® +v°T? + vaT® + %vdT" o+ iazT‘;

1 2\ -
Evd + ia') T*. Solve for T as a power series in d:

3vay® va a2\ 9!

2 ot £ Rl YEE AR

2B+ A p A+ ( 3 i&

Py CEey S Yt L | T s B
et 44 T 3t 4t \% P 2 8

n? 4! [va  ~*a? v?

. 2
= %{1+E%d+7— B+-Y—fl—(l+4 )]d"}+()d’+-'-(generalizingEq.ll.%)-
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| = T+ aT? - 2T +
- ﬁpd {] } tfza Z;’dl ;:4 [1;1 | 5,'«‘;‘-! (1 I 4:::)] G S ;a.(zgif [l + tm.‘—}j;d] +éa§d3
= (%)d+§?—:(l—-’% -zé)d2 {?2;[1’;+¥(1 4g)J*§a7—:ta§+%a:;—}d°
i (g)d+(‘;ZZ)du-g;[g(uqﬂ;)-”ﬂ“z (§+":+1-§)]ad
= (%)d-{-(?j +;75[% 3”7;“2]d3+()d4+-
2 = r'T='7d{1+':—:'-7—: +£1 F;%"‘{?a? :11-+%:-) d b +()d+
T c,(d+%dz+%[%@+7202(_lli.*_::’__j)]ds_v_j:ld azvg;d'z f:}[:_;.f’_lv"ia’]cf’
" c~fd(1—§)+% ?+ 3a“(%+2—:)-%—§vg'§a2]d3+
= %d ‘lggdh-()rf‘l
- = v7d+92:’£d2+§£§(g‘-+-z-""';aa)d"—v7d—i;}:d"—;—;'j z—?—+7”a"'(%+%;)]da
- S (B[ - (i B)| e o

2
-ty * = |2 (1 S r - (2) (1 -3“§;“d2) +
e+ ()53 3]
- B 1) 51 ()
e T (e EEOE R &
= 4:1:0 [ 5 4;;3 i 4':3 (g + ”’;“2> +()d+ ] % (gencralizing Eq. 11.95).
Switching to £ v{ts) = v(t) 1+ 4(@){tr — 1) +-- = v(t) — a()T = v(t) — ayd/e. (When multiplied by d, it

daesn’t marter—+to this order—whether we evaluate at ¢ or at £,.)
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e [Lt)] _q_ @) - 2wayd/c] _ [1 " v(t}QJ (1 o 2av*r"d)’ -

e c? c? P

2] ~1/2 ; :
¥ = [l B (v(z,.)) ] =(z) (1 - %Ti ) : at,) = a(t) — Ta = a(t) — a—:d.

Evaluating everything now at time ¢£:

2 [ 3.4/).3 . T
q 3 (1 =3vay®d/?) (a — aydfc) vy’a? . A
Feir = - — | = (
ol 4mey 7 4c%d % 4\ 3 gt c? LT x
St | '7a x a~+3'va'7 +74 +v'yu +()d+--
T dmeg | 4c2d 4c2 c3 4¢3 c?
2 T 4 -
Il N i va’y?  vy’a v
T dmeg | i@d T id (a+3+3 2 t—a )+()d+ ]x
i [ e o va*y? =
= - 4(:2(1 33 ( a+3 a ) +()d+-- ] % (generalizing Eq. 11.96).

The first term is the electromagnetic mass; the radiation reaction itself is the second term:
a2+

2
R = Fud _"y" ( R b 7 ) (generalizing Eq. 11.99), so the generalization of Eq. 11.100 is

127¢

2.2
bog® ; va“y
Frad = 7 P 7 (a +3 P ) .

372021;
P

ig g tz v’a’-y’ (2 s
f Frgedt=— [ Pdl, or / 7 (av+3 ) di = -/ o’ di
h L3 ty 02 ts

(except for boundary terms—see Sect. 11.2.2).

(b) Fraa = Av* ((1 + ) where A = &. P = 4a®7® (Eq. 11.75). What we must show is that

brc

ta ty ) £, t2 4
Rewrite the first term: Yavdt = (')v"'u)E dt = ~v'va W —(y'v)adt.
ty 1y dt ta 1 dt
P SN Y. % (REE. RDUN SR _2_)__7
Now dt.( y'v) = 4y dtv+"r e =) " s TR = )| =—=— So
Wiges - one BT g i e o S v’)
dt(7t)_4'y1, = +v'a=4% (1 c2+4c2 =~’a 1+3c2 :
i2 ta 12 v2
] vravdt = ylva —f a? (1+3 ) dt, and hence
ty t ('3
ta 2.2 2 ¢ 2.5 ¢ ta
j 7‘(:’1‘0-&-3”0”)& Ylva ; / [ (1+3—)+37ﬁa ]dc:-y‘var—/ ~%a* dt. qed
t t * [ ty
Problem 11, 3% 2
pog a0 Y Tarpr e OO,
(a)P= = (Eq. 11.75). w b2 + c2t?2 (Eq. 10.43); v =w N T
c? St(e*t) & bc?

a=n= (62 4+t — (’212)

Ve (B + AR T (0 + EeR)ir (b2 + caez)r’
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TR T 1 ot JRaEel, i sl Ty
TEITRE T ISP )] B+cii-ci B (6° +c*%). So
2 4.4 213 2
pog® bt (P +2%)° | e —— :
= Bxe 2 + c212)3 b6 =~ | Gxead® [Y%, it radlates] (in fact, at a constant rate).
Ay 2 2 24 1.3
= gy 3t . _ 3 BA(R) 3Rt [, 3yatv _
(b) Fraa = 6re S Ao 2 (b2 + c2t2)8/2 T (b2 4 c2f2)8/2 W
3¢t 3 (P +2) bt ct

T + 22y + & B2 E1elp JET o8 =0 [Fud = U-l INO, the radiation reaction is zerﬂ




Chapter 12

Electrodynamics and Relativity

Problem 12.1
Let u be the velocity of a particle in S, @ its velocity in &, and v the velocity of S with respect to S.
Galileo’s velocity addition rule says that u = 4 + v. For a free particle, u is constant (that's Newton's first
law in &).
(a) If v is constant, then @t = @ — v is also constant, so Newton’s first law helds in S, and hence S is inertial.
(b) 1f S is inertial, then @ is also constant, so v = u — @ is constant.
Problem 12.2
(a) mqus + mgug = mgug +mpup; uw; = 4; + V.
ma(uy =v) +my(ag +v) = me(ag +v) +mp(ap +v),
maua +mpup + (Mma +mp)v =meue +mpap + (me; +mp)v.
Assuming mass is conserved, (ma4 + mp) = (ma +mp), it follows that
malg +mpug — mouco + mpap, so momentum is conserved in S.

(b) ymaud + Impup = jmeud + fmpuj, =
iIma(i? +2a4 - v+0?) + Imp(ug +2up - v + v?) = Ime(ud + 200 - v+ o¥) + mp(ad, + 20, - v +0?)
tmat} + Impii}h +2v - (matig + mpip) + 1v*(ma +mp)
= %M(,'U%- + %muu% + 2v - (m(;ﬁ(‘.- + mul—lu) + %v’(mg + mD).

But the middle terms are equal by vonservation of momentum, and the last teris are equal by conservalion

i PR T = TG Wil
of mass, 50 3ma@% + Fmpl}; = Fmcly + 3mpiy,. ged

Problem 12.3

(a) 1 = vap + VB VE = ﬁ!ﬁ"ﬁ:‘;‘rﬁ?—‘ g (1- LALC‘,?.D_Q) = _a—_va = vappac,
In mi/h. e = (186,000 mi/s) x (3600scc/hr) = 6.7 x 108 m1/hr
M % ~ 6.7 x 107'¢ = |6.7 x 107 **% error, | (pretty small')

% 10 .
(b) (3e+3e)/(1+3-3)=(30)/ (%) =f =0 (still less than c).
(c) To simplify the notation, let 8 = wac /e, 81 = vag/e, f2 = upc/e. Then Eq. 12.3 says: § = &-}}%;, or:

# = B2 + 28,062 + 5 e 1+26:8: + 8163 (L+ 4283 — A - B3) o i (1-89)(1 - 53) = A
T (12815 + 6382) T (1+26:8+ B8162) (1+26182 4+ 5i63) (14 B1/2)? {

219
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where A = (1 - 37)(1 = 82)/(1 + 8,82)* is clearly a positive number. So 32 < 1, and hence |va¢| < c. qged
Problem 12.4 T i
(a) Velocity of bullet relative to ground: e+ je= 3e= e

Velocity of getaway car: %c = 2c Since v > v, |bullet daes reach target. |

(b) Velocity of bullet relative to ground: 25;—% =2c=ZRe.

Velocity of getaway car: %c = %c. Since vy > Up, [bullet does not reach ta.rget.l

Problem 12.5
(a) Light from the 90th clock took {-’l’ﬁ}gQ—Q- = 300 s = 5 min to reach me, so the time I see on the clock is

(b) I abserve | 12 noon.

Problem 12.6

light signal leaves a at time #;; arrives at earth at time t, =t +d, /¢,
light signal leaves b at time t}; arrives at earth at time t; =, + dy/c.

E T RPN | i) S (—M At’[l——cosa]
(Here d, is the distance from a to earth, and d, is the distance from b to carth.)
vsinf At nsinf
As = VAl s = O e et AR O 1 Lo t velocity.
s =vAt'sinf TRV U (1= Zcsb) is the the apparent velocity

du  v[(1— 2cosf)(cosd) — sinf(?sinf)) i 50
= 3 = —~ —r0o3f) cosf = —sin”
7 (1- % cosf)? 0= (1 ey f) cosf .S f

Vi ; v
=5 o8 = —(sin® 0 + cos®0) = —
c ¢
] o R 0 L _ovyf1=03/c? o
Amax = cos™ " (v/c). | At this maximal angle, u = =T = e
Asv ¢, because the denominator — (1, even though » < c.

Problem 12.7
The student has not taken into account time dilation of the muon’s “internal clock”. In the laboratory, the

muon lasts v7 = 71—_’;7;;, where 7 is the “proper” lifetime, 2 x 107% s. Thus

d d /m—=
Y e T 1—'”2 (‘-2, wh(‘md=8ﬂ0m.
7/ /1=-vic T /

£ Yo P oY, G AT i 1

(d) Ui [(d) ?cg] =8 WIE (r/d)? + (1/c)*
o % . e @GRuriEedtl 6 8, ut. L 00 e 8,
2 " 1+ (re/d)2’ d 800 T8 AT AT ESNGT 28 i 5
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Problem 12.8

v » -_— 1 - : > l' - — 1 - 5
(a) Rocket clock runs slow: so earth clock reads yt = i 1 hr. Here v w7 e Ly ey &

.. According to earth clocks signal was sent I 1 hr and 15 min] after take-off.

(b) By earth observer, rocket is now a distance (2¢) (3) (1 hr) = 3¢ hr (three quarters of a light hour) away.
Light signal will therefore take 3 hr to return to oarth Sinee it left 1 hr and 13 min alter departure, light

signal reaches earth |2 hrs after taLeoﬁ'. |

(¢) Earth clocks run slow: frocket =7+ (2 hrs) = 2. (2 hrs) = |2.5 hrs. |
Problem 12.9

Te Te b 1S

v13
1

T, L | 1)2 $o.q ) i, 3 13
— P =S = 5 — —_— -_ = = = — — = == =] - = = = —
Le=2Ly; 22 = 32,80 = = 5= = /1 () \,/:' p=l-bG=Hiag=l-F=1|v

Problem 12.10

Say length of mast (at rest) is I. To an obscrver on the boat, helg,lu. of mast is [ sin @, horizontal pro_lectlon
is Icos@. To observer on dock, the former is unaffected, but the lalter is Lorentz contracted to lcose
Therefore:

5 lsinf . - tan
anf = = ~tanf, or tanB:———h_z_
;10059 \/l—v /c

Problem 12.11

Naively, circumlerence/diameter = l(27’12)/ (2R) = r/y = m\/1 — (wR/e)? % but this is nonsense. Point
is: an accelerating object cannot remain ngnd in relativity. To decide what actually happens here, you need a
specific model for Lhe internal forces holding the disk together.
Problem 12.12

(iv) = ¢t = £ + %, Put this into (i), and solve for z:

V2

1 T

t v = 5
St g S ) R e o s R

Similatly, (i) = & = £ + vt. Tut this into (iv) and solve for ¢:

2

~o R v v._ | v _ ;. v
._')t—cz(’r-l-vt)—,d-(l-c—z)—‘ésxf;—c—gl‘, t——‘r(u.'i‘Zé':C). v

Problem 12.13
Let brother’s accident occur at origin, time zero, in both frames. In syslem S (Sophie’s), the coordmates
of Sophie’s crv are ¢ = 5 x 10° m, ¢ = 0. In system S (scientist’s), I = vt — Hz) = —yuz/c?. Since

I : = Sk : N = 1 e 13 T L
this is negative, |Sophie’s cry occurred before the accident, ] inS. y= JmE — Vi-TH #. 5o

i=- (-‘1) () (5% 10°)/e® = ~12 x 10%/3 x 10° = -4 x 0% |4 x 10~%s earlier.
Problem 12.14

(a) In § it moves a distance dy in time df. In S, meanwhile, it moves a distance dy = dy in time dt =
y(dt — wde).

L dj dy I 7. N O e v 7
E T A(-3%) | v(-R) T 0%
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o/ ] ="t 0
(yand= oo MO0 1w
g (uz —u)/ (1 —cf') 5 (4y — )
In this case uy = —ccost; uy, = csinf = tand = % (_—_csi_q_d,_') ;

—ccosf—v
T sin f
tanf = — e )
v \cosl —v/e
not only to the transformation of distances, but also of times. That’s why there is no universal rule for

translating angles—you have to know whether it's an angle made by a veloeity vector or a position vector.]
Problem 12.15

[Compare tan§ = ‘y‘%%g,- in Prob. 12.10. The point is that velocities are sensilive

3o

3¢ _ (1/4c 2,

Bullet relative to ground: ;c, Qutlaws relative to police: 14 _ﬁ % == /8)
_ Zc—2c  —(1/28)c 1 : . " :
Bullet relative to outlaws: T = ¢ . [Velocity of A relative to 8 is minus the velocity

1—g«d [13/28] - 13
of B relative to A, so all entries below the diagonal are trivial. Note that in every case viullet < Vouiluws; 50 N0
matter how you look at it, the bad guys get away.]

zel 5‘;’52‘L°ﬁ Ground | Police | Outlaws | Bullet || Do they escape? |
Ground 0 ie e ¢ "~ Yes |
Police —4e 0 i e || Yes
Outlaws ~3¢ | -3 0 — e Yes

Bullet e 1c LS 0 Yes

Problem 12.16

vi 1 , N 1 i " { E
(a) Moving clock runs slow. by a factor « m 2. Since 18 years elapsed on the moving clock,
% % 18 = 30 years elapsed on the stationary clock. | 51 years old. l
(b) By earth clock, it tock 15 years to get there, at f¢, so d = f¢ x 15 years = (12 light years).

(c) |t = 15 years, z = 12c years |

(d|[t=9 3;éa;§, Z=410. | [She got on at the origin in §, and rode along with &, so she’s still at the origin. If
you doubt these values, use the Lorentz transformations, with r and t from (c).]

(e) Lorentz transformations: { = y(z +vt) (note that v is negative, since & is going to the left).
t=9(t+ 5z)

SE=2(12c yrs+ fe- 15 yrs) = £ - 2de yrs =
t

=3(15yrs+ 35 - 12cyrs) = 3 (15 + L) yrs = (25 + 16) yrs =

(f) Set her clock [ ahead 32 vearsvl from 9 to 41 (£ = £). Return trip takes 9 vears (moving time), so her clock

wi

will now read - years at her arrival. Note that this i Ib - 30 years—precisely what she would calenlate if the
stay-at-home had been the traveler, for 30 years of his uwn time,

(g i)f=9yrs, z=0. What is t?” t = E‘-}z+%— 9= ——o4ymrs and he started at age 21, so he's

[‘26.4 years old. | ( Younger than the traveler (!) because to the traveler it’s the stay-ai-home who's moving.)

<41 = = 24.6 years, and he started at 21, so he's

2=

(i) £ = 41 yrs, x = 0. What is t? ¢ =
|45.6 years old.]
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(h) It will take another of earth time for the return, so when she gets back, she will say her

twin's age is 45.6 + 5.4 = |51 | years—which is what we found in (a). But note that to make it work from
traveler’s point of view you must take into account the jump in perceived age of stay-at-home when she changes
coordinates from S to S.

Problem 12.17

~a%° + a5 + 825 + %88 = —v3(a® — Bal) (8 — BbY) + ¥(a! — Ba®)(B' — Ba®) + a*V? + @b
= —2(a%° — B8 — BB° + A2alb — ab! + BP0 + APE — B2a%0) + a®BP + OB

= —2a%°(1 - %) + %' 0 (1 = 6°) + d®0* + ¥’

= —a%° + a'b! + a®b? + 8. qed [Note: v3(1—8%) = 1]

Problem 12.18

ct 1. -8 @ 'OX- ket
(a) ; — -;)'3 (1) ? g : (using the notation of Eq. 12.24, [or best comparison).
z 0 0 0 1 z
y O -8 B
1 B | AR
b)|A=
OIA=1 v 0 5 o
0" iDe» 08 A
ProleagBe ey wnf- 00 G O R
y : e o 10 T D Q-8 ¥ 06 0]_|[—8 ¥ o 0
(¢) Multiply the matrices: A = =3 0 % 0 0 0 1 0]|=||-5& 88 7 o
(ol ¢ 1 | 0 0o 01 1

0 0 0

the order does matter. ln the other order, “bars” and “no-bars” would be switched, and this would give
a different matriz.
Problem 12.19

(a) Since tanh @ = 3802 and cosh?@ — sinh? @ = 1, we have:

cosh &?
1 cosh #

1
I =
VI /1—tanb®8  cosh?6 — sinh® @

= cosh6; 73 = coshftanh & — sinh .

\ coshf —sinh® 0 0 T
: ]‘ Mo —sinh® coshd 0 0 C : R ¥ S5 0
|A= 0 0 10 Jompare: R = —b(l)l'l(b oogq& : y
[ 0 0 01
(b) u = oY 2= /o) —efe) = tanh¢ = adih ¢ = Lm0 , where tanh ¢ = u/c, tanhf = v/¢;

1-2% ¥ c 1—(2)(:-‘-) 1 — tanhgtanh @

tanh § = fife. But a “trig" formucla for hyperbolic functions (CRC Handbook, 18th Ed., p. 204) says:
tanp ¢ — tanh é

1 — tanh ¢ tanh @
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Problem 12.20
(1) (i) I = —c2A2 + Ax? | Ay + A2® = —(5—15]2+(10—5)2+ {8-—3)2-'- l:l)—U)2 = —1004+25+ 23 =| 50.|

(i) (In such a systein Al = 0, so  would have to he positive, which it isn't.)
U

iiii) [ Yes. B
R e & travels in the direction from B toward A,
making the trip in time 10/c.
. ) o ci c..
WlE | a3
Note that %:r =1+i=%.s0v= 50 salely
5 R — . b less than e.
2 4 6 8 10

L) HI=-@-12+(5-22+0+0=-4+9=[5]
(ii)  Yes. l By Lorentz transformation: A(ct) — ')'[A(ct) - ,G(A:r)]. We want A7 = (, 30 A(et) = A{Az); or

00 Bl 2 So|n= %c, in the +z direction.

c Az (5-2) 8
(iii) No. ] (Tn such a system Az = Ay = Az = 0 so I would be negative, which it isn'.)
Problem 12.21

; ig —
Using Eq. 12.18 (iv): At = y(At - 5Az) =0= At = ZAz, ot v = %cg = 3:8_22402'
‘ 8-

Problem 12.22

(a) ct, : Truth i3, you never do communicate with
; the other person right now—you communicate

with the person he/she will be when the mes-

sage gets there; and the response comes back

to and older and wiser you.

world line : .
of player 174 world line of

o~

f ~ player 2

(b) It is true that a woving observ-

er might say she arrived at B hefore she left

world line of 4, but for the round trip cveryone must agree
the hall that she arrives back after she set out.
Wt
'.4"\'\:>~ B
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Proglcm 12.23

‘ [ 1 Ijetd 3
0 O i 7747 % 7/ I L
T 0 N s/nl/ | | &7, (b) £ =slope= 32
T (B A S e S xéi"\ = v=5%c=[0.95c
‘(;"
i 2N +8
- +
1 &% 4 (€) v’ = §e,s0u = o5ky
r e
f 7 _ e _|35.]_
fet U1 (‘:"{',‘5 = T577a5) = 37(‘ =0.95c. v
/ - i%
-
AL | P
1 A/ 1 [ [l |

;é//fl/ 7 // VA las | | | |

/| . ) |
M/// S T O
LT LAV T A | d7| RS ) e

Problem 12,24

(a) (1- ) i Ter u2[1+ﬂy)—n. =

V1+n¢/c "

1 - 1 s cosh @ A 4 — 1 i » i
(©) Vi—u*/e? T \/i—tanh?@ ~ \fcosh® d—sinh?6 ol = e g EraR g
Problem 12.25

=
(a) uz = uy = ucosds® = %;%c = \/-;-c.

= ’7:=7?y=\/§C-

L ke 1 port %5 — S — u
(b) Vi—ud/ed T\ fi-ags T VE=E T Ve n= ;71—u2/c3
() ° =ye=|V5e

G, = lu_'— - sz/ﬁlc—ag'zlsc -
o= b () = - 15 = ey 2e
(€) 7= = v(ne — Bn") = /1 - %( c—\/—\/-%c =[0] I'—?u_—%—ﬁf:.l

-y e = 31iz.=0.v
=5 g=vin e e )

(d) Eq. 12.45=>

=

1
) \/1~~ﬁ2/c7 \/1 ("3)
Problem 12.26 : (1 2/ )
e T o R s DY AR M |
. =—-@")" +9 1 —u?/c’)( ¢t +u¥) = (1 -u’/c’*’) E
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Problem 12.27
(a) From Prob. 11.31 we have 7 = VB2 + 382, .7 = f,'—)dz = bfw“m = Yin(et + VB | c22) + Ky at

b T1 :
t=0Owewant7=0: 0= Elnb+k,s0 k=—21ni; T=Eln E(ct+\/b3+c2t”)].

(b) V2?7 — 2+ = be"™/%; /27 — B2 = be" /P — g5 2% — b = b2/ — 2gbecT/ 4 52 beT/® = B2(1 + 27/,
z= b(ﬁlf-'—“) = | bcosh(cr/b). |Also from Prob. 11.31: v = c®t/vb® + 2 2.

bl 2 / 2 _ 12 — Neesh¥(er/b)=1 _  sinh(er/b) _ | ... cT
A= ::\/I == m b? cosh [CT/b) b =ec coshicr/b) — “eosh(er f0) T ctanh T ;

cr

(c) 4* = 7v(c,v,0,0); ¥ = § = cosh 5§, so n* = cosh § (e, etanh §7,0,0) = lc—(cosh A

= cT
,sinh —b-,o,oﬂ

Problem 12.28

X Ui +v
(a) many + mpup = moug | mpup; -

1+ (ufe2)
m i +m L o m Jot e +m Spity
A T oY | o ey T T T SO Y Y P Moy s gy o
"1+ (aqu/c?) 1+ (ugv/c?) Ui (uev/e?) L+ (@pv/c?)
This time, because the denominators are all dilferent, we cannet conclude that
mAttg +mpiip — Mmoo - mpip.

As an explicit counterexample, suppose all the masses are equal, and ug = —up = v; u¢ = up = 0. This
1s a symmetric “completely inelastic” collision in S, and momentum is clearly conserved (0 = 0). But the
Einstein velocity addition rule gives @4 = 0, g = —=2u/(1 + u?/c?), Gc = @ip = —u, sa in § the (incarreetly

defined) momentum is not conserved:

—2u
m (m) # —2mu.

(b) mana +mpns = mene + mpnp: M = Y7 + B7Y). (The inverse Lorentz transformation.)

may(fia + 3i%) + mpy(fis + B0%) = mey(iic + AA%) + mpy(Ap + B7%). The gamma's cancel:

mafla |+ maflp + Bmal + mpig) = meic + mpiip + Blmei®: + mpn).
But mn? = p? = E;i/c, so if Lenergy is conserved | inS (E4 + Eg = Ec + Ep), then 50 too is the momentum
(correctly defined): .

maia + mpiip — mcijc + mpijp. qed
Problem 12.29

~ . 'y ZII 2 — o) 1 _ uz - 1
YILE mee=nme" =>v=n+l1= m =1 Y = i
S O SR SN T[T ()Y P vnin+2)

e T (n4+1)7 — (n+1)2 = 2 = |

Problem 12.30
Er—E +E+ ' pr=pr+p+; pr=vpr-~0E&r/c)=0= 0d=vfc=prc/Er.
v=cpr/Er =y pa b ) (Fy+ By +---).

Problem 12.31

m2 2y 2 2 2
mg +m ms+m 1 ' 1
E‘p — ( T ujcz — !n-‘pc2 = ,-y —_ —( x “) o —; l —— ._.;
2m, 2mam, V1—v2fc? A

2 33 4 2403 | SR - SR (L g Lol
v 1 dmimy,  ma+2mimi +my —4dmimi  (mI -mi)? (m,, m“)c

= =1=-- b = = =l —0———
2 v? (m2 +m})? (m2 +ml)? (mZ +m2)? mi +m2

P —




o
o
N

Problem 12.32
Initial momentum: E2? — p?c? = m3¢* = p?c® = (2me?)? — mie! = 3m?e? = p=3me.
Initial energy: 2me® + me? = 3me?.

Each is conserved, so final encrgy is 3me?, final momentum is Vame.

E? - p*c® = (3mc®)? = (V3me)*c® = 6mPct = M3¢ ‘—‘IM—\/E |z2.5m.

(Tn this process some kinetic energy was converted into rest energy, so M > 2m.)

e
TE T Tame i I

Problem 12.33

First calculate pion's energy: £? = p?c® + mie! = %m"’c“ +m?ct = %mzc" =5 Br= %mcg.
Conservation of energy: Smet = E4 + Bg ——
Conservation of momentum: 3 me? =pa+pn = ﬁc‘- 28 o imc* =FEs-Eg 2= ’

1 .
= |EBx =me?;| |EBp= chz_

Problem 12.34
Classically, £ = %mvz. In a colliding beam experiment, the relative velocity (classically) is twice the
velocity of either one, so Lhe relative energy is 45.

Let S be the system in which (@) is at rest. lts

£ E speed v, relative to S, is just the speed of @)

@—.Q—@ ; =
indS.
S
P’ =" - 8p*) = £ = v (£ - Bp), where p is the momentum of @ in S.
i3 vMe?, 50y = —Ea, = —yMv = —yMfc; E =~ (£ + pyMpc) c = 1B+ MEBG).
P"=W§1"J2=.:": 6-1— 1—71 E= mb"f'[\m —1];\4&
e AR

E=+ & -M&|E= = - M.

For E =30 GeV and Mc* = 1 GeV, we have E = 8% _ 1 = 1800 — 1 = 1799 GeV | = [GUE. |
Problem 12.35

One photon is impaossible, because in the “center of mo-

mentum” frame (Prob. 12.30) we’d be left with a photon T?l &
at rest, whereas photons have to travel at speed c. ) . B
(befure) (after)

Cons. of energy: p002 +m2ct +me? = B4 + Ep.
horizontal: po = £4 cos60° + ££ cos@ <> Epcosl = poc - 1E,,

d add:
vertical: 0= _cA sin 60° — ﬁn sin = Eysind = 'L"EA, } Square and a

Cons. of mom.: {
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E%(cos® 0 + sin® 0) = poc® — pocEa + %Ei + %E}"

2
= E2 = poc® — pocEa + Ef - [\/pﬁcz + et +me’ — EA]

= poc® + m3c* + 2\/pic? + m2ct(me? = Ea) + mPc! = 2Eamc® + EX. Oc:

—pocEa = 2m*ct + 2mc"'\/p§c'2 +m?ct = 2B4\/pic? + m?¥c? — 2Eamc?;
Ea(me® + \/p 262 4 m2eh - poe/2) = miet | me*\/poct + m2ck;
% (me? + \/pEc? + m>c?) (me® - VPRt + m2ct — poc/2)
(me? + /p5e® +mict — poc/2) (mc® — \/pac +mict — pycf2)
o (pPe? - pic? - rp’f’: - tpomc® — zg—\/m) me? (e + 2po + /pi + m3c?)
,?2{.4 pymed + ,_n___ —pRe? — ,P{(A) 2 (rnc + %-po) '

E‘A=m

= Tmc

Problem 12.36
podp dom ol g +u(_1)&ﬁ_
dt  dt \/1-u2fe? V1-utfc u,ﬂ/«. 27 (1=a?/chPRR
. m {n u(u-a) } od
“A-wel @-wf *

Problem 12.37 K
At constant force you go in “hyperbolic” mo-
tion. Photon A, which left the origin at ¢t < Q. -

catches up with you, but photon B, which
passes the arigin at. £ > 0, never does.

Problem 12.38 i

d c |2
(a) 0‘0—?-=?2’?=[E(m)-_1\/Tt—ﬂ/—c2
[=
1-

¥)2u-a |1  wu-a
— w2/ " e (1 —u2f2)?

L R w, <A = S feeod wgoed oy sarlfunm s
S dr drdt mdt \/l_‘“—ﬂ/c—2 b Vi-u?fe | /1 -u?/c? 27°(1 — u?fe)d/
1 [ u(u-a)]

-w/ [T
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1 (u-a)? 1 2 T
(b) a.a* = —(@”) +ara = “F0 (—uu;/)c?)“ + Tk [a (l - %—) + C—.zu(u .a)]

-———1 1 w?\? 2 u? s N

1 % u?\? (u-a)? u? u?
(1-%)

1 (u-a)?

- 1 —u?/c2)? [a + (cg—u'-’)] .

(c) n"n, = —c?, s0 £(n*n,) = a0, + n*a, = 2oty =0, sola M = 0. I

(d) K* = ;‘dl:. = ;ﬁ;(mr)“) = |ma“.| 11{“7’),1 =ma*n, = 0.
Problem 12.39
K, K" = —(K%? 4+ K-K. From Eq. 12.70, K - K = ,]—_ﬁfm From Eq. 12.71:

K° =

LdE _ 1 d me?
cdr ~ cy/1—u?/e? dt (\/1 - u2/c"’) V1 -—u’/c’ [ 2(1- UQ/CQ)s’Z

(—=1/c%) - a] m (u-a)

__c_fl-—u/ 2)2”

m u?(u-a) m(u-a)
B t E o I .7 > . — = — = =
ut (Eq. 12.73): u - F = uF cos# N T [(n a)+(-3(l—n'3/c“)] (1—742/(,:2)3/2’80
o_ _uFcos® .., F  @Flcws’d _ [1-(w?/?)cos’d] o
ey 7 L Gl T gy ) ST ey ) Rl R e

Problem 12.40

F=L[3+M =glE+uxB)=a —Il—(u-)— q\/ —u*/c(E +u x B).

V1-u?/c? 2 —y? (c2=w?) m

2 . .
Dot in u: (u-a)+ i) B8 =& 1-4?/u+E+u-(uxB);
N —

(1 —u2/e?)  (1—-u?/c®) m
=0

_ufu-a) g g :vz“(“_E), 303=1%‘/1_u2/c2[1-;+uxB—%u(u-E)]- ged

" (e* - u’) m

Problem 12.41

Omne way to see it is to look back at the general formula for E (Eq. 10.29). For a uniform infinite plane of
charge, moving at constant velocity in the plane, J = 0 and g = 0, while p (or rather, o) is independenl of {
(s0 retardation does nothing). Therefore the field is exactly the same as it would be for a plane at rest (except
that o itselfl is allered by Lorenlz conlraction).

A ore elegant argument exploits the fact that E is a vector (whereas B is a pseudovector). This means that
any given component changes sign il the confliguration is reflected in a plane perpendicular Lo that direction.
But in Fig. 12.35{b), if we reflect in the z y plane the configuration is unaltered, so the z component of E would
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have to stay the same. Therelore it must in fact be zero. (By contrast, if you reflect in a plane perpendicular
to the y direction the charges rade places, so it is perfectly appropriate that the y component of E should
reverse its sign.)
Problem 12.42

(a) Field is ¢y/€q, and it points perpendicular to the positive plate, so:

Fp = 2(cos45° % + sin45° §) = | —2— (—% + §).
€g V2e

(b) From Eq. 12.108, By = By, = — i By = vB,, = y—f=. So[E = V",;eo (—i+')-5').|

(c) From Prob. 12.10: tanf = v, so |0 = tan™! 7. y

(d) Let @i be a unil vector perpendicular to the plates in S—evidently

fi = —3sinf%+coshy; |E| = 7”;";\/1 + 2,

So the angle ¢ between fi and E is:

E.n 1 cosé

2~
—— =008¢p = ————=(sin0 + yc088) = ——=(tanb +v) = —=¢
7] WiEw=d )= A '

s _ sing _ yvi-cos?d _ [ 1 . R - | 1
But.'y_mnﬁ_go‘%e_%-V/m—lasf;a—’) -v-l—:rcose—m. So‘cosd;—(l_*_’yz).

Evidently the ficld is | nof | perpendicular to the plates in S.

Problem 12.43
: 1 g1-v%/c?) R
= . — (Eq. 12.92
(2) B dmeg (1 — :“; sin? §)8/2 2 B 12.92) =

(1—v2/c2 2 gir -
/E s g(l —v4/c )/ It 51'120d0.d¢ '
"17!"60 R‘.’.(l — %sin‘ 9)3/2

g1 —v?/c?) i /’"’ sin 6 df
= e—— T ’
47eg o (1-— % sin?4)%/2

(1 =%/ f’ du (1 — v?/c?) (5)3/1 du
2en -1 1 - %+ Gurlpe 2e0 v/ Ja (S -1 +u2)®

Let uw = cosh, so du = —¢infdf, sin® 9 = 1 — u°.

The integral is = e z (v)3 2
. CET i b4 = =1 ————

i (%—1)\/%*l+n" -1 (%"1)5 e/ (1-v?/c?)

ll
_ g1 =v2/c®) ren3 ruy? 2 =

50 /E.da_—%o——(v) (r’) (1 n"/cz)-q'/
; . 1 1 1 pog’(l—v?/c®)vsing ~ .
b) Using BEq. 12.111 and Eq. 1292, S = —(E X B) = — = . R X ¢);
() R o I‘o( ) 1y dmeg 4 R‘(l—{’_-frsinQG):’ (W—@

~

-6
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S = ¢ (1—v*/c*)%usind ;
| 16a% RE(1 - G sin?4)°
Problem 12.44 "
; 5 = : 1 ¢ " v
(a) Fields of A at B: E= ;-%§; B=10. So force on gp is | F = Trie ““;ggy. qn 7
z
UEN
y -l ‘ ] b e 7 quB -~ r 5 b . : o
(b) (i) From Eq. 12.68: |F e & 7 (Nete: here the particle is at rest in §.)
TEO

qn
1 q,\nl—'a /(,)IA Y 9A.

oxim : , E—
-1 (ii) From Eq. 12.92, with @ = 90°: I = dreg (L= 02/ 2) 72 @2 y T d,,y
Vit (this also follows from Eq. 12.108).

B # 0, but since vg = 0 in &, there is no magnetic force anyway, and jf“ Fine q':;j" v | (as before).

0

Problem 12.45 )
Here 0 = 90°, 4=y, @ =Z,2=r, so (using ¢* = 1/ppey):

qg v ¥ 1

- = 2, here v = ——.

dmeg T2 dmegcir? s /T—v2]c2
2

Note that (E? — B%c?) = (_3__)272(1 -%) = (3—;&7)2 is invariant, because it doesn’t depend on v. We can
use this as a check.

q 7. A = 1
J : v4 = v, oy —=¥, B=- 5 "5 &4 — .
R VAR dmeqr? Iregcir? " wheren V1—v?/e?
F =g[E+(-vk) x B] = % i Y (9 Y & 3)] = ¢ '7(1+v2)“’
_q (_Ux) X T _47.'60 T2 y CQ\X)(Z) 4‘,‘TEn TQ X C’Z )!.
vV 2u
System B: I = e— -
Bt e 1+03/c2  (1+v3/c2)
(1+%/c?)  (1+0v%/c?) v? i
/-——, = —5 = =7 (b+ =) : v¥s= 207"
ilvzlr Jl 2.} +v4 (1 1 /C) ¢
B S0 5 TIDNE o ORI . s
s dmeg ? (1+c2)y‘B_ dreg 2 e
r 2. 92 4 2 2 2 '
(Oheck: B = B2 = ()" (1 + 38+ 2 = ) = ()"t = ()" 7]
2 =2 2
F=¢qE= o sty o (1 +”—)y. (+q at rest = no magnetic force). [Check: Bq. 1268 = F4 = L Fg. /|
drey r? c? 5
Bt B Bl B L Ag Bty P LTy
FRTNE T T 4megr2”’ Bt e 4we013y'

[The relative velocity of B and C is 2v/(1 + v?/c?), and the corresponding v is 7%(1 + v*/c*). So Eq. 12.68
=Ko = —wn—ijB f]
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Summary:
( ﬂ{{gc-'i )7y l (-4x(°r-‘)72 (1 * g;)? (—4,(07& )?
(~5m) Bve (i) B2 0 e e
= - E 2 us\.a -~
R0+ 5)8 | ()P + )y | (L)
Problem 12.46
(a) From Eq. 12.108:

E-B=E;B; — EyBy +E.B: = E; By = "./.I(Ey -vB:)(B, + ‘%E:) +(E: +vB,)(B: :_;ER)
v u? v v?
= E.B, + V*{E,B, + ;}{E -vB(B, - 5 B:B: + E:B. - 27 + vB{B. - —<E,B,)

o v? v?
= B.B. =+ |E,B,(1-5) +E.B.(1- )| = BB, + E,B, + E.B, =E-B. qed

(b) B2 — 2B = [F2 + 4*(Ey — vB:)* + ¥2(E: + vB,)?] - 2[B2 + ¥*(By + :—;Eg)’ 4 (B:

= E? +'7'2(E; - 2F‘,)A)/R: +v2B? + E2 + QF)KB,J + '02}?: P BE - (:22%,}?:

vy
_ch‘z_c z+c . 2y _C'_E)_c

b4

2 2 2 2
R aps . glxafs Y afa Y N dngfy . YN Ankfs ¥
=p-en+r (B (1-5) + B2(1- 5) - @B (1- 5) - em(1- )|
= (E; + E} + E) — (B} +B; + B}) = B* - B*¢". qed

(c) For if B = 0 in cne system, then (E? — ¢ B?) is positive. Since it is invariant, it must be positive in
any system. Therefore E # 0 in all systems.
Problem 12.47

P

(a) Making the appropriate modifications in Eq. 9.48 (and picking § = 0 for convenience),

E(z,y,2,t) = Fgcos(kr - wt)y, B(z,9,2,t) = % cos(kr —wt)2, where k= -

(b) Using Eq. 12.108 to transform the fields:

E,=E, =0, E,=n(Ey,—uB;)=7Eo |cos(kz —wl) - %cos(kz - wt]] = albyp cos(bx — wi),

A vy _ fl—p[c
where a—.‘y(l—z)_ ol

N N _ 1 E,
B, =By;=0, B,=9(B,- C%E‘,,) =~vEq [z cos(kx — wt) — c% cos(kz —wt)] = aTé cos(kz — wt),
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Now the inverse Lorentz transformations (Eq. 12.19) =2 s =v(Z +vl) andt =7 ({ + ;—]:'t), 50
= W PR [ Bl oL I TR NS
ka — ut—ﬂ/[k_(z+'vt_)—w(t+ ?:c)] =y [(k cg):z: (w kv)t] kz — o,

where (recalling that k= w/c): k=4« (k - %) =vk(1 —v/e) = ak and & = yw(l —v/ec) = aw.

B(%,7,2,1) = Fycos(kz —at) 9, B(%,§,21) = E{f’ cos(kz — at) 2,

Conclusion: y . ' h- ole

where ko = aky, k=wk, @w=ow, anda= -
1+v/c

feile s e e B B B
(¢)l@= wv TZ//'Z This is the | Doppler shift | for light., A = % =

o mere = Wi W 8 ; : :
wave in & is ¥ = ;,\ === this is exactly what I expected (the velocity of a light wave is the

same in any inertial system).

The velocity of the

Sy

e}

; ; B2 1-
(d) Since intensity goes like E?, the ratio is -;— = % =gt = T z;:::

Dear Al,

The amplitude, {requency, and intensily of the light wave will all Idecrease Lo zero] as you
run [aster and [aster. IV]l gel so faint you won't be able to see it, and so red-shifted even your
night-vision goggles won't help. But it’ll still be going 3 x 10% m/s relative to you. Sorry about
that.

Sincerely,

David

Problem 12.48
1% = AQA2127 = AQA31%2 + AQAZ 112 = 1% + (—yB)t1? = 419 - ft1?).
192 = AYASEA = AJASYS + AJASEIS = 4193 + (—48)t1% = 4 (193 — B13) = 4(93 + Bt*).
P = AZAI — AZARES = ¢,
B = AJALEA = AJAL0 + ASALE3! = (—B)130 + 43! = (% + 51%).
112 = ALAZEAY = AJAZL9? + AJA3E'? = (—B)t%% + 4212 = 4(822 — 3t92),
Problem 12.49
Suppose [“* = £t** (+ for symmetric, — for antisyrmmetric).

M= REA N
A,);A,‘ft‘“’ = AﬁA;t““ [Because p and » are both summed from 0 — 3,
it doesn’t matter which we call 4 and and which call ».]
= A:A;} () [T used the symmetry of t*, and wrote the A's in the other order.]
= 44 qed
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Problem 12.50
F“"Fuu P I;-OOI;vOO e FDIFOI — 1;-02F02 - FOSFOB ol F10F10 A F;'OF20 = F'3°F'3°
+F“F“ + Fl2Fl2 +F13F13 +F2‘l FQI i 1;-22[,122 + FQSF’Z:! A Fiﬂ FSI +F32F32 + FSSFSS
= —(E,[c)* = (B} /c)* = (B.fc)* — (B:/c)* — (Ey/c)? - (E.[c)* + B2 + B2 + B! + B + B2 + B?

=2B% —2F%/c? = 2(32 = LC—::-)

which, apart from the constant factor —,?2;, is the invariznt we found in Proh. 12.46(h).

G* G, = 2(E*/c* — B?)|(the same invariant).

l:.leyu =92 (FOIGOI 4 I;‘O?Gﬂ? =t IpﬂSGﬁﬂ) +2(1‘v1'2G12 =6 1'v|3Gl3 +F23023)

1 1 1
= -2 (-EE,B, + ~EyBy + zE,B,) 2(B.(—E:/¢) + (—By)(Ey/c) + Bz~ Ez/c)]

2 2 4
= “E(E'B)_Z(E'B)= —;(E-BL

which, apart from the factor —4/c, is the invariant of Prob. 12.46(a). [These are. incidentally, the only
fundamental invariants you can construct from E and B.]

Problem 12.51

0 ¢ 0 O
s =g SIPN A T fha YR A
—411(07" T %}TX} F""_[.LQA — 0 0 —v '
AN e B "2z |0 0 0 0
B= et LD 0 v 0 0/ |

Problem 12.52

Oy FH* = pod¥.  Dillerentiate: d,0, 8" = podyJ*.

But 0,8, = 0,0, (the combination is symmetric) while F*# = — F* {antisymmetric).

0,0, F* = 0. [Why? Well, these indices are both summed from 0 — 3, so it doesn’t. matter which we
call g, which v: 8,0, F* = 8,6,F"* = 8,0,(—F*") = —8,8,F*. But if a quantity is cqual to minus itself,
it must be zero.| Conclusion: 8,J% = (. qed
Problem 12.53

We know that d,G*¥ = 0 is equivalent to the two homogeneous Maxwell equalions, V-B =0 and VXE =
—28. All we have to show, then, is that O\Fyuw + OuFys + 8. Fx, = 0 is alsv equivalent to them. Now this
equation stands for (4 separate equations (u =0 =3, v =0—=3, A=0— 3, and 4 x 4 x4 = 64). But many
of them are redundant, or trivial.

Suppose two indices are the same (say, p = v). Then OxFuy + GuFpusn + Oufiu = 0. But £, = 0 and
Fyx = =Fy, so this is trivial: 0 = 0. To get anything significant, then, x, v, A must all be different. They
could be all spatial (g, v, A = 1,2,3 = z,y,z — or some permutation thereof), or one temporal and twe spatic!
(t =0, v,A=1,20r 2,3, or 1,3 — or some permutation). Let’s examine these two cases separately.

All spatial: say, p =1, v =2, A =3 (other permutations yield the same equation, or minus it).

d d a :
O3Fi9 + 01 Fag + 0o F3 = 0= 5;(13:) + a—x(B-;} + '5;(37) =0=>V-B=0.
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One temporal: say, p =0, v = 1, A = 2 (other permutations of these indices yield the same result, or minus
it).

tr)zl'b1+301"12+(91on=0=>ﬁ( E’) 0)(53) a (_E;_V) =0

gy o(ct oz
o1 -%%‘--&(“" %&)—0 which is t.he’component.of— =VXE. Ifpu=0vr=1,A=2 wegetthey
component; for v =2, A\ =3 we get the = component.)
Conclusion: 83Fu + 8,Fux + 8,Fy,. = 0 is equivalent to V-B = 0 and 48 = — Vx E, and hence to
3,G* =0. qed

Problem 12.54
K° = gn,F% = g(m F°* + ;3 F°2 + 13 F%%) = q(n-E) /e = gﬂm +E. [ Now from Eq. 12.71 we know that

K° = 14% where W is the energy of the particle. Since dr = 1dt, we have:

1 dW aw
o -')(u E)=|— =4¢(u-E).

This says the power delivered to the particle is force (gE) times velocity (u) — which is as it should be.

Problem 12.55
— I 1,008t 898z 0oy 040z
L ——— = [ —— —— — — — —
Fo= b= ot~ m T Ty B n

) Lot _ or _ 9y _ 0z
From Eq. 12.19, we have: T v, i YU, v il =0.
g 1, 9¢ 0 ; Ll R O oy O L
So 8¢ = ——y(Z; +vz,) or (since ct =2° = —a): % = (8:1:0 ca:r =) =7[(8"9) - 8(8'9)].
- 0 a¢ dt O¢ Oz 3¢3y 8¢ 0z v a¢ v O¢ L .0
37 PR O S o
2= e " el Oz Gy br o508 A BT (82'1 o bag) = 71(@'8) - £(@9)].

- O¢ O¢ Ot 8d>8z+8¢8y a¢az 8¢
Ay ~ Ot 8y T Bz ag Ay aj 8z 89 By
—_a¢ op 8t JOpdx Opdy O¢dz 6¢_
B¢ = s = 5ioz psor T oybrt 028z~ "
Conclusion: d"¢ transforms in the same way as @* (Eq. 12.27)—and hence is a contravariant 4-vector. ged
Problem 12.56
According to Prob. 12, 53 = ( is equivalent to Eq. 12.129. Using Eq. 12,132, we find (in the notation
of Prob. 12.53):

BFH,,. aFy,\ 3F,\“
5> ok ' OgP

= a_\F“y + a“Fy,\ < ayF,\“

a4, . A
Az zk — Hrrdz?

Note that 8\8,4, =

= 3 3,\A.,, by equality of cross-derivatives.]
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Problem 12.57

y
Step I1: rotate from 2y ta XY, using Eq. 1.20: g
y
N =cos¢pr|singy N X
Y= —sin¢ggx +cos¢dy
i @ > S
Step 2: Lorentz-transform from XY to XY using e &
Eq. 12.18: oY
X =9(X - vt) = ~[cospz + sindy — Bct] ¢ z
Y=Y = —singz +cospy
Z=l=g

ci = y(ct — BX) = y[ct — Blcos bz + sinpy)]
Step 3: Rotate from XY to #§, using Eq. 1.29 with negative ¢:

T=cosdX ~singY =~vcosdlcosdz + sinpy — Bet] — sind[—sin @z + cos g y|
= (ycos® ¢+ sin’ @)z + (v — 1) sin pcos ¢y — y0 cos ¢ (ct)

F=sngpX +cosp¥ =ysinp(cosdz + sinpy — Bet) + cosg(—singe + cos @ y)
= (y—1)singpcosdx + (ysin® & + cos® ¢)y — yOsin ¢ (ct)

¥ ~~vBcos ¢ —vBsin ¢
—v0cos¢ (vcos>¢+sin®g) (y—1)singpcosd
—~vfsing (y-1)singcos¢ (ysin®¢ + cos® ¢)
0 0 0

In matrix form:

ESTRC~TI STi <
=2 == I =
e 8 g

Problem 12.58

In center-of-momentum system, threshold occurs when incident ener-

m P
! i : ; O— <0  before (CM)
gy is just sufficient to cover the rest energy of the resulting particles,

with none “wasted” as kinetic energy. Thus, in lab system, we want AQO after (CM)
the outgoing K and X to have the sume velocily, at threshold: z

CcC—— O oO—

B P KX

Bejore After

Initial momentum: p.; initial energy of m: E? — p?c? = m2¢' = E2 = m3ct + p2e.

Total initial energy: mye? + /m2et + p2c2. These are also the final energy and momentum: E? — p?e? =
(mK + mz)ch.

2
(m,,c2 + vmict + p,’;c?’) - pic® = (mg +mz)*e!

2my,c?
mop? + c: VIR +p2 e+ mief + g — e = (mx +mg)??

2m o 5
=2 /mict +pi = (mg +mg)’ —m] —ml
c

p
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2
2 = (mk +mg)! = 2(ml + m2)(mx +mg)® +m) + my + Zmim’

2
(g

2
r‘zppi = (mg +mg)* — 2(m3 + ml)(mg +mg)® + (m] — m3)?

c
P = m\/(mx +mp)! = 2(mJ + mi)(mg +my)® + (m? — m3)?

= HT:’J};\/(mxc2 +mec?)? = 2[(myc?)? + (mac?)?] (nxc® + mec?)? + [(mye?)? — (m,.c’)'-’:‘z

= 2_M%‘,T)\/ (1700)* — 2[(900)2 + (150)2] (17002 + [(900) — (150)?]”
V(835 x 1012) — (4.81 x 10°%) + (0.62 x 10'2) = z5-(2.04 x 10%) = | 1133 MeV /.

1
~ 1B00c

Problem 12.59

y
; P P I (p = magnitude of 3-imomentum
Rk e i in CM, ¢ = CM scattering angle)
Before

8
After

Outgoing 4-momenta: r#* = ( =, P oS ¢, psin ¢,O) s# = (TF —pCos g, —psin ¢.U).

fl‘

In Lab: oO— O 8 Problem: calculate 8, in terms of p, ¢.
Defore s

Lorentz transformation: 7, = y(r; — Br%); 7y =1y; 5, = ¥(3, — 83%); 3, = 3.

Now E = yme?; p = —ymv (v here is to the left); £2 — p?c® = m2¢*, s0 8= —
Ly =y (pcmq)+ 1’—'-E =p(l + cos@); 7y = psin@; 52 = vp(l — cos P): & = —psin .

Iyl _Y’P’(1 —cos’4) — p? sin® ¢
iy V [v2p2(1 + cos $)? + p? sin® @] [y2p?(1 — cos $)? + p? sin 29
— (v* = 1)sin ¢
i \/[72(1 + cosd)? + sin? ¢] [y2(1 — cos ¢)? + sin® &
(* -1) i 'y -1)

sin ¢

e elrese -] Vet ittty
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cosd = e (where w =~% - 1)

\/(l + cot? g + w cot? %)(l + tan? £+ w tan? ff—)

. in 2 cos
w w Sl Z CO8 3

r < [ b .
v’kcs@ £ +weot? £ (sec? § + wran? 2) y/ (1 +weos? §) (1 +wsin® §)

N Fw siL ¢ sin ¢
\/[1+-u,(1+cos¢)][1—-w(l-cosw)] \/[( +1 ) +cose] [(2+1) - cosd]
sin g smz;S 1 S 4 ] 4
= _ W T = —+ —.
) : > % gk 5 . o
sulg:.m :u_47 1+wl z—;—lj-,ﬁﬁ,wtanb—?—?g_—lg’“—w. S I‘\g\o _/su]é
v 2"2 XX\’ J
e (2 =1) =2 1) = anfl= - ———. a(
Or, since (v 1) (1 ;v;) 72 —g, tan e sind :
Problcm 12.60 y
- dp dt I dt O | N [ 7R
i= = K (a constant) = F 2~ = K. But = e e vyt
L4 (m) = = K /1 —u?/c2. Multiply by %= at — i
24 ) ~ & o) - BT e
de dt \ \/1 —u2/c? de \ /1 —u?/c m u ; V1=u?fc?
dw K1 du 1d w k dw®) 2K - a9 2K
@ o mE R TR Smt g iy ).

2
-

A= %%:z-i- constant. But at t =0,z =0 and u = 0 {(so w = 0), and lence the constant is (.

wz—gz‘— u® \ uz_‘ZKz 2Kz ¥ u?( 2Kz, 2Kz
T om T 1-u?/c?’ m me mi’ m
u? = 2Kz/m _ c? L 4T e / [1+( mc
i 2Kz N
1+ " 13 (B & 1+(£"£§ Vo' \eks

Let ';‘,‘: =a% ct= j%‘— dz. Letz=y% dr=2ydy;, VT=1vy

VYE o a? b e =
cl = [JT 2ydy = 2/.\/3;" + a? dy = [y\, ¥+ a? +a’Inly + /y? +a2)] + constant,

Att=02=0=y=0,s00=a’lna+ constant = constanl = —u? lnau.

.'.ct—y\/zﬂ-f-—a"’+a21n(y/a+ (y/u)z-i-l) =a2[(i/—‘) V/(i)z 1 +In(% - /(%)2+1)].

5 (t
Let: z = y/a = /7 25 = \/2K2 Then i-zx/1+z~+ln(z-—\/l+z'*"

me
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Problem 12.61

(a) 2(2) = & [\/l_l(TV - I], where a = £ The force of +q on d/Z’ -------------- r7
4

—q will be the mirror image of the force of —q on +¢ (in the z axis), e i
s0 the net force is in the z direction (the net magnetic force is zero). V
All we need is the x component of E. e B

The field at +¢ due to —q is: (Eq. 10.65)
q

B= -ty (e - ) +ul-a) —afaew)].

N

U=CA—V Uz =C;—¥ (cl-—w)’a-u=c¢—4-v=(oz-—1v);4-a=la.. So:

o

Eg=

[ (el —va)(c? —v2)+ (cl wla — a(or }{))]

,T'ca(l2 —43) = —cad?/2

dreg (o — vl (o —vl)?

= —L;[(d - v)(c? - v*) — cad’ ]

4ren (o0 — vl)?

The force on +q is ¢E,, and there is an equal force on —gq, so the net force on the dipole is:

2¢° 1 .. | It remains to determine L

- g PR W ;|
B dmeo (02 — lv)3 [k =) =) — ol 12 v, and a, and plug these in.

v(t) = 2 az m m =uft,) = '1' , where T' = /1 + (at,)%.

" _dl _ca 1 2a° 2a7t, 2 Y [
a(tr) = dtr — T + Cat,- ( 2) T3 Tr‘ Ll + (Qtr) (atl') ] Ta
Now calculate t,: ¢?(t —t.)* =2 = I* + d*; | = z(t) — (t,) = £[/1 + (at)? — /1 + (at,)?], SO

P=ott.+# = L1+ (o + 1+ (g - 2\/1 + [@0)?/T+ (at,)?] + (d/c)?
() /1 + (@) /1+ (adr)? = 1+’ + (""')2 Square both sides:

A+ (at)® + (at,)* + a‘//ti =X+ a}/tﬁ + %(‘%d)a + 2a%tt, + (O‘?d)2 +a’tt, (9cil)J
t2 + 2 —2tt, — tt,(acd) (i"i)2 - 0—2(9)4 =(.

¢ 4 \¢

At this point we could solve for ¢, in terms of ¢, but since v and a are already expressed in terms of £, it is
simpler to solve for t (in terms of t,), and express everything in terms of ¢,.:

o (] e (-8 o=
t=%{t,[2+ ] Vt‘[‘**“ . ?)‘]—%+4(§)2+02(§)4}
= 1= 52 flr ) (2 e (2]
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Which sign? For small o we want ¢ & £, + d/e, sa we need the + sign:
ad d [ ad )\
z_t,[1+2(c)] STD, where D = 11+ ( c)
Sor=cft—t,) 2= (“—'c—) +dTD. Now go back to Eq. (%) and solve for \/1 + (at)?:

{1 + %(O‘—j) +a’t,[t, (1 + 5(“:) ) + ‘-iTD]}

r

~aylebi] el 5] | e mn e (G re =n

T2

1+ (at)? =

— (Ex[\/] T (at?) — 1+ (nt,)'z} = §{P+ %(%)2]T+ az:'d

Putting all this in, the numerator in square brackets in F becomes:

D —,2'} = ad(%T+trD).

[ 1= {ead (57 +4D) = S [ (3) +aTo] (- Tf‘z) g’

T R

& ad’ 3 5 c’ad2 0 poew. w2 = czmﬁ
= S 57 - ety —1] = 214 (@) - (et 2] = -7
2 2 2
- clod 3% It remains to compute the denominator:
4reo [(er — )T
— ety foedy2 ] d ‘ cat,

o l 2 2 < ’ 1 2 2 {.'[l((‘.w‘"')2 (e, 2 -
= [Eu/da +uﬂu—§a/dd =20 D]I‘—cdD[ T2 — (at,)? | = deD.
1+(g#)2 — (g2

2 2p 2
g ¢ o:).c= g @ . (a_i)

= - x
drey A D3 drey cd[1 + (ad,’?c}7]3'2 me

Energy must come from the “reservoir” of energy stored in the electromagnctie fields.

S Femanl @ N
(B) B =moa = 32 [l % (%) ] ~ 8wegme*d  8wind’

%‘Wn cd[1 + (ed/2c)?]

(force on one end only)

. 2 2 \2/2 2me? [ pog® \3
2 [(S‘fmd)l i d V(Sl::md) =

aV
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Problem 12.62
(a) A* = (V/e, Az, Ay, A;) is a 4-vector (like 2# = (ct,z,¥,2)), so (using Eq. 12.19): V = y(V + vA4;). But
V =0, and

= ﬂ(m X T)z

Az = 4r 7

Now (m X F); = myZ — m,ff = myz — m;y. So

VWt ) (myz —m; y)
ir 3

Now 7 = '7'(: —vtl) =7Rz, § =y = Ry, 2=z = R, where R is the vector (in S) from the (instantaneous)
location of the dipole to the point of observation. Thus

2
! \ 2 v .
7 = 9*R; + Ry + R} = v*(R: + Ry + R)) + (1 - 7*)(R) + RY) = ¥*(R® —  R*sin’6)
(where 6 is the angle between R and the z axis, so that R} + R? = R? sin’ 6).

_ Ho U"’(”‘sz —-m.R,)
R (- Ssn)

but v« (m X R) =v(m X R), = v(m,R. —m.Ry), so

_ po v (mxR)(1-%)

- 4m pa(1— Zsin6)*’

1 Re(v Xm)(l—‘—;:-)
dmeo 22 (1 — % sin®6)°"

or,using o = —r andv:mxR)=R:(vxm): V=

ey
(b) In the nonrelativistic limit (v* < ¢?):

1 R-(vXm) 1 R:p : v X m
= 2 = rith —:
dreg  ¢*R? drey R? W c?

!

which is the potential of an electric dipaole.
Problem 12.63
(a) B=-£Ky (Eq. 5.56); N=m X B (Eq. 6.1), so N = -£mK(z X 7).

N= TmK:‘c = B (Mul?)(ov)x = EAov? I’k

(b) ; Charge density on the front side: Ag (A = yAp);
Charge density on the back side: A = JXq, where # = ;737> =
1 (1+v%/c?) 1+v2/c? 1+ v?
= oy 2 . 5 2 oA ;(l—v'z/c?)_;’v(l+_’)'
Vi- iy Jl+28+5-48 1-28+4%

Length of front and back sides in this frame: /4. So the net charge on the back side is:

+=:\-:—'—') (1+ ):’,_ (1+’;'—:)Az.

]
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Net charge on front side is:
e 52Xl 1
g-=A—=-—-—-= —\.
g T T

So the dipole moment (note: charges on sides are equal):

{ Lol A2y

¢ { y? -
B= (f1+.)§}’ = (q—)2 = [(1 + n_‘z)’\li = 7Al§]y =

» X § Aw? o o 1o oo |
E:g-"c%z,whereazﬁfuo,sol\szb= = %[yx2)=|72-kalvx.

So apart from the relativistic factor of ~ the torque is the same in both systems—but, in § it is the torque
exerted by a magnetic field on a magnetic dipole, whereas in S it is the torque exerted by an electric field on
an electric dipole.

Problem 12.64
Choose axes so that E points in the z direction and B in the yz plane: E = (0,0, E); B = (0, Bcos ¢, Bsin ).
Go to a frame moving at speed v in the = direction:

E = (0,-yuBsing,v(E+uvBcos¢)); B = (0,v(Bcos¢ + L%E),fyBsin ).

b : —yvBsing - y(E+vBcosg)
(I used Eq. 12.108.) Parallel provided YBeosd | 4F) = TR y OI

: 2
—vB*sin® ¢ = (Bcos¢ + c—l;-E) (E+vBuosd) = EBcos¢ + uB? cos® ¢ + :—2E2 + :—QEB cos &,

kL s vy v _ _ EBcosg
0=vB'+ 55 + EBcosd(L+ 3 ); I+v7? ~ B+ b2[&

£ 9 7
NowEXxB=| 0 0 E |= FEBcos¢x. So] Vg 2=BQE>;,QB,2. qed
0 Busd Bsing +v?/e +B2[c

there can be no [rame in which E L B, for (E - B) is invariant, and since it is not zero in S it can't
be zerc in S.
Problem 12.65

. \\ /' r
\

\\ \ / ? //
\\

\‘\

\
——_q; > '

Just befare:

Ficld lines emanate
from present position
of particle.




mdiation.

Just after: Field lines outside sphere of radius ¢t emanate from
position particle would have reached, had it kept going on its
original “flight plan”. Inside the sphere £ = 0. On the sur-
face the lines connect up (since they cannot simply terminate
in empty space), as suggested in the figure.
z This produces a dense cluster of tangentially-directed field
lines, which expand with the spherical shell. This is a pic-
torial way of understanding the generation of elecitramagnetic
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Problem 12.66

Equation 12.68 assumes the particle is (instantanecusly) at rest in S. Here the particle is at rest in S. So

F, = %FJ_, F = Fy. Using F = gE, then,

1 1
Fr=F,=qE,, Fy= ;Pv = ;qﬁy)

Invoking Eq. 12.108:

1

F,=-F. =

b

L.
=

1 gl 5
Fy=qE;, Fy= ,?',q'f"(Eu —vB,)=q(Ey —vB,), F.= ;q'yt‘E‘z +vBy) = q(E. + vB,).

But vxB=-vB,X+vByZ so F=g(E+vxB) ged

Problem 12.67

z E Rewrite Eq. 12.108 withz - y, vy — 2, 2 = 2:
E,=E, FE,=1(E,
— — v
B,=B, B.=1(B.+ C—QE.,)

-vB,)

E, =y(E, +vB;) |
B, »~'7(B, - C—U-E)

Now E = (OnovEl)); B = (801010)1 S0 F;y = 0: F;Z = 7(’?’0 1 "BD); Ex = 0.

If we want E = 0, we must pick v so that E; —vBy =0;ie

v = Fy/By.

This gives the fields in system S moving in the y direction at speed v.

(The condition Ey/By < ¢ guarantees that there is no problem getting to such a system.)

With this, B, = 0, B. = 0, B, = v(Ba — % o) = vBo(1 - 'c-’:) = 'yBofr = %Bo;

The trajectory in §: Since the particle started out at rest at the origin
in 8, it started out with velocity —~v§ in S. According ta Eq. 12.72

it will move in a circle of radins R, given by

p= QBR, or ymu = Q(%Bo)R# R=

B=1p%x
g

z

wi

The actual trajectory is given by |Z = 0; § = -”Rsinwt-; F=

R(1 — coswt);

where

ST
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The trajectory in S: The Lorentz transformations Egs. 12.18 and 12.19, for the case of relative motion in
the y direction, read:

T=z r=1r
g ="y —vi) y =7+t
F= z=12Z
; t=(t+37)

t=v (t — —;J)
So the trajectory in S is given by:

= y=7(—R.=inut+1)i)=7{-Rsin[w'y(t— - )] +v“r(t—-y)}, or
= (%y)]} (y —vt)y = —Rs'm[w'y(t - fry)],

(1+')9" ) = vt —'yR.sin[u-y(t

'Y’yil-f-fr+§yil=7=y

z = R{l —cos? wi) = H[l 2 CUSU”’(ﬁ = —U)]

So: |z =0; y—vt—ﬁsml “/(t——,,y)] z=HK- RLOb[w'y(c— y)]'

We can get rid of the trigonometric terms by the usual trick:

} = [P0 -vP r e RP

v(y — ut) = — Rsin [w’y(i = -zl!)] R

z—R=—Rcos [wy(t — 3 !/]

Ahsent the 4*, this would be the cycloid we found back in Ch. 5 (Eq. 5.9). The 7? makes it, as it were, an
clliptieal cycloid — same picture as p. 206, but with the horizontal aaus stretched out.
Problem 12.68

(a) = egE + P suggests E — —D

H = —B M suggesss B —)p H

} but it’s a little cleaner if we divide by jio while we’re at it, so that

E - +-D =¢*D, B — H. Then: | 0 ¢D. cD, D,
““ 8 e = —-cD, 0 oI, -4,
| -cD; H, -H, 0

L

Then (following the derivation on p. 539):

), S VS P, A D.)+(VxH J laD" Jy
ok eND=sry=ds gz —-—(—C <) + (VXH)z = (Jg)z ; s0 o = 1
where .I}‘ = (epg,Js). |Meanwhile, the homogeneous Maxwell equations (V.B=0, E= _'b_) are unchanged,
HGH
and hence 5 = 0.
(b) 0 o, H, H,
e = -H, 0 -cD, cD,
T )=, D, 0 —cD:
~H, =cD, D, 0
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(c) If the material is at rest, 5, = (-c,0,0,0), and the sum over » collapses to a single term:

D%y = c2eF™pg = D*° = 20 = —cD = —c”c% = D =¢E (Eq. 4.32), v
40 ] SN g, s Loz 1 1

(d) In general, 1, = ¥(~c, u), so, for y =0:
DYn, = D% + D%y + D%y = cD.(yu.) + eDy(yty) + cD.(vu.) = ve(D - u),

nl nl

E E
F%, = FOlyy 4 F%p 4+ F% = —f('yuz) + —z!(“ru,) + =

g '!v Al
(yuz) = =(E u), so
c ¢

D%, = *eF%n, = yc(D-u) = c%e (2) (E-u)=>D-u=¢E-u). (1]

C
Ho"')y = Hmm + Hoz’k -+ Hoe’k = Hp(vug) + Hy(".’"v) + H,(yu:) = y(H - u),
G%n = G%m + G%ny + G%na = B:(yux) + By(vuy) + B.(yu.) = ¥(B - u), so
H%q, = %G“"vu =>7H-u)= %(’7)(5 -u)=>H-u= i(B -u). (2]
Similarly, for u = 1:

D'%p, = Dmr)o + D”m + D13n3 = (—cDz)(—ve) + He(yuy) + (—Hy)(yu;) = ')'(CQD, +uyH, —u,Hy)
= 7[*D+(uxH),,

73 —E
Fin, = Fl% + F%p+ Fing = —=(—70) + Ba(ym) + (- By)(71:) = (Fe + 1y Bz — 2 By)

= ~[E+ (uxB)],, so D', =c2eF'¥n, =

v [D + (u x H)], = (1) [E+ (u x B)], = D + (‘iz(u » H) = ¢[E + (u x B)]. 3]

H'Yn, = HYmg+ HYp + Hng = (—Hz)(—9¢) + (—eDy)(vuy) + (eDy)(yu:)
= vye(H: —uyD,; +u.D,) =v[H-(uxD)],
G¥n = GO+ G+ GO = (B2 + (-2 Gy + () ()

(&

z(c’B, —uyE, + u.E,) = } [(*B-(uxE)]_, so H"n, = %G“’ny =

1
7
Use Eq. [4] as an expression for H, plug this into Eq. [3], and solve for D:

ve[H - (ux D)), = }‘g (B-(uxE)]_=>H-(uxD)= [B— cl_"(“ xE)] \ [4]

D+§ux{(..><D)+HB-cl.z(uxs)]}um(uxla)];

D+£§[(u-D)u-—u2D] =c[E+(uxB)]—l%(uxB)+,%‘-[ux{uxE)].
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Using Eq. [1] to rewrite u - D:

2
D (l - %) = -——(E uju+¢[E + (ux B)] - —-—(u x B) + (E u)u qu]
u? 1 2 1
1 1
Let |~y = —l"_ u;/;, = ﬁ' Then

D:q"e{(l—%’f)E (1——2) [(uxB)-—(E u)u-}

Now use Eq. [3] as an expression for D, plug this into Eq. [4], and solve for H:

H—ux{—Ela(uxH)i-r.[E+(uxB)]}=1;[B—:—z(uxE)};

+clz[(u-H)u—u2H] = -:: {B-— —(uxE)] +e(ux E)+efux(uxB)].

Using Eq. [2] to rewrite n - H:

uz
n(i-£)

——-!—:—a(B S ,—1; [B - 12(u X E)] +efux E) +¢ :(B -u)u—ugB]

%{{1—peu2]B+(p——) [(uxE)+(B- u)u]}

2 u? 1 1 . FwiET
- Tz{(l‘—vz)“ (“c—) ““"E"”B'“’“’}'
Problem 12.69

We know that (proper) poawer transforms as the zeroth component of a 4-vector: K° =
formula says that for v = 0, 4% = 8’ (Bg 11.70). Can we think of a 4-vector whose zemth component

6w
reduces to this when the veloc:ty is zero?
Well, a? smells like (@”a.), but how do we get a 4-vector in here? How about n*. whose zeroth component

is just ¢, when v = 07 Try, then:

1 m . 'I'he Larmor

u _ tog”
& ~ bwe

This has the right transformation properties, but we must check that it does reduce to the Larmor formula
when v — O:

7 1dw 1 2 iy | i ,
% = e = :yd(o = —cg:—qs(a”a,.)qo, but 7° = ¢y, s0 = %‘-]?-r%(a"a.,). [Incidentally, this tells
us that the power itself (as opposed Lo proper power) is a scalar. If this had been obvious from the start, we

could simply have looked for a Lorentz scalar that generalizes the Larmor formula.]

—(a"a,)n".




247

In Prob. 12.38(b) we calenlated (¥, in terms of the ordinary velocity and acceleration:
\2
R ‘a, ] o [ w1 1 2]
ik = a’ + : v-.a
7 [ ( 7 cg ( )

2
: , : 1
78 [a*(l - —2) - —2(v . a)z] = 'y‘\{a'z - = [v?a® — (v-a)?] }
c ¢ c
Now v »a = vacos@, where 4 is the angle between v and a, zo:
viu® — (v - a)? = v’a*(1 - cos’0) =v%a%sin’f = |v x af?

, |vXa
a”a.,—‘ys(a‘—l | )
c

W  poq® o 2 .
dW _ pol” (a - |~ ’: al )| which is Liénard’s formula (Eq. 11.73).

dt 6rc

Problem 12.70
(2) It’s inconsistent with the constraint n, K* = 0 (Prob. 12.38(d)).

(b) We want to ﬁnd a 4-vector b* with the property that (2= 4b*)n, = 0. How about b# = n( -—n; Jn*? Then
(4o +b)p, = p, + % o ., (7% 7). But n¥n, = —c*, so this becomes (4e=n,) - —cép(de 1;,,\ which is zero,

2 ; ; o odet . §
if we pick k = 1/c*. This suggests | K}, = lgfc (% - C—Qd—mn’”). Note that #* = (¢, v), so the spatial

components of b vanish in the nonro]mmst.m limit » « ¢, and hence this st;nll reduces to the Abraham-Lorentz
formula. [Incidentally, o ny ={] = 3; (a*n,) =0= ny + avd_'k =0, =0 —n,, = —a“a,, and hence b* can
just as well be written — -y (a”a,)n* |

Problem 12.71

Define the electric current 4-vector as belore: J¥ = (cpe,J¢), and the magnetic current the same way:
Ji = (epmyJm). The fundamental laws are then

G ﬂOng 9G¥ = ’%’-J#‘, K" = (QEFJW + 2;2(1‘””) Y

The first of these reproduces V-E = (1/eg)p. and VxDB = uoJ. +uoeadE/Ot, just as before (p. 539); the second
yields V- B = (0/c)(cpm) = topm and —(1/c)(0B/8t + V x E) = (pa/c)dm, ot V x E = —uodm — 0B/0t
(generalizing page 540). These are Maxwell’s equations with magnetic charge (Eq. 7.43). The LLird (following
the argument on p. 540) says

o % BlLs?| = 5\ __"v_(_i) _“_(éz)
. \/l—uz’CQ[ Hi )L+ V1- ul/'z?( B:‘:)-'-\/l—uz/c2 e +\/1—u3/cz ¢
B = ﬁ{qe[E+(uxB)]|qm[B-Aﬁ(uxE)-}},or

vV el § o e - J

F

i 1 A
ge [E+ (1 % B)] + gm [B - 0_2[‘1 X E}] ,

which is the generalized Lorentz force law (Eq. 7.69).

3



